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Abstract

In this paper, the Volterra series decomposition of a class of quadratic, time invariant single-input finite dimensional systems is
analyzed. The kernels are given by a recursive sequence of linear PDE’s in the time domain, and an equivalent algebraic recursion
in the Laplace domain. This is used to prove the convergence of the Volterra series to a (possibly weak) trajectory of the system,
to provide a practicable value for the radius of convergence of the input in L°°(Ry) and to compute a guaranteed error bound
in L°°(Ry) for the truncated series. The result is then extended to MIMO systems. A numerical simulation is performed on an
academic SISO example, to illustrate how easily the truncated Volterra series can be implemented.
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1- INTRODUCTION

Volterra and Fliess series are functional series expansions of the solution of nonlinear controlled systems. Volterra series
were introduced by the Italian mathematician Vito Volterra [Vol59]. They can be viewed as the generalization of the transfer
function of a linear system. There exists a vast literature concerning Volterra series. They were extensively studied from the
geometrical control point of view for instance in [Bro76], [Gil77]. Fliess series decomposition for nonlinear analytic systems is
another class of expansion that has been introduced and developed by Michel Fliess [Fli81]. An extensive review of Fliess and
Volterra series can be found in [Isi95], [FLLL83]. Both decomposition are linked, and it is proved in [F1i81] that the Volterra
decomposition is a re-ordering of the Fliess series decomposition in the case of analytic systems for which there exist a non
empty open ball centered at zero where all the Volterra kernels have a convergent Taylor expansion at zero. Volterra series
have also been considered within the framework of the input-output approach. In this context, nonlinear systems systems are
expanded into a series of input-output operators (see for example [Boy85], [Rug81], [Sch89]).

These functional series expansions are convenient tools for on-line simulation or system identification [DPOO02], but it is
often difficult to obtain convergence results and bounds for the series.

This paper is focused on input-output representations into Volterra series. The Volterra series decomposition of a class of
quadratic in the state, time invariant, single-input finite dimensional systems is performed and analyzed. The kernels are given
by a recursive sequence of linear pde’s. This is used to prove the convergence of the Volterra series in L>°(R) to a (possibly
weak) trajectory of the system. A value for the radius of convergence of the input in L°°(R.) is computed, and a uniform
guaranteed error bound for the truncated series is given. The result is then extended to MIMO systems.

2- VOLTERRA SERIES
2.1- Volterra series of time-variant systems

Following [LL94, p.113], the Volterra series of a time-variant system can be defined as follows.

Definition 1: A causal SISO-system can be described by a Volterra series {h,, } men if there exists functions h,, : RTH —
R, for m € N which are locally bounded, piecewise continuous and such that, for all 7" > 0, there exists ¢(7") > 0 such that
for all piecewise continuous function w satisfying |u(t)| < €, V¢ € [0, T the series

y(t) Z /Ot m(t, T1,m) HUT] ) dT1,m (1)

meN* ™ Jj=1

is normally convergent, where for 1 < p < g,
Tp,q — (TP7TP+17’-‘7Tq)
drpe = H dr; 2

Nevertheless, natural extensions to more general settings can be defined. For example, taking /., in L}OC(RTH) or L= (Ry, L},.(RT))
still yields well-posed definitions. In this paper, more specific spaces will be introduced in section 2.2.2.

2.2- \olterra series of time-invariant systems and some properties

We refer to [Boy85], [Has99], [Rug81] for developments in this section.
2.2.1- Definition in the time domain and the Laplace domain: For a time-invariant system, the kernels are such that, for
m € N¥, -
hm(ty Tl,m) = hm(t - Tl,m)7 (3)

where ¢t — 7y, = (t — 71,...,t — Ty). Moreover, the zero-input response of the system % can be omitted considering the
difference output §(¢t) = y(t) — ho(t). Then, equation (1) reduces to a sum of standard multi-convolutions given by

Z /Ot P (t = T4 ) Hu (r5)drim = Z /0 m(t1,m) Hu(t_tj)dtl,m 4)

meEN~ meN= 7 [0:4]™ j=1

For sake of legibility and conciseness, the tilde of hm(th) will be omitted. This notation is not ambiguous since the number
of independent variables in h,, make the time-variant and time-invariant versions distinguishable with m + 1 and m variables,
respectively.

The mono-lateral Laplace transform of the time-invariant kernels is denoted with capital letters and defined by, Vm € N*,
Vs1m € Dp,, C C™,

Hm(sl,m) :/ hm(tl,m)eisl'm.tl’mdtl,m; (5)

where Dy, denotes the domain of convergence of the Laplace transform and sq ,, - t1,, = 81t1 + -+ + Sy, ty,. For stable
systems, the kernels H,,, are analytic in Dy, C ((Cg)m where C§ = {s € C|Re(si) > 0}.



