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Renverser l’écoute pour entendre la nature propre

Shurangama Sutra
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Abstract

At high levels of playing, the trombone produces a typical brillant timbre called “brassy

sound” due to an enrichment of the high frequencies of the spectrum. In this study, we show

that this character can be essentially explained by significant nonlinear acoustical propa-

gation effects which lead to waves distorsions through the bore of the instrument. These

cumulating effects can produce shock waves as we verified experimentally.

In order to study and to model this, we mention the linear acoustical propagation principles

in the pipes then those of nonlinear propagation. Then, based on a dimensionless analysis,

we integrate the “quasi-monodimensional” equations taking in account the nonlinear pro-

pagation effects and the visco-thermal effects of the boundary layer. This problem is very

similar to the aerodynamic one of coupling a perfect fluid with a boundary layer. Finally,

we will discuss the general validity of the approximations which have been done and their

implementation for the trombone. The choosen mathematical formula is convenient for nu-

merical resolution. Based on a classical resolution scheme, we elaborate a simulation tool

able to simulate classical phenomena of linear propagation in pipes and nonlinear propaga-

tion. Applied to a propagation at a high level in the slide of the trombone, we notice that

the wave deformation is essentially due to the combination of the visco-thermal losses at the

walls and the nonlinear distortion.

From the experimental and numerical results, and simplified hypothesis, we propose and

compare two simple physical models for the synthesis of sound including the nonlinear dis-

tortion of propagation and a basic model of lips vibration. These self-oscillator models allow

to simulate some realistic trombone sounds whose timbre varies with amplitude and in par-

ticulary the ”brassy” timbre at high amplitude.
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xaIzyaIzy LNiS^J¡Ycrbd\_XdQ¤`�efRUgPu9XdiSQkRU^Jg'`YXm`Y}-¡YRr[�I�IZI�IZIZI�IZI�IZImI�IZIZI�IZI�IZIZI�ImIZI HJH1y
xaIzyaI�� �²g�³DVYX-gYsdXZ`YXmcon¶gY^9ga�²crRUgY}dn9iSRK[j}]`YX�w�iS^JwDn �Pn [jRr^Jg IZImI�IZIZI�IZI�IZIZI�ImIZI HJH1y

� :F�8C�:F2@=<03BY�8��:;E *A�5*
	 � 2<,87PC;6���:;2<,"=@?A,�?A03BDCFE *A�/�
� ,�,�E���Ea� *A���
� � ���803257���E � ?W03254 ��,�B � :;��6�E *A���
°�IrH�¿|}d^J\_}-[SiSRrX�IZI�IZImI�IZIZI�IZI�IZIZI�IZImI�IZI�IZIZI�IZI�IZImI�IZIZI�IZI�IZIZI�ImIZI H3y ¦
°�I y �tOaw<^9[SMYbdQkXdQ I�IZImI�IZIZI�IZI�IZIZI�IZImI�IZI�IZIZI�IZI�IZImI�IZIZI�IZI�IZIZI�ImIZI H1�9­
°�Iz� ©NTWVDn [SRU^JgYQ¤`�XZ¡Yn9QSX_I�IZIZI�IZI�IZIZI�IZImI�IZI�IZIZI�IZI�IZImI�IZIZI�IZI�IZIZI�ImIZI H1�9­
°�I�§ °¤`YRr\lX-gYQSRr^JgYgYX-\lX-gP[t`YXdQt}dTWVDn�[jRU^9gYQt`YXm¡Dn9QSX I�IZIZI�IZI�IZImI�IZIZI�IZI�IZIZI�ImIZI H1�aH
°�I�§YIKH ©Nsd^JVYcrXd\_XdgP[tQSX-sd^Jg�`Dn9RUikX��;sd^9VYs�MYXZcURU\_Rr[SX	� I�IZI�IZImI�IZIZI�IZI�IZIZI�ImIZI H1�aH
°�I�§YIzy ©Nsd^JVYcrXd\_XdgP[twYikRUgYs-RUwDn9c�IZIZI�IZImI�IZI�IZIZI�IZI�IZImI�IZIZI�IZI�IZIZI�ImIZI H1� §

°�I x �aRr\lw�cUR � s�n [SRU^Jg_`YXdQ]}dTWVDn�[jRU^9gYQ IZIZI�IZImI�IZI�IZIZI�IZI�IZImI�IZIZI�IZI�IZIZI�ImIZI H1�Jx
°�I xaIKH �]OAw<^9[jMYb-QSX-Q IZIZI�IZI�IZIZI�IZImI�IZI�IZIZI�IZI�IZImI�IZIZI�IZI�IZIZI�ImIZI H1�9�
°�I xaIzy °�wYw�iS^��aRU\ln [jRr^JgYQ�`Dn gYQtcon�sd^9VYs�MYXZcURU\_Rr[SX IZI�IZI�IZImI�IZIZI�IZI�IZIZI�ImIZI H1�9�
°�I xaI�� °�wYw�iS^��aRU\ln [jRr^JgYQ�`Dn gYQtc½ef}dsd^9VYcUX-\lX-gW[tw�iSRUg�sdRUwYn9c
�

Sh << 1
� I�IZI�IZIZIZIZI H1�Pµ

� +-,/.1?W=@03B�.3:F2/,>4�EA� ?A��6�Ba.3:;2<,��l4�E ��032<��BY=@B�.3:F2<, * 
�*
� IKH �²gP[j}-�Jijn�[jRU^9g�`YX�cUn�\�n QSQSX¸I�IZI�IZIZI�IZImI�IZI�IZIZI�IZI�IZImI�IZIZI�IZI�IZIZI�ImIZI H�§�H
� Izy �²gP[j}-�Jijn�[jRU^9g�`YX�c�e�Rr\lw�VYcUQkRU^Jg I�IZIZI�IZImI�IZI�IZIZI�IZI�IZImI�IZIZI�IZI�IZIZI�ImIZI H�§Py
� I�� �²gP[j}-�Jijn�[jRU^9g�`YX�c�e�}-gYXdik�JRUX"I�IZI�IZIZI�IZImI�IZI�IZIZI�IZI�IZImI�IZIZI�IZI�IZIZI�ImIZI H�§9§

� � ?P.1EW0�� :�,�B�.3:F2<,>4�EA�_��032�
·C;� * 
��
� � EA79.1EA6�0��¶��0�2@��03Ea�_4�E CFB � B�.10�:�7JE�4�E���:FE � BD,8, *AG5*

� IKH ©NTWVDn [SRU^JgYQ¤crRUgY}dn9iSRrQS}-XdQ IZI�IZI�IZIZI�IZImI�IZI�IZIZI�IZI�IZImI�IZIZI�IZI�IZIZI�ImIZI H3xAH
� Izy�£�X-s-[jX-VYiSQ]X-[¤u n9crXdVYikQtwYiS^Jw�iSXdQt`YXmcUn�\�n [SiSRrsdX|`YX �tRUXd\ln9gYg ImI�IZIZI�IZI�IZIZI�ImIZI H3xAH

� :F�8C�:F2@=<03BY�8��:;E *AG@�

�



���������
	��ª��
��������������

§



� � ����&<$')�� �

��� $')	� ��
�� $�&
� � ������� )������

����� ���������� "!$#%#'&)( *,+$-/.0#1�2+435�768�
&�9:!8( #16;&<�=+$#%.7> ?@>A( �0.7.0# +$#1�
B !$�0C"9D#1�'E89F>HG	GI#/.J�$�7��&K*H9D�� "!$#