2.2.2- Functional spaces, characteristic function and a BIBO-convergence theorem:
Definition 2 (Functional spaces): Let (m,n) € N* x N* and p € [1,00]. The spaces V" and B} are defined by

vt = LYRT,Rp) (©)
By = L®(R:,Rp) )

where R} is the euclidean space of dimension n endowed with the standard p-norm defined by ||z, = (|z1[P +--- + [zn [P )1/ P

for p € [1,00[ and by ||||cc = max(|z1],...,|zn]|) for p = co. When n = 1, all the p-norms are identical so that p is omitted
in this case.

Definition 3 (Characteristic function of a time-invariant SISO-system): Let {h,,}men+ be the Volterra series of a time-
invariant SISO-system, such that Vm € N* ||h,,[yma: = me [P (t1m)|dt1,m is bounded. The characteristic function ¢y,
m ,
of {hm }men~ is defined by the power series

<Ph Z ||hm||V"’ 2™ V‘Z| <p, 3
meN*
where p is the radius of convergence of the power series.

When a system is such that p > 0, it satisfies the BIBO property given by the following theorem.

Theorem 1: Let {h., }men+ be the Volterra series of a time-invariant SISO-system such that the characteristic function ¢y,
has a radius of convergence such that p > 0. The Volterra series is convergent in B for inputs such that ||ul|z < p. In this
case, the output y is bounded and satisfies

lylls: < en(llulls), ©)

where it is recalled that ||u||g1 = sup |u(t)].
teRy
This result is quite interesting for system analysis since it is non-local in time. Nevertheless, it requires the determination

of the radius of convergence p and bounding ||k, |[ym.1 is not straightforward. This paper copes with this practical problem
and establishes practicable BIBO-results.

2.2.3- Interconnection laws: Let {f,,}men+ and {gm }men+ be the Volterra kernels of two systems, associated to the
characteristc functions ¢y and ¢, with radius of convergence py and py, respectively.

{fm} {fm}

u(t) y(t)  u(t) y(t)
{g',n.} {gnl}

@ (b)

ut) {fm} — g1 ‘y-@)—>

©

Fig. 1. Sum (a), product (b), and cascade (c) of two systems

Connecting these systems through a sum of outputs, a product of outputs or a cascade (Fig. 1a,b,c) still defines a Volterra
series [Has99, p. 34,35] with kernels {h,, }men+ such that for m € N*,

o Sum (Fig. 1a):

m(tl m) fm(tl,m) + gm(tl,m)a th,m S (R+)m (10)
m(s1m) = Fu(sim)+Gm(s1m),  Vsim € Dy, NDy, (11)
en(z) < pp(2) +@g(2),  for [z < pp
prn > min(py, pg)
o Product (Fig. 1b):
m—1
hn(tim) = Tt k) gm—r(tet1,m), Vti,m € R (12)
k=1
m—1
H (81 m) = . Fk(sl k) Gm,k(squ,m), Vsl,,m S 1<pgm—1(ka X 'ngfk) (13)
=1 ==
en(z) < pp(2) pg(2),  for[z| < pp
pr > mm(pf»pg)



o Cascade with a linear system (Fig. 1c):

hon(tr) = / 9101) fon (Fr 01)d6 (14)
[0,min(t1,m)]
Hm(sl,m) - G1(5/1;1)Fm(51,m); VSl,m S {sl,m S Dfm 3/1;1 S Dgl}v (15)
on(z) < llgillviaeg(2), for [2| < pn = py

where 5/1; denotes the sum of the Laplace variables
5/1;1:51+"'+5m- (16)

This case is such that the output of {f,,,} feeds a linear system (g,, = 0,¥m > 2). The similar (but more complex)
relations for the concatenation of two Volterra series are not presented here (see e.g. [Has99]) as they are useless in the
following.

3- QUADRATIC SISO SYSTEMS
3.1- System under consideration
Let the quadratic ODE system be defined by
T Eix
T = Azxz+ : + Bu, (17)
T Exnx
y = Cux, (18)

for t € R* with z(0) = 0, where u(t) € R, z(t) € R" and y(¢) € R are the input, state and output of the system, respectively.
All matrices are real and Ais N x N, Bis Nx1,Cis1lx N,and E, (n=1,...,N) are N x N.

This type of equations (and also the MIMO case) is for instance frequently encountered in chemical kinetics or biochemical
modelling. The well known “law of Mass Action” applied to a set of reaction, each of them being of the form [A] + [B] =
[C]+[D], leads to dynamical systems with quadratic nonlinearity in the state. This type of nonlinear model is also encountered
for instance in the field of epidemiological population dynamics, where the so-called SIR models also show quadratic state
nonlinearity. Finally, this system can also be viewed as a 2"¢ order approximation of a more involved nonlinear system of the
form & = f(x) + Bu, y = C « around the initial state 2(0) = 0.

Definition 4 (Strong and weak solutions): Let Cg (R4, RY) denote the set of all C'*, R"-valued functions with compact
support in R .

(,y) is said to be a weak solution of (17-18) in B} x B with p € [1, oo] iff
T Eix
Vw € CLR,,RY), [ wlaxdt+ [ w’ Azxdt +/ w” : dt+ [ w'Budt =0, (19)
R, Ry Ry T Ry
' Exx

and y satisfies (18). Moreover, (x,y) is said to be a strong solution of (17-18) on R if it is a weak solution and x is
CHR,,RN).

3.2- Derivation of the Volterra kernels

3.2.1- Output and state kernels: As the nonlinearity of the system is embedded in the state equation (17), it is quite
convenient to consider the Volterra series which maps the input u to each state coordinate x,,. Thus, let {g,, }men+ denote
the Volterra series of the SISO-system S,,.—,,, with input u and output y. Let {h}, },,en+ for 1 < n < N denote the Volterra
series of the SISO-system Sy, with input v and output z,,. Let {h,, }men+ denote the Volterra series of the SIMO-system

Su—z Wwith input u and output  so that h,,, = [hL ... AT,
From (10-11) and (18), {gm }men~ are related to {h., }men+ through the equations, for m € N*,
gm(tl,m) = C hm (tl,m) (20)
Gm(sl,m) = CHm(Sl,m) 21

in the time and the Laplace domains, respectively.

3.2.2- Cancelling system: A convenient way to derive a set of equations satisfied by the kernels is to build the system
described in Fig. 2. From (17), it is the null-system so that all its Volterra kernels are zero. Writing these zero-kernels from
the interconnection laws (10-15) yields the equations satisfied by kernels {h,,}. In the Laplace domain, these equations are
algebraic. In the time domain, they are linear differential.
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Fig. 2. Cancelling system for Sy«

3.2.3- Kernels in the Laplace domain: In the upper branch of the cancelling system (see Fig. 2), the Laplace transform
of the linear operator is s — Inys— A . The kernels of the system S, i, associated to this upper branch can be derived,
for each coordinate [&— Ax], from (11) and (15). They are given by [s/l,TnIN - A] H,,(s1m), for m € N*. The middle

branch corresponds to the quadratic nonlinearities Q. For each sub-system S, _,_,r E,z (1 < n < N), the kernels are
m—1

deduced from (13). They are given by Z (Hk(slyk))T E,H,,_(Sk+1,m) for m € N*, which is zero for m = 1. The bottom

k=1
branch defines the memoryless linear system S, g, associated to the constant kernel s; — B for m = 1 and to zero kernels
51,m = 0 for m > 2. Now, writing from (11) that the sum of these kernels is zero yields the recurrent algebraic equations

H, (s1,m) = [STRIN—A]_lFm(sLmL Vm € N* (22)
Fi(s1) = B (23)
me1 | (Hi(s1,x))" EyHpy g (Sg41,m)

Fin(s1,m) = : . Ym>2 (24)
UL (Hi(s1,0)" EnHpp— i (Skt1,m)

3.2.4- Kernels in the time domain: Using the notation of the time-variant systems k., (¢, 71 ) rather than the time-invariant
version Ry, (t1,m,) with ¢1 ,, =t — 71, the time domain versions of (22-24) are

=~
Il

[IN@ — A] ho(t,T1m) = F(t,Tim), Vm ¢ N* (25)
filt,m) = Bé(t—m) (26)

met1 | (Pt m16) T Brho g (t, Thg1,m)
fu(t,mim) = : . ¥Ym>2 27)

=1 (bt mk)) T EN Rk (t, Trg1m)

The solution is

hi(t,71) = 1gs(t—m)et"™B (28)
t
R (t,Tim) = 1g+ (t — max(7im)) / AN F (0, 71.,m)d0,  Ym>2, (29)

max(71,m)

where 1+ denotes the Heaviside function.

3.3- Convergence and guaranteed error bound

In this section, standard p-norms of vectors @, matrices M and bilinear forms E are considered for a fixed p € [1, oo and
given by,

Iz, = (a1fP+--+|znP)?  ifpe [l o0, (30)
|z, = max(jz1],...,|lzy])  if p= o, 31)
1M, = Hsll‘lglllellp (32)
I1E|o, = sup |y Ex. (33)

llzllp=1,llyll,=1

Theorem 2: Consider system (17) with max (ﬂ?e(Spec (A))) < 0. Let {hy, }men~ be the Volterra kernels defined by
(28-29). Then, for all p € [1, +o0],

[y < B (g )™ ()™ (34)