±�n�wYcrVYwDn9ih[Z`YXdQ�RrgYQk[SiSVY\_XdgP[SQ �'u9XdgP[�pF^Jg�s-[jRr^JgYgYX-gP[q�JiML9sdX ��VYg�X X��asdRK[�n [SRU^Jg `YX_[²Oaw<X�N�u n9cru9X0O
s-^JgP[jiQPJcU}-XqXdg�wYiSX-QSQSRr^JgSR H�T�I�±5XdQ�\l^JVauJXd\_XdgP[SQ�`�efVYgYX�Qh[jikVYs-[SVYiSX�\_}dsdn9gYRrTAV�X ��n gYs�MYX�^JV�cUb~uaikXdQ ��`Y}~�
Qh[�n9¡�RUcURrQS}-X�wDn i�cUX-Qªu n9iSRUn [jRr^JgYQ�`YX�cUn�wYikXdQSQkRU^Jg�`�X�c½e�n9RUi�c�e�X-gWuARriS^JgYgYn9gP[VU�w�iS^1uJ^ATWVYXdgP[t`YX-Q�³DVYs-[SVDn [SRU^JgYQ
`�X�cUn_QkXds-[SRU^Jg'`�efXdgP[jik}dX�`�V�iS}-QS^JgYn [jX-VYi�n sd^JVYQh[jRrTAV�X �Fcon sd^Jcr^JgYgYXm`�e�n9RUit`YXZc½efRUg�Qk[jikVY\_XdgP[ � \_^a`�VYcon9gP[
n RUgYQkR�crXq`Y}-¡YRr[�`�e�n9RUi]sd^9iSiSX-QSw<^JgY`Dn gW[ �;Qk^JVYiSs-X�`YX�`Y}d¡YRK[|n9s-^JVYQh[jRUTWVYX �~I/±Ne�X-gYQSX-\�¡YcUX�`YV»QkOAQh[jbd\_X�\_}~�
sdn9gYRrTAV�XZs-^JVYwYcr}|w/X-V�[�n9cU^9iSQtn9V�[S^ �²^9QSsdRrcUcrXdi�X-[]wYiS^A`YVYRriSX|`YX-Q�ik}d�JRr\lX-Q�w<XdiS\ln9gYX-gP[jQtw/}-iSRr^a`YRrTWVYXdQ-I
W gYX]`YXdQ�wYiSX-\lRrbdikXdQ�}-[SVY`YXdQ �Zs-X�w�iS^Jw<^JQ�iSXd\_^JgP[jX �Z��X-cU\_MY^Jcr[MX¤cUX¤s-}dcUb-¡YiSX]wYMPOAQSRrsdRUX-g�`Y^9gW[ªcon�[SMY}d^ �
ikRUX�X-Qk[l}-uJ^ATWVY}dX'`Dn9g�QlcUn iS}-pF}-iSX-gYsdX4R��@T�I � X�`YXdikgYRUX-i `YRUQh[jRUg��JVYX�w<^JVYi VYgYX'n9gYs�M�X�`YX-V ��[²OAw/X-Ql`�X
s-^J\_w/^Jih[jX-\lX-gW[SQ�UJcrX¤wYiSX-\lRrXdi·`�Rr[DN²RUgZY�n iS`[O�`Y}dQkRU�JgDn gW[�V�gYX]n9gYs�MYXtTWVYRDQS^9VYQ�c½efX-¨/X-[�`YXtcon�QkVYiSw�iSXdQkQSRr^Jg
`�ezn9crRU\_XdgP[�n�[jRU^9g [SXdgY` ��QSX�pFXdiS\_Xdi ��n gYs�MYX�`YX�sdcUn9iSRrgYX-[k[jX]wDn9i�X��aXd\_wYcUX ��X~[�cUX]QSX-sd^Jg�`�`YRr[\N�^JVa[5Y�n9ik`[O
Q-ezn wYwYcURrTWVDn9gP[ ��VYgYX�n gYs�MYX [SXdgY`Dn gW[Nn9V�sd^9\lw<^Jik[SXd\_XdgP[8^JwYw<^JQS} �;sd^9\l\_XªcrXdQ�cUb~uaikXdQ·`�Vq[jik^J\�¡<^JgYRUQh[jX
�ZwYiSX-\lRrbdikX�uAVYX	� I��]Xdcr\l^JcK[]Xt\_^JgP[jiSX�n9cr^JiSQ�[jMY}-^JiSRrTWVYXd\_XdgP[ �ZwDn9ih[jRUi�`�efVYg \_^a`�bdcUXtQkRU\_wYcUR � } ��n9gYs�M�X
�|VYg_`YX-�JiS}¤`YXtcrRU¡<Xdik[S}^U iS}dQk^JgDn [SXdVYi�`Y}-sdikRr[�wDn9i�Qk^Jg RU\_w/}-`Dn9gYs-X¤`�e�X-gP[jiS}-X	�NTWVYXt`Dn9gYQ�cUX¤sdn9QDN�RrgZY�n9ik`[O
cUn�pFiS}-TAV�XdgYs-X�`�e�n9V�[S^ �²^9QSsdRrcUcUn [jRr^Jg �_N²pFik}dTWVYXdg�sdX�`YXa`kXdV[O �qXdQh[lRrg�pF}dikRUX-VYiSX �»cUn�pFiS}dTWVYX-gYsdX'wYik^JwYiSX�`�X
c�ezn gYs�MYX|X-[ ��conqpFiS}-TWVYXdgYs-Xm`YX|iS}-QS^JgDn gYsdXm`YV�ik}dQS^9gDn [jX-VYi�UDX~[VUAuaRrsdX ��uJX-iSQSn_w<^JVYi�crX�\_^a`Yb-cUX�^JV�[5Y n9iS`�I
� X-Q�s-^JgYQkRU`Y}-ijn [SRU^JgYQt^JgP[]QSV�QSsdRK[j}-XdQ�`�XZg�^J\�¡YikXdV ��[Sijn�u n9V ��TWVYR5uARUQkXdgP[ � }-[SVY`YRrXditc½e�n9V�[S^ �²^JQksdRrcUcon�[jRU^9g
`�XdQ]RUgYQh[jiSV�\lX-gW[SQ � u9XdgP[jQ �_wDn ik[jRri¤`�efVYg�\_^a`�bdcUX|QkRU\_wYcUX�sd^J\_wYiSX-gDn9gP[]VYgYXZgY^Jga��cURrgY}�n9ikRr[S}�cU^As�n9crRUQk}dX
�FiS}-QSVYcK[�n9gP[tXdg��J}-gY}diSn9c�`YV�s-^JVYwYcUn9�JX|XdgP[SiSX|con�Qh[jikVYs-[SVYiSXm\_}ds�n gYRUTWVYX|X~[tc½ef}dsd^9VYcUX-\lX-gW[�`YV�³DVYRU`�X	�ªX~[
V�g�QhOaQh[jb-\lX��¶cURUg�}�n9ikRr[j}�iS}-wDn9ik[SRUX@UYcUX|ik}dQS^9gDn [jX-VYi�n9sd^JV�Qk[jRrTWVYX"R��bU�§cU<xdU@�@T�I
� n9gYQ¬crXªsdn9Q¬`�XdQ·s-VYRruAiSX-Q�U�cUX�\l^A`Yb-cUXFN�^JVa[5Y�n9ik`[OªQSX-\�¡YcUXªn�uJ^JRri8crXdQ�p;n�uJXdV�iSQ·`YXªcon]wYcUVYwYn9ik[�`YX-QNn9V�[SXdVYikQ
¡�RUXdg¸TAV�X `YXdQ�iS}-QSVYcK[�n [SQqX��aw<}dikRU\_XdgP[�n9V�� n�uJX-s `YX-Q�RUgYQh[jikVY\lX-gP[jRUQh[jX-QeR�µfT X~[�`YX-Q�\_XdQSV�iSXdQ�iS}-sdXdgP[SXdQ
QkVYi|VYgYX¶¡<^JVYs�M�X n9ik[SR � s-RUXdcrcUXmQSX-\�¡YcrXdgP[mRUgY`�RUTWVYXdi�TAV�X¶cUXqpF^Jg�s-[jRr^JgYgYX-\lX-gP[|`YXdQ|crb-uAiSX-Q|gYX¶w<XdV�[hg~[jikX
ik}d`YV�Rr[ �_s-X-[k[jXqs-con9QkQSR � s�n [SRU^Jg�QkRU\_wYcURrQk[jX�R�¢@TiUDXdg�wDn9ih[jRUs-VYcURrXdi¤QkR�c�e�^9g'Q-e�RrgP[jXdikXdQkQSX¶n9V�pF^JgYs~[jRr^JgYgYX-\lX-gW[
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QkVYi¤[j^JV�[tcrX|iSX-�JRUQh[jiSX�&�I � ezn V�[jikXdQtTWVYXdQh[jRU^9gYQ�QkXmwYiS^ � cUXdgP[]`Y^Jg�s,Rf�[U@¦[UD¢@T�I
°�RUgYQkRNcon�u n9cURr`YRr[S}�`�efVYg \l^A`YbdcrX �'V�g `YX-�JiS}_`YX cURr¡/X-ik[S}¶XdQk[ZTWVYX-Qk[jRr^JgYgY}-X9I8©Ng X~¨�X~[VU�cUX-QmuARrQSVDn9crRUQSn��
[SRU^JgYQ�`YV�\l^JVauJXd\_XdgP[ª`YXdQªcUb~uaikXdQªRUgY`YRrTWVYXdgP[ªsdcon RUiSX-\lX-gP[ªTWVYX�c½ef^Jg_gYX�w<XdV�[ªiS}-`YVYRriSX]sdX�`�XdiSg�RUXdi ��V�g
QkRU\_wYcUX�\l^JVauJXd\_XdgP[ ��VYg«`YX-�JiS} `YX¶crRU¡<Xdik[S}$R H1­fT�I � X wYcrVYQ�U�`Yn9gYQ|cUX¶sdn9Q|`YX-QZs-^JiS`�XdQ|uJ^As�n9crXdQ|`Y^9gW[
crX_pF^Jg�s-[jRr^JgYgYX-\lX-gP[qwYik}dQkXdgP[jX�`YX-Q�QSRr\lRrcURK[jVY`YX-Qmn�uJXds�sdXdcrVYR�`YXdQ�crb-uAiSX-Q�U�VYg \_^a`�bdcUX ��V�g `YXd�Jik}�`YX
crRU¡<Xdik[S}�g�efXdQh[�wDn Q�QkV!'_Qjn9gP[�s�n9i]n9cr^JiSQ¤crXZs-^JVYwYcUn9�JXmn9s-^JVYQh[jRUTWVYX�n�uJX-s�crXZik}dQk^JgDn [SXdVYi]g�efXdQk[�wDn9Q]n9QkQSX7X
pF^Jih[]w/^JV�i]w�iS^1uJ^ATWVYXdi]`YXdQ�n9V�[S^ �²^JQksdRrcUcon�[jRU^9gYQªQSn [jRrQkp;n9RrQjn9gP[SXdQ�UD`�e�^�(�con¶wYik}-pF}dikXdgYs-Xq`Y^9gYgY}dXZXdg�wDn9ik^JcUX
n9V���\l^A`Yb-cUXdQ �_`YX-V ��`YX-�JiS}-Q�`�XZcrRU¡<Xdih[j} �_N�\_^a`Yb-cUX �¶`YX-V �'\ln9QSQkXdQ O � RKH9H U5H3ydU5H��fT�I
� XZ\"gd\_X^UDcon `YX-QSsdikRUw�[SRU^Jg'`YXZc½ef}ds-^JVYcUX-\lX-gP[�MPOA`Yik^a`�OAgDn \lRrTAV�Xqn9Va[j^JVYi]`YX-Q�sd^9iS`YX-Q]u9^asdn9cUX-Q�X-Qk[�ikX~�
\_RUQkX Xdg TWVYXdQh[jRU^9g�I·°�RrgYQSRiU¬VYg�X'`�XdQSs-iSRrw�[jRr^Jg wYcUV�Q¶iS}�n cURUQh[jX `�VI`kX~[ XdgP[jikX's-XdQ `YX-iSgYRrbdiSX-Q �;w<^JRUgP[¶`YX
`Y}-sd^JcrcUX-\lX-gW[ u9n iSRon ¡YcUX@U�RUg�Qk[�n�[jRU^9gYgDn9ikRr[j}�IdI-I �¤\l^A`YR � X�c½e�n9V�[S^ �²^JQksdRrcUcon�[jRU^9g R H3yfT�I
� X-w/X-gY`Dn9gP[VU�`Dn gYQ�crX¶s�n9QZ`YX-Q N²sdVYRKuAiSXdQ O U5crX_QkRU\_wYcUXq\l^A`YbdcrX ��VYg `�Xd�Jik}l`YX crRU¡<Xdik[S}¶w/X-iS\_X-[m�JiML9sdX
n9V«pF^Jih[msd^JVYw�con9�JX n�u9Xds�crX¶iS}-QS^JgDn�[jXdV�i�`�ef^J¡�[SXdgYRrim`YXdQZiS}-�JRU\_XdQ|w<Xdik\�n9g�XdgP[jQmQjn�[jRUQhp;n9RUQSn9gP[jQmw<^JVYimcon
QhOagP[SMYbdQkXq`YXmQS^9gYQ�RKH�§bU5H3xdU5H1� T½I
®�^JV�[SXdQmcUX-QZs-^JgYQkRU`Y}-ijn [SRU^JgYQ|w�iS}ds-}d`YX-gP[jXdQ�w/^9ik[jX-gP[�QkVYimcon gY^9ga�²crRUgY}dn9iSRK[j}qcr^asdn9cURrQS}-XqX-[ZQk^Jg s-^JVYwYcUn9�JX
n�uJX-smcUX�ik}dQS^9gDn [jX-VYidI W g'n9V�[SiSX|s�MDn9\_w�`�efRUgPuJX-Qk[SRU�Pn [SRU^Jg�ik}dQkRU`YX�X-g�c½ef}-[jV�`YX|`YV�ijn�OJ^9gYgYXd\_XdgP[ ��c½efX��W�
[S}diSRrXdVYi�`YX¶c½efRUgYQh[jikVY\lX-gP[�I � Xdw<XdgY`Dn gW[Z`Dn gYQmsdX-[m^9V�uAijn9�JX@U�gY^9VYQ|gYX¶gY^JV�Q�pF^asdn9cURrQSXdik^JgYQ�wYn9Q�QSV�iZcrXdQ
n9Qkw/X-s-[SQ|wYiS}-sd}d`�XdgP[jQ �;MY^9iS\_RUQ]TAV�XdcUTWVYX-Qm\l^A`YR � s�n [SRU^JgYQ�n9wYw<^Jih[j}dX-Qmn9V»\_^a`Yb-cUX ��VYgYX¶\ln9QSQkX$U/u9^JRUi
s�MDn wYRr[SiSX�£ ��\ln9RUQ iSXd\_X-[k[j^Jg�Q¤Xdg's�n9VYQkXmc½efMWOAw<^9[jM�bdQSXZ`YXmcURrgY}�n iSRr[S}�n9s-^JVYQh[jRUTWVYXm`Dn gYQtcUX�ik}dQS^9gDn [jX-VYi*)
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©NglX~¨�X~[VUJw<^JVYiN`�X�pF^Jik[SXdQ�n9\_wYcURK[jVY`YX-Q¬`YXF`kX-V �FgWVDn9gYs-XdQFN²pF^Jih[jX O�X~[ªw�cUVYQ·`Yn9gYQ�con�[SiS^J\_w/X~[S[SX�^JV cUX

[SiS^J\�¡<^JgYXNwYn9i8X �aXd\_wYcUX �0U1cUX-Q�MWOAw<^9[jM�bdQSX-Q·sdcUn9QSQkRUTWVYX-Q8`YX�c½e�n9s-^JVYQk[SRUTWVYX�cURrgY}�n RUiSX �;w<Xdik[SVYiS¡Yn [jRr^JgYQ N�Rrg � �
gYRK[j}-QSRU\ln9crXdQ O ��gYX�Qk^JgP[·wYcrVYQ¬gY}-sdX-QSQjn RUiSX-\lX-gP[·uJ}-iSR � }dXdQ-I �²caw/X-V�[·X-g�iS}-QSVYcK[jXdi8VYg�X~¨�X~[NgY^Jga��gY}d�9cURU�9X�n9¡YcrX
`YX�`YRUQh[j^JikQSRU^9g�gY^JgA�²cURrgY}�n RUiSXt`YX-Q�^JgY`�XdQ¤TWVYR�QkX�sdV�\�VYcUX�QSVYi con�`�RUQk[jn9gYs-X�`YX�wYik^JwDn9�Jn [jRr^Jg�I � X-[k[jX�`YRrQh�
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Based on physical models of musical instruments and of the human voice, a new generation of
sound synthesizers is born: virtual instruments. The models used for wind instruments are simple
feedback loops in which a nonlinear sound source drives a linear filter representing the pipe of the
instrument. While very rewarding musical sounds have been obtained with these models, it has
become obvious that some essential phenomena escape such a description. In particular the
brightness of the sound generated by trombones is expected to be due to the essential nonlinearity
of the wave propagation in the pipe. At fortissimo levels this leads to shock wave formation
observed in our experiments both from pressure measurements and flow visualization. A modest
modification of the physical model could already take this phenomenon into account. The key idea
is that the nonlinear effect is essential for the transfer of sound from the source toward the listener,
but can be ignored in a model of the generation of the pipe oscillations. © 1996 Acoustical Society
of America.

PACS numbers: 43.75.Fg

Wind instruments are currently described as feedback
systems in which a nonlinear amplifier, the sound source,
drives a linear filter, the pipe.1 Highly simplified physical
models of the clarinet and of the violin based on the method
proposed by Mc Intyre et al.2 have demonstrated that musi-
cally interesting signals could be obtained by caricatures
which require only a modest computational power to pro-
duce sound in real time. The first commercial ‘‘virtual instru-
ments’’ based on this principle were welcomed last year as
musically very rewarding.3 These models are obviously also
useful as design tools for the craftsmen of conventional mu-
sical instruments. Even more simplified ‘‘source/filter’’ mod-
els, in which the feedback from the filter toward the source is
ignored, allow a considerable data compression of the speech
signal in telecommunication. Better physical models of both
wind instruments and of the human voice production would
certainly be welcome for a wide range of applications.

The nonlinearity of the oscillator is a key aspect which
is essential to reach steady oscillations in a feedback system
and to determine the perceptive quality of the sound.1 We
focus in this paper on the hypothesis of a linear response of
the pipe which has already been subject to controversy in the
recent past. Backus and Hundley4 report an essentially linear
transfer function between the mouthpiece pressure fluctua-
tions of an artificially blown trumpet and the radiated sound
field at the listener position. Only a few percent second har-
monic generation by nonlinear distortion were observed at
the highest levels. These results were contradicted by later

measurements of the amplitude dependency of the transfer
function of a trombone by Beauchamp.5,6 Beauchamp7 had
some doubt about his data, in particular the analog tape re-
corder which had been used.

The trombone used in our experiments is shown in Fig.
1. In particular we indicate the position of the microphones.
The first microphone is placed in the mouthpiece. The sec-
ond microphone is placed at the end of the cylindrical part of
the pipe. The third microphone is placed at the horn exit. We
used piezoelectric gauges ~Kistler 603-A!with correspond-
ing charge amplifiers ~Kistler-type 5007, bandwidth 1 Hz,f
,180 kHz!for the internal pressure measurements and a
1/8-in. BK condenser microphone with corresponding elec-
tronics outside the pipe. This in combination with modern
electronic registration guarantees the linearity and the band-
width necessary in order to observe shock waves. Our ex-
perimental results, shown in Figs. 2 and 3, confirm a violent
nonlinear behavior of a trombone and provide an indication
for the cause of the brightness of related brass instruments
played at fortissimo levels. We observe the formation of
stepwise pressure jumps. For the fortissimo level ~ff!of the
higher note shown in Fig. 3~b!, the pressure-rise time corre-
sponds to the travel time of the wave on the surface of the
microphone.

As we will explain further on, the nonlinearity in the
transfer function depends crucially on a primary nonlinearity
of the source. The flow control by the lip–mouthpiece com-
bination results in a particularly sharp pressure rise during
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the oscillation. It is this compression phase which by nonlin-
ear wave propagation generates a shock wave. We now try to
understand why this occurs in a trombone while it does not
occur in most instruments.

A simple explanation for the generation of this highly
nonsinusoidal mouthpiece pressure pm has been proposed for
the trumpet by Backus and Hundley4 and for the trombone
by Elliot and Bowsher.8 As shown in Fig. 2 for a low pitch,
the observed mouthpiece pressure signal pm is rather con-
stant during much of the cycle, remaining close to the play-
ers driving pressure. This is due to the fact that the aperture
between the lips is large compared to the neck of the mouth-
piece shown in Fig. 1: the neck controls the flow. The pres-
sure varies suddenly during the short time intervals in which
the lips take the flow control over because they close com-
pletely. This results in the characteristic strong negative pres-
sure pulses observed in Fig. 2. This effect becomes stronger
with increasing playing level. The details of the collision of
the lips at closure is certainly critical. In voiced speech
production9 or in double-reed instruments10 most of the ra-
diated high-frequency sound is generated in the closing
phase of the ‘‘reed’’ movement. In contrast to this we will see
that for the trombone the crucial phase of the cycle is the
opening of the lips, corresponding to the compression phase
in pm .