with

T
o = |[IBle, .- IExle,]"| . (35)
o = ||eA5|| d¢ < oo, (36)
¢ = 1, (37)
m—1
(I)m = (qu)mfk szz (38)
k=1
Note that ||h1\|vl v < ap || Bllp-
Proof:
m—1
o First step: HhmHVI’)"‘N < é€pap Z ||h]€||V;c,NHhm_k;||v;n—k,N for m > 2.
k=1
0
mllym N = e m(0, —t1,m t1,m from an choosing ¢ =
h g (] do|| d from (3) and (29) choosi 0
p T max(—t1,m) »
min(t1,m) A
< / / He 5.7‘:771(_57 _tl,m)degdtl,m
™ Jo
< / / ||eAE||p ||.fm(_§7 _tl,'rn)detl,mdg
Ry J[€,+oo[™
< [ ([ et di ) ae
Ry [§,+oo[™
(39)
Now, from (27),
et | (hi(tm6) T Byt Thg1,m) |
||.fm(ta71,m)||p
R (et 7)) T En Bk (, Tha1m) | ,
m—1 [ (hk(taTl,k))TElhm—k(taTk-‘rl,m) )
< s
UL (hi(t, 1)) EnPon i (t, Thg1m) | »
m—1
T
< Y It ol | 1B, - BNl ]| Menest e m)l
k=1
< |0z, 1N, (Z Vst 710l [t i m>||p) (40)
. T
Thus, denoting ¢, = H[HElﬂgp,...,||EN||QP] ’ ,
p
m—1
J1tnt-t -t bt < o [ (Z Ihi(=€ ~tra )] [ —x(—¢, —tkﬂ,m),,) dt1
[€,+oo[™ (€, +oo[™
S < ﬂhk &~y dty k> ( [ i —tkﬂ,m)updtkﬂ,m)
k=1 [€,Foolk [€,400[m—k
<6y ( ﬁm tp — &)l dty k> ( / - m§)||pdtk+1,m>
k=1 [§,+oo[k [€,+oo[m—F
m—1
< & Y Mkl Rkl (41)

This completes the proof defining o,

k=1

as ap = f]Rq HeAngdf.



Second step: Recurrence on Hy, || B |y < @ (€ )™ (R flyrn )™

e H; is satisfied (with equality) by defining ¢, = 1;
e Now, let m > 2 and suppose H.,,/ satisfied for 1 <m’ <m — 1.
From step 1 and denoting K, = €, o,

m—1
IRnlygr < Ko 3 [Rllygon s llyposs
k=1
m—1
(Dk k (I)mfk m—k
< K X (T (i) ) (Bt (Kl ) ™)
p P Kp P Vi Kp p Vp
m 1 m—1
< (Kthlelw> = > s
P p=1
m¢77l
< (Kplmlly)"
m—1
where ®,,, = Z P4 P,,,_1, which concludes the proof.

k=1

(42)

Definition 5: Consider the system (17) with max (%e(Spec(A))) < 0 so that [[hy]|,1,v < oco. Then, the application
P

Zp

B! — R, is defined by
Zp(u) = €p ap HhIHVI}N llul| -

Corollary 1: Let p € [1, o0].

(i) The Volterra series expansion of the state and output of system (17-18) converges in BZJ,V and B!, respectively, for all

(i)
(iii)

@

input u € B! such that
Zp(u) < 1/4

where Z,, is given in definition 5.

(43)

(44)

For any input v € B! satisfying (44), the sum of the series is a weak solution of the system. If u is moreover in C°(R, R),

then the sum of the series is a strong solution of system (17-18).
The output y and the state = are bounded as:

IN

Iyl s IClpllz|ls2
1— /1= 4Z,(u)

2epy,

lzlsy < enp(luls) <

)

where €, and o, are defined in theorem2 and ¢}, ;, denotes the characteristic function

o0
Php(2) = Z Hhmllv;”'szma
m=1

which generalizes definition 3 to SIMO-systems.
Proof:

From (18), ||y|[s: < [|Clp||#]sy. Moreover,

lelsy < sup > [ ) [Jute- )
teER4 m=1 [O,t]m j=1
‘ P
< S Rl (||u\|31) which defines @p,
m=1
1 m
< Z P, (ep ap [[hy |y~ Hu||51) from theorem 2.
€p Olp m=1 g
1
< ®(Zy(u))  (see definition 9 in apdx. A)
€p Ap

which is absolutely convergent for Z,(u) < 1/4 from lemma 1(ii).

(45)

(46)

(47)

(48)



+<>o

(ii) Let u be a function in B'satisfying (44), and x(t) = =] Wi, (t) with, from (4),

'wm(t):/ — Tim) H u(7j) dT1m- (49)
[0,]™ j=1

From (48),  is in B}, as a normally convergent series in B). Let w be a test function in C§(Ry, R"). The normal
convergence of the series yields

w!zdt = Z wT w,,dt
Ry

Now, for m = 1, from standard results for first order linear time invariant systems, w; is a continuous differentiable
function of ¢ with w;(0) = 0, and w; = Aw; + Bu is in BI]}V. Consequently

- wTwdt = wT viv,dt = wT Aw, dt + w?T Bu dt.

For m > 2, it comes easily by induction from (29) that h,, (71, ) is a continuous function on R’ with zero value on the
boundary that can therefore be extended by zero to a continuous function on R. From (25), it comes that Ol (t — 71 )
is also continuous function on R’} with zero value on the boundary. Therefore, w,, is a C LR*,RY) function, and

W (t) = / Orhan (t = 71.m) [ () d71m
0,4 i
1 [ (Rt = 710) T Ev Rk (t — Th1,.m) m
= / Ahm(t*Tl,m)JF H TJ dﬁm
o =L (Rt = 710)) T En bt — Trpam) | ) 971
T
m—1 (wk(t)) Eyw,, (t)
= Aw,(t)+ :
= T
UL (wi(0) " Eywni(t)
Hence
- ww,,dt = w? (), dt
R Ry

m—1 (wk'(t))TElwm—k(t)
= | w't)Aw,(t)dt+ | w'({t)> : dt

Ry Ry (wk(t))TENwm—k(t)

Summing the above relations for all m > 1 and reordering the quadratic terms leads to

. ot | (@) Ba(t)
wl xdt + w? (t)Az(t) dt + w? Bu dt + w? (t) Z dt =0,

- - - T () Bra)

which proves that the series is a weak solution of the system. Moreover if u is a C°(R,,R") function satisfying (44),
then from the theory of linear first order systems, w; is a C'(R,,R") function and from (25), S Wy, is also a
normally convergent series of continuous functions in Bév . It follows that (x,y) is a strong solution of the system.