It appears that Backus and Hundley’s mouthpiece pres-

sure signals are dominated by much lower frequencies than
our signals. Their signals do not display such high-pressure
rise rates (]pm/]t)max as the signals we have measured. The
160-dB mouth pressure amplitudes reported by Backus and
Hundley in their experiments, correspond to oscillation am-
plitudes of about 3 kPa. This is much lower than our pressure
fluctuations as shown in Figs. 2 and 3. Also Backus and
Hundley report measurements on a trumpet which can have a
much shorter pipe than our trombone.

Now we can also rationalize the behavior of the pipe of
the clarinet which we described earlier.11 The reed channel of
a clarinet is always much smaller than the pipe cross-
sectional area. The flow therefore is always controlled by the
reed movement. In addition to this, the lay of the mouthpiece
of a clarinet is curved in such a way that the reed closes
gradually, the flow is never interrupted abruptly. This results
in a fairly sinusoidal oscillation of the pressure in the mouth-
piece, even at fortissimo levels. Even though the oscillation
amplitudes were comparable to those found in the trombone,
we found a very reasonable prediction of a linear model for
the transfer of sound from the pipe to the listener in the case
of a clarinet.11 We could not even observe the nonlinearities
which certainly occur, for low pitches at fortissimo levels as
a result of vortex shedding at the pipe end and tone holes.12

The very strong nonlinearity of the acoustical drive of
the trombone already explains much of the observed differ-
ence between the sounds of the clarinet and of the trombone.
Simple models as proposed by Strong13 already generate
typical brass sounds but certainly not the specific brightness
of the sound at fortissimo levels. This effect is controlled by
the nonlinear wave propagation in the pipe which we discuss
now.

Since the most relevant high frequencies are very effi-
ciently radiated away at the horn, we neglect reflection at the
pipe termination. We therefore can assume the propagation
of a simple wave into a uniform region. Starting from the
measured mouthpiece pressure pm(t) and assuming a fric-
tionless simple wave propagation along a pipe of uniform
cross section, we can obtain an analytical prediction of the
wave distortion. The calculation is based on the classical
method of characteristics.14 Due to the increase in speed of
sound c with the temperature and the convective effects, the
top of the compression side of a wave tend to catch up with
the foot of the wave. It appears that the ratio of the pressure
fluctuations pm to the mean atmospheric pressure Pat is not
the relevant parameter to judge the severity of the nonlinear
steepening. Theory predicts that for distance x larger than the
critical distance xs given by

xs

2gPatc

@~g11!~]pm /]t!max#, ~1!

where g51.4 is the Poisson constant, a shock wave is
formed. The pressure profile predicted by integration along
characteristics becomes multiple valued. The position and
strength of this shock can be estimated from this multiple
valued solution within the framework of a frictionless theory
as, for example, the weak shock theory.14,15 The shock path
in a (x ,t) diagram is along the bisectrix of the angle formed
by two characteristics of the same family which intersect in

FIG. 1. A shematic representation of the trombone used in our experiments
~A. Courtois trombone type 155, A. Courtois mouthpiece type 10 PM!with
an indication of the position of the microphones. A typical flow visualization
of a shock wave at the exit of the horn is shown. The mouthpiece geometry
is specified. The pressures pm in the mouthpiece and pp at the end of the
cylindrical pipe section have been measured by means of acceleration com-
pensated piezoelectrical gages ~Kistler 603-A!coated with a 0.1-mm sili-
cone layer to avoid thermal effects. The bandwidth of the filters of the
charge amplifiers was 1 Hz,f ,180 kHz. An additional condensator micro-
phone with a comparable bandwidth ~BK 1/8 in.!measures the acoustical
pressure ph at 4.5 cm from the horn exit on the axis.
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the region of multiple value solutions. The weak shock speed
is the mean value of the speed of the two intersecting char-
acteristics. Equation ~1!gives the first point of the shock path
from which the shock path can be integrated numerically.

Even for the weak shocks which we expect here, shock
waves certainly correspond to a dramatic amount of high
frequencies in the radiated sound: a bright ‘‘metallic’’ sound.
As xs is determined by (]pm/]t)max we understand the im-
portance of the initial nonlinearity of the source which we
discussed above.

Using data shown in Figs. 2 and 3 we see by using the
formula for xs that shock waves can be expected at the for-
tissimo level because the cylindrical pipe segment in the
trombone ~2 to 3 m!is longer than xs . Indeed in Fig. 3 we
see pressure discontinuities in the pressure signal measured
at the end of this cylindrical pipe segment. Schlieren flow

visualization obtained with a Nanolite spark discharge ~80
ns!indicates again a very sharp wave front at exit of the horn
~see Fig. 1!. This wave of at most a millimeter thickness
corresponds to the sharp pulse in the pressure signal ph de-
tected by the microphone ~see Fig. 3!. Shock waves are cer-
tainly formed in a trombone under typical playing condi-
tions. We also expect that nonlinear wave propagation is
musically relevant for the trumpet.

It is interesting to note that ‘‘bright’’ instruments such as
the trumpet and the trombone are different from brass instru-
ments such as Saxhorns or Flug̈lehorns. The bright instru-
ments have a cylindrical pipe segment just downstream of
the mouthpiece. The conical bore of the Saxhorns implies a
faster decay of the wave which reduces the nonlinear wave
steepening. This seems to confirm that the brightness is as-
sociated with shock wave formation.

FIG. 2. Measured pressure waveforms for a low frequency. Pressure mea-
sured in the first position of a trombone at various playing levels: piano ~p!,
mezzo-forte ~mf!, fortissimo ~ff!. We clearly observe the increased nonhar-
monicity of mouthpiece pressure pm and nonlinear wave steepening in the
pipe pressure pp with increasing playing level. Comparison of pm and pp

with the pressure ph measured at the horn exit clearly demonstrate that the
radiated sound is dominated by the high frequencies.

1756 1756J. Acoust. Soc. Am., Vol. 99, No. 3, March 1996 Hirschberg et al. : Shock waves in trombones

H1­



�����!� 
 ����
3
 �  �� ���!
 � ��
�� 
 � � ��� $g� �# �%�k�Q	  �S� 
I������� � � �!	���� �

The essential role of the cylindrical portion of the bore
and the strong increase of radiation efficiency with the fre-
quency are the important components in a simple explana-
tion of this effect. As high frequencies are not reflected at the
pipe termination they do not contribute to the regeneration of
the lip oscillation. We expect that a simple linear model of
the pipe taking into account at least the eight first resonances
should be able to describe the lip oscillation. Once the lip
movement is known, the calculated mouthpiece pressure
could be used for a nonlinear propagation model. In this
model the mouthpiece pressure would drive a simple wave
into a cylindrical bore. Weak shock theory can be used to
predict the shock wave, if relevant. The calculated pressure
signal at the end of the cylindrical bore would then be radi-
ated away by a linear model of the horn. Filtering would be
used to keep the relevant audio range of frequency and to

avoid numerical problems with the shock waves. This type of
carricature is simple enough so that it could be implemented
in a virtual instrument.
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`�ef}dTWVYRrcURr¡YiSX@U�c½ef}-[jn [t`YXmiSX-w/^9Q]`�} � gYR5wYn9itcUXdQ¤�9ijn9gY`�XdVYikQ�`YXmik}-pF}dikXdgYs-X

ρ0
U
P0
U
T0
X~[
u0 = 0

I
±5XdQt}-TAVYn [jRr^JgYQt`YXmsd^Jg�QSXdihu n [jRr^Jg�QSXmiS}-`YVYRUQkXdgP[�n9cU^JikQ ��v

∂ρ

∂t
+ ρ0

∂uj

∂xj
= 0

ρ0
∂ui

∂t
+

∂p

∂xj

=
∂

∂xj

{
2

3
µ(
∂uk

∂xk

)δij − µ(
∂uj

∂xi

− ∂ui

∂xj

) − µv(
∂uk

∂xk

)δij

}

ρ0cp
∂T

∂t
− ∂p

∂t
= K

∂2T

∂xj

X~[�c�e�}-TWVDn [jRr^Jg�`�ef}-[jn []cURUg�}�n9ikRUQS}-X·v
p

P0
=

ρ

ρ0
+
T

T0

^�(qcUXdQ8u9n iSRon ¡YcUX-Q8wYMPOAQSRrTWVYXdQ �;`�XdgYQkRr[j}@UJwYikXdQSQkRU^Jg Uf[SXd\_w/}-ijn [SVYiSX�X~[·uARr[SXdQSQkX	�8ikXdwYik}dQkXdgP[jX-gW[ªRUs-Ra`�XdQ�� 687 �
.36�B�.3:F2<,8� n9Va[j^JVYi¤`�XZc�e�}~[�n [t`�XZik}-pF}-iSXdg�sdXZ`YV'³YVYRU`YX I
°�wYiSb-Q�`Y}-sd^J\_w<^JQSRK[jRU^9g�sdcon QSQSRrTWVYX�`�V�s�MDn \lw'`YXmuaRK[jX-QSQSXZXdg�VYgYX�� :�.1EA���dE :F03032@.�B�.3:F2/,�,�EaC;CFE QkVYw<Xdih�
w<^JQS}-X �'VYg�X�� :F.1EA���-E �
4�: � EW03=@Ea,�7JE ,�6�C;C;E X-[Z`YRru9XdikQSXdQZ\ln9gYRUw�VYcon [SRU^Jg�Q�U<^Jg ^9¡�[jRrXdgP[Zc½ef}dTWVDn [SRU^Jg
`YXmwYik^JwDn9�Jn [jRr^Jg�QSVYRKu n9gP[jX|w<^JVYitc½ef}dsdn9ik[t`YX|[SXd\_w/}-ijn [SVYiSX·v
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1

c0
∂t −

Γ − R

2

(
1

c0

∂

∂t

)−1

∆

] [
1

c0
∂2

tt −
Γ +R

2
∆

]

T = 0

n�uJX-s
∆
c½ef^Jw/}-ijn [SXdVYi�±�n wYcon9s-RUX-g
U

c0 =
√

γP0

ρ0

cUn�sd}dcr}dikRr[j}|`�V�Qk^Jg�X~[]cUXdQ¤^9w/}-ijn [SXdVYikQ]crRUgY}dn9iSRrQS}-Q

Γ −R

2
= lh

1

c0

∂

∂t
Γ +R

2
= 1 + [lv + (γ − 1)lh]

1

c0

∂

∂t
^�(

lv = (4
3
µ+µv)/ρ0c0

X~[
lh = K

ρ0c0 cp

`�}dQSRr�JgYX-gW[ iSX-QSw<Xds-[SRru9Xd\_XdgP[tcUX-Q cU^9gY�JVYX-VYiSQªs�n9iSn9s-[S}diSRrQk[SRUTWVYXdQ
`YX-QtX-¨/X-[jQtuARUQkTAV�XdV �'X~[][SMYXdik\lRrTWVYXdQ-I
±5X�s�MDn \lw�`YX�[SXd\_w/}-ijn [SVYiSX�XdQk[tX-gYQSV�Rr[jX|`�}dsd^9\lw<^JQS}�Xdg�VYg�s�MDn9\_w'n9sd^9VYQk[SRUTWVYX

Ta
X~[t`�e�V�g�s�MDn9\_w

X-gW[SiS^Jw�RUTWVYX
Th
[jX-cUQtTWVYX

T = AaTa + AhTh
I
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� ^9gYQSRr`Y}dik^JgYQt\�n RUgP[jX-gDn9gP[¤VYg'�JVYRr`YX|s-OAcURrgY`YikRUTWVYX�[SXdc5TWVYXmconquARr[SXdQkQSXZX-[tcUX-Q¤}dsdn9ik[SQ]`�Xm[SXd\_w/}-ijn [SVYiSX
Qk^JRUX-gP[¶gWVYcUQ ��con�wYn9iS^JR�I8�a^JRr[�VYgYX�^9gY`YX wYik^JwDn9�Jn [jRKuJX_`Dn9gYQ¶crXlQkXdgYQ¶`YX-Q � s-iS^JRrQSQSn9gP[jQ�U8Xdg ik}d�JRr\lX
MYn9iS\_^JgYRrTAV�X `YX�uARr[SXdQkQSXtn9gY�9VYcon9RriSX

w
U n��aRUQkOA\_}-[SiSRUTWVYX X-[�`YX¤QkRU�JgDn�[jVYikX

A(r)ejwte−jk′x ^�( r `Y}dQkRU�Jg�XcUn�sd^A^JiS`�^JgYgY}-X¤ijn9`YRUn9cUX@U
A
c�ezn9\_wYcrRr[jV�`YXª`�X]c�e�^9gY`YX�X~[

k′
cUX¤gY^J\q¡YiSX¤`�ef^JgY`�X9IP±�n�[jX-\lw<}diSn [jVYikX�uJ}-iSR � X

n cU^JikQ�`�XdQ�}-TAVYn [jRr^JgYQ�`YX � X-QSQkXdc�`�^JgP[�cUX-Q Qk^JcUV�[SRU^Jg�Q�Q-e�}-sdikRruJX-gP[ �
J0
`Y}dQkRU�JgDn gW[ªconmpF^JgYs~[jRU^9gl`YX � XdQkQSX-c

`�e�^Jik`YiSX
0
�~v

Th = J0

(

r
√

k2
h − k′2

)

e−jk′xejwt

Ta = J0

(

r
√

k2
a − k′2

)

e−jk′xejwt

n�u9Xds
k2

h = − jw
c0 lh

U
k2

a = k2

1+jklvh

^�(
k = w

c0X~[
lvh = lv + (γ − 1)lh

VYg�XZcr^JgY�JV�XdVYi¤sdn9ijn9s~[j}-iSRUQh[jRrTAV�X|`YXdQ]X-¨/X-[SQtuARrQSsd^ [jMYX-iS\_RUTWVYXdQ-I
° sdXmQh[�n9`YX@UD^Jg'w/X-V�[]X-¨/Xds-[SVYXdi]cUX-Q ���5�N2D.3��ºA�dEA� QSV�Rru n9gP[jX-Q�v

• k2
h >> k

′2 Qk^JRr[tcUn¶cU^JgY�9VYXdVYi¤sdn9ijn s-[j}-iSRrQk[jRrTWVYX|`YXZcon�`YRK¨�VYQkRU^Jg�[SMYXdik\lRrTAV�X|XdQk[t[SiSbdQ]w<X-[jRK[jX|`YX~u n9gP[con�cU^9gY�JVYX-VYi¤`�ef^JgY`YX��;`�XZ\"gd\_X|w<^JVYi¤con¶`YRK¨�V�QSRU^9g uaRrQSTWVYX-VYQSX
k2

v >> k
′2 � I

•
√
klvh << 1

QS^JRK[
ka ≈ k

• r
√
k2 − k′2 << 1

Qk^JRr[tX-g�V�[SRUcrRUQjn gW[¤n9V�uJ^JRrQSRUgYn9�JX|`YXHXd}-iS^¤v
J0(X) ≈ 1 − X2

4

UD^9g'^9¡�[jRrXdgP[5v

T =

{[

1 − 1

4
(k2 − k

′2)r2

]

Aa + J0(khr)Ah

}

e−jk′xejwt

� XZ\"gd\_X �¶c½e�n9RU`�X�`YXdQ]}dTWVDn�[jRU^9gYQt`YXm¡Dn9QSX@UD^Jg'^J¡�[jRrXdgP[5v

p =

(
ρ0c

jw

)

AaTa =

(
ρ0c

jw

)

Aa

[

1 − 1

4
(k2 − k

′2)r2

]

ux = A0uvx + ulx = A0uvx − jk′
(

1

k2
AaTa +

γ − 1

k2
h

AhTh

)

ur = A0uvr + ulr =
r

2

[

−jk′K(kvr)A0uvx +

(

1 − k
′2

k2

)

AaTa − (γ − 1)K(khr)AhTh

]

^n(
uv
X~[
ul
`Y}dQkRU�Jg�XdgP[¶iSX-QSw<Xds~[jRru9Xd\_XdgP[ cUX-Qqs-^J\lw<^JQSn9gP[jXdQ�RUgY`�RruJX-iS�JX-gP[jX X~[�RUikiS^9[jn [jRr^JgYgYX-cUcrX¶`YX con

uARK[jXdQkQSX
u
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ur
X-[�cU^JgY�9Rr[jV�`YRUgDn cUX

ux
n1u9Xds

uvx = J0(kvr)e
−jk′xejwt I K(X) =

2J1(X)
XJ0(X)

`Y}dQkRU�JgYX�con¶pF^JgYs~[jRU^9g�`YXq¯mX-cruARUg'X-[
A0
U
Aa
U
Ah
[SiS^JRrQ�s-^JgYQk[jn9gP[jX-Q �l`Y}~[jX-iS\_RUgYX-i��JiML9sdX�n9V �
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s-^JgY`YRK[jRU^9gYQ�cURr\lRK[jX-Q�UAs9efXdQk[ �¶`YRUikX �¶con¶wDn9ik^JR�Xdg

r = R
U
T (R) = 0

X~[
ux(R) = ur(R) = 0

I
´�g�^J¡�[SRUXdgP[ � gDn cUXd\_XdgP[tcUn�sd}dcrbd¡YikX ?a��6�B�.1:;2<,
4�E»4�:��d�NEW0���:F2<, �;}-TAVYn [jRr^Jg�`YXZ¯mRriSs�MYM�^9¨ �/v

k
′2 = k2

[
1 + (γ − 1)K(khR)

1 −K(kvR)

]
�½yaIKHJH �

n�uJX-s
k2

h = − jw
c lh

X~[
k2

v = − jw
c l′v

^�(
l′v = µ

ρ0c

X-Qk[ªVYgYXtcU^9gY�JVYX-VYi�s�n9iSn9s-[S}diSRrQk[SRUTWVYXt`YXdQ�X-¨/X-[SQ�uARrQSTWVYXdV���I
´�g�Xdg'`Y}d`�VYRr[]con�s-^JgYQh[�n9gP[jXZ`YXmwYik^JwDn9�Pn�[jRU^9g
U�s-^Jgf`kVY�JV�}Z`�V�gY^9\�¡YiSX|`�e�^Jg�`YX��

Γ = jk′
�/v

Γ = j
w

c

√

1 + (γ − 1)K(khR)

1 −K(kvR)

�½yaIKH3y �
L8n9itRUgP[j}-�Jijn [SRU^Jg�QSVYitcon¶QkXds-[SRU^Jg�`YV'�JVYRr`YX|`�ef^JgY`YX@U@^Jg�`Y}d`YV�Rr[]conquARr[SXdQkQSX�n��aRon9crX�\l^1O9XdgYgYX¬v

ux =
k′

ρ0w
p [1 −K(kvR)] =

1

ρ0c
p
√

1 + (γ − 1)K(khR)
√

1 −K(kvR)
�½yaIKH1� �

^�(
p
`Y}dQkRU�JgYX�con�u n9crXdVYi�\_^1OJX-gYgYX�`YX�cUn�wYikXdQSQkRU^Jg�`Y^9gW[�con�u n9ikRon [SRU^Jg iSXdcUn [jRKuJXl`YX�c½e�n��aX

r = 0
�

cUn�wYn9iS^JR
r = R

XdQh[q`�Xlc�e�^Jik`YiSX¶`�X
(k2 − k

′2)R2 << 1
U�^Jg sd^Jg�QSRU`�bdiSXln9cr^JiSQ|TWVYX_con wYikXdQkQSRU^9g¸XdQh[

TWVDn9QkRK��VYgYRrpF^9iS\_X QSVYRKu n9gP[lcUn»QSXds~[jRr^Jg
UNQS^9Rr[ TWVYX
p = p