(iii) Equation (45) is straightforward from (18). Equation (46) is a consequence of (48) and lemma 1(iii) (cf. apdx. A).

||
Corollary 2: Let Vj;x and Vj,y denote the finite M-order approximations
V]wﬂﬂ(t) = Z Tlm H t—TJ dTl ms (50)
R‘m,
j=1

Vumy(t) = CVM:c (51)



for M € N*, defined from the truncated expansion of the Volterra series. Let w € B. If Z,(u) < 1/4 where Z, is given in
definition 5, then

RM(I>(Zp(u))

lz=Vuallgy < ———= (52)
P Ep ap
RMcb(Zp(u))
[y =Varyllg < ICl, ———+ (53)
p Up
where z — R ®(z) is defined in lemma 1(iv) and is such that, for z < 1/4,
ZIL[Jrl 1 4z M+1

|Ry®@(2)| < Paryg (42) 54)

<
L—dz = 2\/n(M +1)2M +1) 1-4z
Proof: Let Rj;x denote the remainder Ry;x = « — Vysx. Then, from theorem 2,

|Raiallsy < Sl (lulls ) "< S (e Ialygx ) = —— > @ ()"

€y (X €y (X
m=M+1 p=p m=M+1

PP m=pM41

which converges for Z,(u) < 1/4 from lemma 1(ii). Defining z — Ry ®(z) = Y 00/ ®n2™ for |2| < 1/4 and using
lemma 1(iv) leads to equation (52). Equation (53) is straightforward. [ |
The results in theorem 2, corollary 1 and corollary 2 deserve some comments. For instance, computing the bound of the
convergence radius for the single state SISO system (S1): i = —ay + ey? + bu and for (S2): § = —ay — ey? + bu yield the
same results (a, b and e are positive constants). For (S1), it is easy to check that the bound for w is the best possible in the
sense that both Volterra series expansion of the state and the state of the full nonlinear system blow up for a constant input u
greater than the bound given in corollary 2. For (S2), the Volterra series expansion is the same as for the first system but with
alternate signs, so that the radius of convergence is the same. However, this nonlinear system has a solution for any constant
positive input wu.

In the multi-dimensional state case, the bound derived for the input is a “worst case” bound, owing to the use of matrix
norms. As a consequence, this bound will be conservative, unless particular features of the system under consideration can be
exploited.

4- QUADRATIC MIMO SYSTEMS
4.1- System under consideration
Let the quadratic ODE system be defined by
T Eyx
T = Ax+ : + Bu, (55)
T Enz
y = Cuzx, (56)

for t € RT with z(0) = 0, where u € RNu 2 € RN= and TS RNy are the input, state and output vectors of the system,
respectively. All matrices are real and A is N, x Ny, Bis N; X N, C'is Ny x N and E,, withn =1,..., N, are Ny X N,.

4.2- \olterra series for MIMO systems and notations

Definition 6 (Multi-index, notations and sets): Let N € N* and k& be such that 1 < k < N. The set My of multi-indexes
is defined by

My =NV )\ {(0,...,0)}. (57)

A multi-index is denoted with an underline; the version without underline denotes the sum of its components, namely

m = (my,...,my) € My, (58)
m = mj+---+mpy. 59)

Particular multi-indexes are
1 (1,1,...,1) € My, (60)

1, = (0,...,0,1,0,...,0) € My 61)



where only the k*" component is equal to 1. Consider two multi-indexes p and ¢ in M. Then, 7, , and d7, , denote

Tog = (T(p1)s Tk 1) TLan)s - -+ T(Npw)s TN pavt 1) 5 T(Noan) ) » (62)

empty if ¢, <p:
N m;

P.q H H dri,; (63)

i=1j=1

o,
3
I

with the convention H;“:pl ui(t — 7(;,5)) = 1 if g1 < p1. Finally, for m € My, the set M,,, denotes

My = {(p.q) € (Mn)*|p+q=m}, (64)

where p+ ¢ = (p1 + ¢, .., PN + qn).
Definition 7 (Volterra series of a time-invariant MIMO-system): A time-invariant MIMO-system S,,, ., can be represented
by a Volterra series if

“ m;

= 2 / (i) (TTTT it = 7600))) 71 (65)

meMy, i=1j5=1

For a given m, m; corresponds to the order of the nonlinearity associated to input w;.