I�´�g>ikX-[SiS^JV�u9X�s-X-[S[SX�w�iS^JwYikRU}~[j}�`YX ��6�BD��:o�
6�,8:���2@0�� :�.1? w<^JVYi�con¶[jXd\_w<}dijn�[jVYikX�n9s-^JVYQk[SRUTWVYX

Ta
X-[�w/^9VYi�cUnls-^J\lw<^JQSn9gP[jXZRUiSik^9[�n�[jRU^9gYgYXdcrcUX�`�X�con

uARr[SXdQkQSX|n��aRUn9cUX I�´�g X-g `Y}-`YVYRr[ TWVYX�conZ`Y}dw<Xdg�`Dn9gYs-X|ijn9`YRUn9cUXt`YX�sdX~[S[jX�`YXdikgYRUb-iSX�w�iS^1uARUXdgP[¤X-QSQkXdgP[jRrXdcUcrX~�
\_XdgP[t`YXmQjn sd^9\lw<^JQjn gW[SX|[j^JVYik¡YRUcrcU^JgYn9RUikX

uvx
I

´�g w/X-V�[�`�RUiSX'n9cr^JiSQ TWVYX�cUX �8032�
¬C_4�E � :F.�Ea�d�dE n��aRon cUX�XdQh[�`�}-[jX-iS\_RUgY}�X-QSQSX-gP[jRUX-cUcrXd\_XdgP[�wYn9ilcrXdQ
X~¨�X~[jQ�`YX�conZuARrQSsd^9QSRr[S} �;`�X�\"gd\_X�TWVYX�crX�wYik^ � c�`�X�[jX-\lw<}diSn [jVYikX�X-Qk[¤`Y}~[jX-iS\_RUgY}�wDn9i crXdQªX-¨/X-[jQ¤`�X�con
s-^JgY`YVYs~[jRr^Jg�[jMYX-iS\_RUTWVYX	� I
� ^Jg�gDn9RUQkQjn9gP[¤cUn�s-^JgYQk[jn9gP[jX�`�X�wYiS^9wDn9�Pn [SRU^JglX-[ c½e�n9`Y\_Rr[S[jn9gYs-X�RK[j}diSn [jRKuJX � ux

p

� Ua^Jg�w/X-V�[¤`Y}-`YVYRUikX�VYgYX
Rr\lw<}d`Dn gYsdX�cURrgY}dRrTWVYX�QS}dikRUX'X-[lVYgYX�n9`Y\_Rr[S[jn9gYs-X'crRUgY}-RUTWVYX�wDn9iSn9cUcrbdcrX `YX�cUn crRU�Jg�X�`YX�[Sijn9gYQk\lRrQSQkRU^Jg
}-TAV�Rru n9cUX-gP[jX � cUn�wYik^JwDn9�Jn [jRr^Jg n9s-^JVYQh[jRUTWVYX�X-[�`�^JgYs ikX-[jik^JV�u9Xdi¶VYg pF^Jik\�n cURUQk\lX¶s-^JVYiSn9gP[¶s�MYX�X�crXdQ
n9s-^JVYQh[jRUs-RUX-gYQdI
±Ne�n9wYwYik^as�MYX�`YX�¯|RriSs�MYMY^ ¨�w/X-iS\_X-[ª`Y^JgYs�`YX�`Y}-sdikRUiSX�conmQS^JcrV�[jRr^Jg QSVYiªc½efXdgYQkXd\�¡�cUX]`YX�cUnZQkXds-[SRU^Jg�`�e�V�g
wYik^J¡Ycrbd\_X]`�X�wYik^JwDn9�Jn [jRr^Jg Xdg �JV�RU`YXt`�ef^JgY`YX�s-OAcURrgY`YikRUTWVYXt`Dn9gYQ�VYg cUn9iS�9X¤`Y^J\ln9RUgYXt`YXtpFiS}-TWVYXdgYs-X�X-[
`YXmiSn1O9^Jg�I
´�g�w/X-V�[]QSRr\lwYcrR � X-i cUn Qk^JcUVa[jRU^9g�wDn9i¤`Y}~uJXdcr^JwYw<Xd\_XdgP[�n9QkOA\_w�[j^ [jRUTWVYXm`Dn gYQt`YXdV �'sdn9QtX��A[jiQgd\_XdQ�v
• ��n9Q]`YXdQ N .36 �/BY6 �>?P.1032/:�.3� O�v

kvR << 1
X-[
khR << 1

��efXdQh[tcUX�sdn9Q¤^�(�c�e�^Jik`YiSX�`YX|�JiSn9gY`YX-VYiSQ¤`YX-Q¤}dwDn RUQSQkXdVYikQt`YX|sd^JV�s�MYX|cURr\lRK[jXtXdQh[twYcUVYQ �Jijn9g�`�TAV�X
crX|ijn�OJ^9g�`YV�[jV�¡/X I<´|g�ikXdgPuJ^JRrXZn9V ��ik}-pF}dikXdgYs-XdQaRKH1­ T RKH9H�T5w<^JVYitVYgYXZn9gDn crOAQSX|`YXms-X�sdn9QdI

• ��n9Q]`YXdQ N .36 �/BY6 �"C;B�0�=@EA� O8v
kvR >> 1

X~[
khR >> 1´�g V�[SRUcURrQSXªcUX¤`Y}~uJXdcr^JwYw<Xd\_XdgP[ªn9V_wYiSX-\lRrXdi·^Jik`YiSX¤`�X]cUn�pF^JgYs~[jRU^9gl¯�v

K(X
√−j) =

√
2

X
(1−j)�A^JRr[¤w<^JVYi¤crXdQtX-¨/X-[SQ¤uaRrQSTWVYX-V � �;Rr`YXd\ w<^JVYi¤crXdQtX-¨/X-[SQ¤[jMYX-iS\_RUTWVYXdQ �

K(kvR) = K

(√
w

c l′v
R
√

−j
)

=
1

R

√

2c l′v
w

(1 − j)

´�glw/X-V�[�QkRU\_wYcUR � Xdi�`YX�conmQS^Jih[jX�c�e�X-gYQSX-\�¡YcUX]`YX-Q��Jijn gY`YXdV�iSQ `�}-[jX-iS\_RUgY}-XdQªwYiS}-sd}d`�Xd\_\lX-gW[�U�X-g
yJy
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wDn9ik[SRUs-VYcURrXdi cUn¶sd^JgYQh[�n9gP[SXZ`�XZw�iS^JwDn �Pn [jRr^Jg�TWVYR5Qdef}ds-iSRK[�n cU^JikQ�v
Γ = j

w

c′
+ α

�½yAIrH�§ �
n1u9XdsZcUX|s-^aX�'ls-RUX-gW[]`�e�n9\_^Jik[SRUQkQSXd\_XdgP[

α =
(√

l′v + (γ − 1)
√

lh

) 1

R

w

2c

�½yaIKH3x �
X-[]VYgYX|uARr[SXdQSQkX�`�V'Qk^Jg�n9wYwDn9ikXdgP[jX �;ikXdcUn [jRr^Jg `YXm`YRrQSw<XdiSQkRU^Jg��

c
′

= c

[

1 −
(√

l′v + (γ − 1)
√

lh

) 1

R

c

2w

]
�½yaIKH1� �

� :;CFBD,
� n gYQqcrXlsdn9Q�`�XdQ�[SV�OPn V � con9ik�JXdQ7U�g�^JVYQ�n1u9^JgYQ�`�^JgYs_X-¨/Xds-[SVY}�V�g `Y}-u9Xdcr^JwYw<Xd\_XdgP[¶n9V wYiSX-\lRrXdi

^9iS`YikXZ`�V�wDn ijn9\_b-[SiSX √ w
c l′v
R
QSVYw�w/^JQk}Z[SiSb-Q]�9ijn9gY`�`YX~u n9gP[qH U�sdXmTWVYX�c�e�^9g�w/X-V�[]}ds-iSRUikX·v

1

R

√
µ

ρ0w
<< 1

��yaIrH1µ �
`�XZ\"gd\_X|w<^JVYi¤cUX-Q¤X-¨/X-[SQ][SMYXdik\lRrTAV�XdQ�v

1

R

√

K

ρ0cpw
<< 1

��yaIrH�¢ �
±5X-Q·QS^JcrV�[jRr^JgYQ�uJ}-iSR � n9gP[NsdX-Q·sd^Jg�`YRr[SRU^JgYQ�QS^9gW[¬[jXdcrcUX-Q¬TWVYX�crXdQ¬X~¨�X~[jQ¬uARrQSsd^ [jMYX-iS\_RUTWVYXdQ¬QS^JgP[Ns-^JgYsdX-gP[jiS}-Q
w�iSbdQ¤`�XdQ�wDn iS^JRrQ R H1­@T�X-g�`YX � g�XdQ¤}dwYn9RUQkQSXdV�iSQtn9wYw<Xdcr}dX-Q 7J2<687���EA�¶C;: �¸:F.1EA� uARUQkTAV�XdVYQkXZX~[�[jM�XdiS\_RUTWVYX
`�^JgP[�c�e�^9iS`YikX|`YXm�Jijn9g�`YXdVYitX-Qk[]iSX-QSw<Xds-[SRru9Xd\_XdgP[5v

δv =

√
µ

ρ0w

�½yaIKH1¦ �

δh =

√

K

ρ0cpw

�½yaIzy9­ �

°�RUgYQkR�cUX-Q¶sd^Jg�`YRr[SRU^JgYQ�yaIKH3µ X-[lyaIKH1¢ QSRr�JgYR � XdgP[¶TWVYX�c½ef}dwYn9RUQkQSXdV�i¶`YX�sd^JV�s�MYX�cURU\_Rr[SXlX-Qk[ [jikbdQ¶w<X-[SRr[jX
`�X-u n9gP[¤cUX�ijn�OJ^9g�`YV [jV�OJn9V�I � n9gYQ¤crX�sdn9Q�`YX�c�ezn RUi�UW^JgluJ}dikR � X�TAV�X|cUXdQªsd^JV�s�MYXdQ¤crRU\_Rr[jX-QNuaRrQSTWVYX-VYQSX|X~[
[SMYXdik\lRrTWVYX|QS^JgP[]`YV'\,g-\lX|^9iS`YikXZ`�XZ�9ijn9gY`�XdVYi � µ

cpK
= 0.72 ⇒ δv ≈ δh

� I
©Ng¸n9\l^9gW[m`�Xlc�e�MPOAw/^ [jMYb-QSX�N�[jV�OJn9V � cUn9iS�JX-Q O]U�gY^JVYQZw<^JV�uJ^9gYQ�n9cr^JiSQ|}-sdikRUiSX cUn�s-^JgY`YRK[jRr^Jg«`YXlTWVDn QSRK�
V�gYRrpF^Jik\lRK[j}

(k2 − k
′2)R2 << 1

sd^9\l\_X|QSVYRK[5v
wR

c

√
wµ

ρ0c2
<< 1

��yaI yAH �
X~[]`YXm\,g-\lX|cUn�sd^JgY`�Rr[jRr^Jg √

klvh << 1
Q-e�}-sdiSRK[5v

√
wµ

ρ0c2
<< 1

��yaI y9y �
±5XdQ�QS^9cUV�[SRU^JgYQ¬�J}dgY}-ijn9crXdQ�`YX]¯|RUiks�MYMY^9¨�^9gW[�`Y^9gYst}-[j}]QSRr\lw�cUR � }dXdQ¬`Dn9gYQ�cUX¤sdn9Q�^�(_cUXdQNw<Xdih[jX-QªQk^JgP[

s-^JgYs-XdgP[jik}dXdQ�wYiSb-Qt`YXdQ]wDn9ik^JRUQ¤X-g�VYg�X � gYXmsd^JVYs�M�X�crRU\_Rr[jXtuARUQksd^9[SMYXdik\lRrTAV�X9I
y �
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L8^9VYi�n ¡/^JVa[jRUi�n9V ��Qk^JcUV�[SRU^Jg�Q¤QSRU\_wYcrR � }-XdQ¤wYik}dsd}-`YXdgP[SXdQ�U/^Jg'n9VYiSn9Rr[twYV'`Y}-Q�crXZ`�}dwDn9ih[tp;n9RUikX|c½efMWOP�
w<^9[jM�bdQSX¶`�X¶sd^JVYs�M�X_crRU\_Rr[SXZX~[|QSRr\lw�cUR � Xdi]cUXdQ�}dTWVDn [SRU^JgYQ|`�X¶¡Dn9QSX¶crRUgY}dn9iSRrQS}-XdQdI ��efXdQk[Zc�ezn9w�wYiS^As�MYX�`YX
±5RU�9MW[SMYRUcrcFR�yfT5TWVYR�\_bdgYX � con�ikXdcUn [jRr^Jg�`YXm`YRUQkw/X-iSQkRU^Jg�n9V'wYikXd\_RUXdi¤^9iS`YikX|`YXZ¯mRriSs�MYM�^9¨ R H3yfT�I
�aV�Rru n9gP[¶±5RU�9MW[SMYRUcrc U�g�^JVYQ�gY}-�JcURr�JXd^9gYQqRrsdR�cUXdQ�X-¨/X-[SQ¶`YX sd^9gY`YVYs~[jRruARK[j}l[SMYXdik\lRrTWVYX9I·�a^JRr[�VYg }-sd^JVYcrX~�
\_XdgP[�RrgYsd^9\lwYikXdQkQSRU¡�cUXmcUX�cU^JgY�_`�efVYgYX�w�con9TWVYX�wYcon9g�X �;w�con9s-}dXqX-g

y = 0
�¤QS^9VY\lRrQ �_VYgYXq³DV�s-[jVYn [jRr^Jg

QkRUgWVYQS^���`Dn9crXm`YXq�JiSn9`YRrXdgP[]`YXqwYikXdQkQSRU^9g VYgYRKpF^JiS\_X|QSVYRKu n9gP[ �/I/±�ef}ds-^JVYcrXd\_XdgP[�s-RUQSn9RUcrcU}�s-^JiSikXdQSw<^JgY`Yn9gP[
`YRK[ N�s-^JVYs�MYXZcURr\lRK[jX]`YX��A[j^�99XdQ OZ^J¡<}dRr[ �_c�e�}-TAVYn [jRr^Jg�`YXm`YRr¨/VYQkRU^Jg�QSV�Rru n9gP[jX·v
ρ∂u

∂t
+ ∂pe

∂x
= µ∂2u

∂y2n�uJX-s�crXdQ¤s-^JgY`YRK[jRU^9gYQ¤cURr\lRK[jXdQ
u|y=0 = 0

X-[
u|y→∞ = ue�a^9Rr[¤w<^JVYitVYgYXm`Y}-w/X-gY`Dn9g�sdXZ`YV��9ijn9`YRrXdgP[t`YXmwYikXdQSQkRU^Jg'Xdg

eiwt UD^Jg�^J¡�[SRUXdgP[tcrX|wYiS^ � c5`YX|uaRK[jX-QSQSX¬v
u(y,ω) = (ρiω)−1(−∂xpe)

(

1 − e−y( iω
ν

)
1
2

) n�uJX-s
ν
conquARrQSsd^9QSRr[S}m`�OAgDn9\_RUTWVYX9I

�¶c½efX��A[S}diSRrXdVYi
ue = (ρiω)−1(−∂xpe)

QS^JRK[5v
u− ue = −uee

−
√

ν
2ω ( 1+i

2 )y´�g�w/X-V�[tuJ}-iSR � Xdi]n9cU^9iSQ¤TWVYXmc½ef^JiS`�iSX|`YXm�JiSn9gY`YX-VYit`YXmc½ef}dwDn9RrQSQkXdVYi¤`YXms-^JVYs�MYXZcURr\lRK[jX�X-Qk[5v
δ =

√
ν
ω� X~[S[jXl`YXdikgYRUb-iSX_g�ef}-[�n gW[q`Y} � gYRUX_TWV�ezn iS¡YRK[jijn RUiSX-\lX-gP[VU5^Jg w/X-V�[qs�M�^JRUQkRUimw/^9VYi�c�e�X-Qk[SRU\_Xdi|wYcrVYQ�w�iS}ds-RK�

QkXd\_\lX-gW[�con�`�RUQk[jn9gYs-X ��cUn�wDn9ik^JR8w<^JVYi�con9TWVYX-cUcrX�cUn_uARr[SXdQSQkX�cU^9gY�JRr[SVY`YRrgDn9cUX�u n9Va[
99%
`YXqcon_u n9crXdVYi

`YXmcUnquaRK[jX-QSQSXZX��A[S}diSRrXdVYikX"RKH1�fT½I
©Ng'RUgP[jb-�Jijn9gP[tQkVYRru n9gP[¤O UD^9g�^J¡a[jRUX-gP[tcUX|`Y}~p;n9V�[]`YXm`Y}d¡�Rr[t`YV �¶con¶sd^JV�s�MYX�crRU\_Rr[SX·v
∫∞
0

(ue − u)dy = (ρiω)−1(−∂xpe)
√

ν
iw

= ue

√
ν
iw� n gYQ�cUX]s�n Q�`�efVYg [jV�OJn9V�s-OAcrRUgY`YikRUTWVYX�`Y^JgP[�crX�ijn�O9^Jg�XdQh[ [jikbdQ��9ijn9gY`�`YX-u n9gP[¤c�e�}-wDn9RUQkQSX-VYi `YX�sd^JVYs�M�X

crRU\_Rr[jX@U�con]sd^JV�s�MYX¤cURr\lRK[jX�n9s-^JVYQk[SRUTWVYX uARrQSTWVYXdV�QSXtw/X-V¶`YRr¨/}dikXdgP[jX `�e�V�gYX�sd^9VYs�MYX¤`YXt�W[j^:9 XdQNRUg�`YVYRr[8VYgYX
\_^a`�R � sdn [jRr^Jg `YV ³DV � n9s-^JVYQh[jRUTWVYXln9V«[jiSn1u9XdikQq`YX con�QkXds-[SRU^Jg¸�/I
� Xds-R�QSX [jijn `YVYRr[m`Yn9gYQZc½ef}dTWVDn [SRU^Jg
`YXmcUn�\�n9QkQSXmRUgP[S}d�Jik}dXmQSVYitcUn QkXds~[jRU^9g'wYn9itc½e�n9wYwDn9ikRr[SRU^Jg `�e�VYg'`Y}~p;n9V�[]`YXm`Y}d¡�Rr[t\ln9QSQkXZs-^JiSikRU�JXdn9gP[tcUX
[SXdiS\_X¤`YXt³DV ��v

S∂tρe +ρ0∂x

(
Sue − 2πR

∫∞
0

(ue − u)dy
)

= 0
^�(¶O¶`�}dQSRr�JgYX]con�`YRrQk[jn9gYsdXtgY^9iS\ln9cUX

n9V���wDn9ik^JRUQ�`�V'[SV�OPn9V�I
±�n¶sd^Jg�QSXdihu n [jRr^Jg�`YXmcon¶\�n QSQSXmw<XdV�[tQ-e�}-sdikRUiSXZn9cr^JiSQ¤`Yn9gYQtcUX|`Y^9\�n9RrgYX�pFik}dTWVYXdgP[SRUXdc9v