4.3- Derivation of the Volterra kernels

4.3.1- Volterra kernels and cancelling system: Let {gy }memy, and{hm, }mem,, denote the Volterra kernels of the MIMO-
system Syy and Sy, respectively. For these MIMO-systems, (20-21) turn into gm (t1,m) = C hm(t1,m) and G (s1,m) =
C H,,,(s1,m), for m € My,. Moreover, the cancelling system is still described by the block-diagram in Fig.2 with u, m
instead of u, m.

4.3.2- Kernels in the Laplace and the time domains: Using the natural extension of interconnection laws to the case of
multiple input kernels still leads to recurrent algebraic equations in the Laplace domain, given by

—1

Hy(sim) = [$tmIN, —A] Fu(sim),  Vm €My, (66)

Fy, (sar) = Bu, for 1 <k <N, (67)
(HQ(SLJ_)))TEng(SQ-i-Lm)

Fu(sim) = ) : . VmeMy, st m>2 (68)

(£:0) €M (Hg(sl,g))TENmHg(Sg-i-Lm)

where By, denotes the k' column of B and 5, , still denotes the sum of all the Laplace variables, namely, 5, ;, = Zfil Zg;pj 5(i,)-
The time domain versions are given, for m € My, and using the notation of the time-variant systems h,, (¢, 71 ,,) rather
than the time-invariant version h,, (t1,, ), by

[In, 0 — Alhiwn(t, Tim) = F(t, Tim), (69)

Fi, G mak) = Brd(t— 711, for 1 <k < N,, (70)
(hg(tvTg))TEng(t»Tg+l,m)

Futmim) = Y : , if m> 2. (71)

(p,0) €M (hg(ta TLQ))TENHLQ (t, TQ-&-Lm)

The solution is

hy (t,700) = 1p+(t— 7)) 700 By, for 1 <k < N, (72)
t

Rt Tim) = lg+(t—max(rim)) / A0 f (0, 71.m)d0, if m > 2. (73)
max(7T1,m)

4.4- Convergence and guaranteed error bound
Theorem 3: Consider system (55) with max (?Re(Spec(A))) < 0. Let {h}mem,, be the Volterra kernels defined by
(72-73). Then, for all p € [1,00] and m € My,

N, "
HhmHv;"’Nm < Uy (epap)™ H (”hlk”v;f\%) ) (74)



where

T
o = |[IBle, - IExle,]"| 75)
o = / €] de < oo, (76)
R+
v, = 1 for 1 <k <N, a7
v, = Z U,v,  ifm>2 (78)
(P,9) EMm
Proof: The proof is similar to that of theorem 2, starting from (73) rather than (29) and using def. 6. [ |

Definition 8 (Extension of definition 5): Consider the system (55) with max (%e(Spec (A))) < 0o that [|hy, [|1.~5, <00
for 1 < k < N,,. Then, the application Z, : BN+ — R, is defined by

Ny
Zy(w) = epap Yy I, v lJurls: (79)

k=1

Note that this is an extension of definition 5 since (79) coincides with (43) for the SISO-case N, = 1.
Corollary 3: Let p € [1, o0].
(i) The Volterra series expansion of the state and output of system (55-56) converges in Bé\’f and B,J,V v, respectively, for all
input u € B}’ such that

Zy(u) < 1/4 (80)

where Z,, is given in definition 8.

(i) For any input u € B’ satisfying (80), the sum of the series is a weak solution of the system. If u is moreover in
C°(R,RN«), then the sum of the series is a strong solution of system (55-56).

(iii)) The output y and the state & are bounded as:

1Yllgye < ICHI1lsy 81
1—+/1—-4Z,(u)
l2llsy < enp(lunlisn ool ) < =5~ (82)
where €, and o, are defined in theorem 3 and ¢y, ;, is the extension of the characteristic function (47), given by
M
ehp(zin,) = D [l TG (83)
meMn,, k=1
Proof: The proof is similar to that of corollary 1, using lemma 2 instead of lemma I. [ ]
Corollary 4: Let Vj;x and Vasy denote the finite M-order MIMO approximations
N m;
Virz(t) = > / _ H T wit =705 ) ATy . (84)
" i=1j=1
meMy,, =
m>M+1
Vuy(t) = CVuz (85)

for M € N*, defined from the truncated expansion of the MIMO Volterra series (65). Let u € BIJ)V w. If Z,(u) < 1/4 where
Z, is given in definition 8, then

Ru®(Z,(u))
&~ Via|ve < ———=t (86)
P €p Qp
RM<I><Zp(u))
ly = Varyl gn, < ICI, ———= (87)
€p Ap
where z — Rp;®(z) is defined in lemma 1(iv) and is such that, for z < 1/4,
SMA+1 1 4y )M+1
Ry ®(2)] < Ppria &) (88)

<
-4z = 2\/m(M+1)2M +1) 1—-4z
Proof: The proof is similar to that of corollary 2, using lemma 2 instead of lemma 1. [ ]



5- SIMULATION

Simulations have been performed on the following two dimensional SISO academic example:

T = —x1 + 0.1(I12 + IE22) + 0.1z122 4+ 3u
By = 229 + 0.221% + 0.120% + 0.12120 + u

Y= X2

-1 0 3 0.1 0.05 0.2 0.05 .
Hence A = 0 -9 ), B = ( 1 ), C = ( 0 1 ), FE = ( 005 0.1 ) and Fy = ( 0.05 01 ) The initial

state of the system is zero.
Notice that for this system, we can compute Z,(u) in usual situations where p = 1, p = co and p = 2. The computed values

are
o= [ felyae= [ el e = [ et e =1
R, Ry Ry
[E1llo, = 0.1, Ezllg, = 0.2, | Er[lo. = 0.3, [ E2llg. = 0.4, E\[g, = 0.15,[|E2| 0, = 0.3

Kl = €10 = 0.37 Koo = €0 = 0.47 K2 = €019 =~ 0.335, Hh1Hv112 = 3.5, ||h1HV;C2 = 3, ||h1||V212 ~ 3.05
The input signal u has been chosen to be a step of magnitude 0.24 at time zero, so that from (43)
Z1(u) ~0.252, Zoo(u) ~ 0.288, Zy(u) ~ 0.245 .

The convergence criterion (44) for the Volterra decomposition of the state and output of the system is met for p = 2, and,
as all p-norms are equivalent in finite dimensional spaces, the series is convergent for any p-norm although the criterion is
not necessarily met. In the same way, higher values for the input step were tested for which the complete nonlinear system
was still stable, and the truncated Volterra series was still a good approximation, indicating that our criterion is conservative.
However, convergence becomes slower as the value of u increases.

Real time implementation of Volterra decomposition is quite easy for such an LTI system. Let U and X, denote the
(multivariate) Laplace transform of the input and contribution of order ¢ to the state vector of the system. The first order
contribution W is given by the linear part of the system : Wy (s1) = (s3] — A)~'BU(s1) = H1(s1)U(s1).

Given the Laplace transforms of all contributions with order p < m, denoted as W,(s1,,) = Hp(s1,,)U(s1)...U(sp), the
order m contribution can be written as

(1 [ (Hi(s1,%))" ExHon i (Sk41,m)
Walsim) = [stmdn—A]7 | : U(sy)...U(sm)

L= L (Hi(s10)) " ENHon— 1 (Sk41,m)
[t [ Wi(s1,) " B\ Wk (sk41,m) ]

[stnIn —A] " :
L= L (Wi(s16) " ENWon—k(Sk41,m) ] |

m—1 [ Wi(s1.6) T Es Wk (sk41m) |1 et

= 5 |ty -4y s = W)
=t | (Wi(s1.6))"ENWin_k(Sk41,m) || F2

A very simple computation shows that in the time domain, a realization for each w,,j, is obtained by computing at each time ¢
the NV dot products (wy,(t))T E;w,, _(t), for 1 <4 < N, and filtering the resulting N dimensional vector with the filter with
N inputs, N outputs and whose impulse response is 4?1+ (¢), as shown on figure 3. This realization shall be denoted as 7.

Figure 5 shows the realization of the order 3 truncated Volterra series for the system. On figure 5, truncated Volterra series of
order 1, 2 and 3 are compared with the complete solution. It can be seen in this case that in spite of the slow convergence of
the series (three terms needed), the approximation at order 3 is quite satisfactory.

6- CONCLUSION

The convergence of Volterra’s series decomposition for a stable system with quadratic state nonlinearity in L>° (R, RY)
has been demonstrated. An algorithm to build the kernels as well as a bound on the input and on the truncation error are given.
The resulting truncated system is easy to implement and simulate.

Further work will now firstly consist in extending the result to unstable system using appropriate functional norms (such
as norms with exponential weight). Another task will then consist in establishing conditions under which the extension of



Wk

dxddi=Ax+n

A

Fig. 3. Realization of w,y,: the N dot products (wy(t))T E;wy,_k(t), for 1 < i < N, are computed and the resulting N dimensional vector is filtered
with the filter with N inputs, N outputs and whose impulse response is eAthJr ()

order 1 order 2
contribution contribution

|
—»T

(linear) [ !

dX/dt=AX+Bu
Y=X

Fig. 4. Order 3 realization of the Volterra series: each term is built using the lower level terms combined through T-boxes



0.8F

step response

0.1f o if

Fig. 5. Comparison between the actual system and the realization of the Volterra series up to order 3 for the two states 1 and a2

these results to a n'" order polynomial state nonlinearity is possible. This analysis can also be extended, with greater technical
difficulties to be overcome, to some families of infinite dimensional systems such as nonlinear propagation (see €.g. [HHO04],
[HEl06]) or diffusion equations with polynomial in the state diffusion coefficients.

APPENDIX
A- Definition of ®,,, and lemma

Definition 9: Let N € N*. The sequence () is defined by

meN*

o = 1, (89)

m—1
b, = Z Oy Dy Ym>2 (90)

k=1

and the formal power series ®(z) by
O(z) = Y P2 1)
m=1

Lemma 1: The sequence (®,,),, - is such that
@) ®,, = @™ s (k—3)

(m-1)! >
and the power series ®(z) is such that, for |z| < 1/4,

(i)  ®(z) is absolutely convergent.

(i) P@(z) =1 (1 —v1—14z)
(iv)  the remainder Ry ®(z) = Z ®,,, is bounded by

m=M-+1
LM+ 1 (4Z)M+1
Ry®(2)| <@ < 92
Bar2 ()] < Mz o a(M )2M 1) 1 -4z ©»
Proof:
(i)-(ii)-(iii) From the definition of ®,, and ®(z),
o) 2 0o m—1
B(2)? = (Z (I)mzm> = Z ( Q)k(bm_k) 2™ =d(2) — 2. (93)
m=1 m=2 \ k=1

Hence, ®(z) is the root of the second order polynomial equation ®(z)? — ®(2) + z = 0 such that ®(0) = 0. The
solution is

O(z) = (1-VI—4z2). (94)

|~



Now, the series expansion of (94) converges absolutely for |z| < 1/4 and yields

1 ()™ {03 o 3
O(z) = 5 (1 - Z " H(§ - k)zm> with the convention H(§ -k)=1
m=0 k=1 k=1
1 = 4m & 3. m
) > 2(m!) [T _§)Z
m=1 k=2
SIE | (O 8 o)
m=1 k=2
so that by identification,
gm—1 H?—Z(k‘ _ §)
P, = = 2 96
m (m—1)! (°6)
(iv) For m € N*, 441’ fg“ = (mn:if) < 1 so that &, < <I>m4m/*m7Vm’ > m. Hence, for z < 1/4, the remainder
R, ®(2) is absolutely convergent and bounded by
e ’ 1 ’ Zm+1
|Rm(b(z)| < q)m+1 m/:zn;+14m TR = (I)'m—&-lm? o7

which yields the first inequality in (92).
Now, from the Gamma function identity I'(m + 1/2) = /7 (1.3. ... .(2m — 1)) /2™ [AS70, (6.1.12)], ®,, can be

rewritten as -1 I )
m= m-+1/2 2m
D, = . 98
m (F(m+1) 2m—1> ©8)

Using Wallis’formula [AS70, (6.1.49)]

1 1 I'(m+1/2) 1
—(l-— ) < =< — 99
m( 8m> Tm+1) ~ vm ©9)
yields
1 4m—1
1—— | am <P, < am with o) = ——F+——~. 100
(-5) NN Ty o
Finally, using the superior bound o, of ®,, in (97) yields the second inequality in (92).
|
B- Definition of ¥,, and lemma
Definition 10: The sequence (¥yn),, . is defined for m € My, by
U, = 1, ifm=1, (101)
Uy = Y, YW, ifm>2 (102)
(P,9) €EMm
and the formal multivariate power series W (z1 n) by
N
V(an)= > U []Cz)™, (103)
meMpn k=1
where it is recalled that, for m = (mq,...,ma) € My, m denotes m = my + --- +mp, 21,5 and zZ; y denote z; y =
(21,...,2n) and 21 N = 21 + - - - + 2N, respectively. Moreover, z1 y denotes
zZin =lal+--+ 2w (104)
Lemma 2: The sequence (\I’m) meMy is such that

6) v, = %(I)m where 7 deﬁnes the multinomial coefficient [AS70, 24.1.2] with m! = Hk 1 Ml
and the power series W(z1 n) is such that, for z1 v < 1/4,

(i)  W(z,n) is absolutely convergent,

(i) U(z1,n) =P(71n) =2 (1 — 1= 4@),



N
(iv)  the remainder Ry U (21 n) = Z U, H(zk)"“" is bounded by

k=1
{Q’GMN
m!>M+1
. (zin)MH! 1 (42 3)MH!
Ry (z < Ry®(z <o e < ’N (105)
[Bard(z1,0)] < Bu@(zv) < 1—dzin ~ 2/a(M +1)(2M +1) 1—4zy
Proof:
(i)-(ii)-(iii) From the definition of ¥,, and ¥(z n),
2
, N N
() = Do Tm [J)™ | = D2 > | [TG)™ =¥(N) - 2N (106)
meMpn k=1 (p,q) EMm, k=1
{mEMN o
|m|>2

Hence, U(z; ) is the root of the second order polynomial equation W(z;, N)2 —U(z1n) + 2/17\7 = 0 such that

N
!
W(z1 n) = 0if 215 = 0. The solution is ¥ (21 x) = ®(Z7 x). Now, (Z1.3)" = (214 - 42m)" = Z ﬁ| H(Zi)mi
me 5
{mEMN
| m=k
where E' defines the multinomial coefficient (see [AS70, 24.1.2]). Hence, the series
m!
00 m! N
U(aw) =Y Cm(an)" = D Cmo [J ()™ (107)
m=1 meMn - k=1

is absolutely convergent with respect to the mono-index m for |21 x| < 1/4 and is absolutely convergent with respect
to the multi-index m for z; v < 1/4. Coefficients ¥,, are straightforwardly identified in (107) that completes the
proof.

(iv)  This point is straightforward.
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