(iω)ρe + ρ0(−ki)ue = ρ0
2

R
∂xue

√
ν

iw

�½yaIzy9� �

´�g�w/^9VYiSiSn9Rr[¶`�X�con \"gd\_X p;n��d^Jg�RrgW[S}d�JikXdi¶`YX-Q X-¨/X-[jQ `YX�s-^JVYs�MYX'cURr\lRK[jX [jMYX-iS\_RUTWVYX R H3yfTiU·sdX�TWVYR
QkX [jijn `YVYRUiSn9Rr[Z`Dn gYQ¶con�s-^JgYQkXdiku n [SRU^Jg `�X�con�\ln9QkQSX�Xdg V�gYX�sd^JikiSX-s-[jRr^Jg `YX cUn�\ln9QSQkX�cURUg�}dRUTWVYXlwDn9i
VYg�`Y}-p;n9Va[|`YXq\ln9QkQSX�X~[�iSX~[jik^JV�uJX-i�cUX-Q�pF^Jik\�VYcrXdQ�`�X�¯|RUiks�MYMY^9¨¸n9V wYikXd\_RUX-i�^Jik`YiSXqw/^JV�i�crXdQ�w<Xdih[jXdQ
uARUQksd^9[SMYXdik\lRrTWVYXdQt`Dn9g�Q]V�g$N�[jV�OJn9V�con9ik�JX0OjI

y §
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	 ����� $ ����� �

� n gYQ�cUX�s�n9Q `�e�VYg¼³DV�RU`YX�wDn9ikp;n Rr[ � VYgYX `YRr\lX-gYQSRr^Jg
U�con«uaRrQSs-^JQSRK[j} X~[�con¸s-^JgY`YV�s-[jRKuARr[j}�}-[jn9gP[
g�}d�JcrRU�J}-XdQ�U�cUXdQ¤}-TWVDn [jRr^JgYQt`YXmsd^9gYQSX-iku n [jRr^Jg�Qdef}ds-iSRru9XdgP[5v







∂tρ + ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu
2 + p) = 0

∂t(ρ
u2

2
+ ρe) + ∂x

{

(ρu2

2
+ ρe) u+ up

}

= 0

�½yaIzy §��

Qk^JRr[tQk^JVYQtVYgYXmpF^JiS\_X�gY^9ga�²s-^JgYQSX-iku n [SRruJX¬v






(∂tρ+ u∂xρ) + ρ∂xu = 0

ρ(∂tu+ u∂xu) + ∂xp = 0

(∂ts+ u∂xs) = 0

�½yaIzyJx �

°�wYiS}-Q�TWVYX-cUTWVYXdQ]\ln9gYRUw�VYcon [SRU^Jg�Q R §^TiUD^Jg�^J¡�[jRrXdgP[]conqpF^Jik\lX|sdn9ijn s-[j}-iSRrQk[jRrTWVYX·v

dp

dt
+ ρc

du

dt
= 0

QkVYi
C+ :

dx

dt
= u+ c

dp

dt
− ρc

du

dt
= 0

QkVYi
C− :

dx

dt
= u− c

ds

dt
= 0

QkVYi
P :

dx

dt
= u

n�u9XdsZQ]c�e�X-gP[jiS^9wYRUX@UYconquARr[SXdQkQSXZ`YV�Qk^Jg|v
c2 = γ P

ρX~[�cUXdQN`�}diSRKuJ}-XdQ�wDn9ik[SRUs-VYcon9RriSX-Q d
dt

= ∂
∂t

+λi
∂
∂x

n1u9Xds
λi
V�gYX]uARK[jXdQkQSXtcUX¤cr^JgY�|`�efVYgYXts-^JVYiS¡<Xts�n9iSn9s-[S}dikRUQh�

[SRUTWVYX I�±5XdQ�sdn9ijn s-[j}-iSRrQk[jRrTWVYXdQ
C± TWVYR�[jijn gYQSw<^Jik[SXdgP[|`YX-Q|RUg�pF^9iS\ln [jRr^JgYQ]n9sd^9VYQk[SRUTWVYXdQ�`Dn9gYQ�crXdQ�`YXdV �`�RUiSX-s-[SRU^JgYQ�`YX¶c½efXdQkwDn9sdX¶Qk^JgP[Z`YXdQ|s-^JVYiS¡<XdQm`YV«wYcUn9g»`�efXdQkwDn9sdX¶[SXd\_wYQ|`Y^JgP[mconlw/X-gW[SX XdQk[mcUn�uARr[jX-QSQkX

`�V�QS^9g iSX-con [SRruJX-\lX-gP[ �_con¶uARr[jX-QSQkXqcU^As�n cUX|`YV'³DVYRU`�X9I<±5XqcU^9gY� `YXdQ�s�n9iSn9s-[S}diSRrQk[SRUTWVYXdQ
P
`YXqw<XdgP[SXqcon

uARK[jXdQkQSXZcU^As�n9crX�`YV�³DVYRr`YX^UDc�e�X-gP[jiS^9wYRUX�X-Qk[�sd^Jg�QSXdihuJ}-X9I
y9x
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C− : dx
dt = u − c

�

C+ : dx
dt = u + c

P : dx
dt = u

������� yaIKH�J Z �)��?GF��(�8#%��?%��#��
	�?@" ���I"��G���(� ����
M� � �
u�� ��

(x,t)

� n9g�Q cUX�s�n9Q `�e�VYg¼�Jn^X RU`�}�n9c �¸s�n wDn9sdRK[j}-Q�s�n cU^JikR � TWVYX-Q sd^Jg�Qk[�n gW[SXdQ�X~[ w<^JVYi VYg"}dsd^9VYcUX-\lX-gW[
RrQSXdgP[SiS^JwYRrTWVYX^UD^Jg�^J¡a[jRUX-gP[tw/^JV�i]crXdQ¤^Jg�`YXdQ]n9s-^JVYQk[SRUTWVYX-Q�wDn i¤RUgP[j}-�Jijn [SRU^Jg|v

[
∂

∂t
+ (u +
 c)

∂

∂x

](

u +

2c

γ − 1

)

= 0
�½yaIzy9� �

Qk^JRr[tcrXdQ¤sd}-cUb-¡YiSX-Q�RrgWu n9ikRon9gP[SQ�`YX �]RrXd\ln9gYg|v
2

γ − 1
c +
 u =

s-^JgYQh[�n9gP[jX QSV�i dx
dt

= u +
 c
�½yaIzyJµ �

±5XdQtRrgWu n9ikRon9gP[SQ¤QS^JgP[]`Y^JgYsm`YX-QtTAVYn9gP[jRr[S}dQtTWVYR�QSXmsd^9gYQSX-ikuJX-gP[�cUX|cr^JgY�¶`YX-Q�sdn9ijn s-[j}-iSRrQk[jRrTWVYXdQ-I
� E��¸B�0 ��6�E v
±�n gY^9[SRU^Jg�`YX¶s�n9iSn9s-[S}dikRUQk[SRUTWVYX�g�X¶Qde�n9wYwYcrRUTWVYX�wDn Q�VYgYRrTAV�Xd\_XdgP[ � con�`aOagYn9\lRrTWVYX�`YX-Q|�Pn^X¶X-[�QdefRUga�
QkbdiSXq`Dn9gYQ�`�XdQ�[SMY}d^JikRUX-Q�\�n�[jMY}-\�n [SRUTWVYX-Q�wYcrVYQ��9}dgY}-ijn9crXdQ�U/Xdg»wDn ik[jRrsdVYcrRUX-i]cUn_[SMY}d^JikRUX�`YXdQ|QhOaQh[jb-\lX-Q
MPOAw/X-iS¡<^JcURrTWVYXdQ�R §^T½I
°�RUgYQkR U�^9g�w<XdV�[]}-sdiSRriSX|cUnqpF^JiS\�V�con [SRU^Jg g�^Jga�²s-^JgYQkXdiku n [SRru9XZQk^JVYQ]conqpF^Jik\lX¬v

∂tW +G(W )∂xW = 0

n�uJX-s�crX�uJX-s-[jX-VYi
W =





ρ
u
s




X~[�cUn�\�n�[jiSRrsdX

G(W ) =





ρ u 0
c2

ρ
u 1

ρ
∂p
∂s

0 0 u





^�(�^Jg�n¶V�[jRrcURrQS}
c2 =

(
∂p
∂ρ

)

s� n gYQ�cUX�s�n9Q|RrQSX-gW[SiS^Jw�RUTWVYX^U/^Jg w<XdV�[�uJ}dikR � X-i�RKHd§@T·TWVYX¶crXdQ][jiS^9RUQ�u n9crXdVYikQ�wYik^JwYikXdQ|`YX�cUn�\ln [jikRUsdXq¿
Qk^JgP[

λ1 = u− c
U
λ2 = u

U
λ3 = u+ c

UDs9efXdQh[ �¶`YRriSX|cUX-Q�uARr[jX-QSQkXdQ]`YX|[jijn gYQSw<^Jik[dI
±5XdQ¤u9Xds-[SXdVYikQ�wYik^JwYikXdQ]n9QSQk^as-RU}-Q]Qk^JgP[5v

Φ1 =





ρ
−c
0




U

Φ2 =





0
0

−c2




U

Φ3 =





ρ
c
0





±5XdQ¶u9Xds-[SXdVYikQ�wYik^JwYikXdQ_}-[�n gW[_crRUgY}dn9RUikXd\_XdgP[¶RUg�`Y}dw<XdgY`Yn9gP[jQ_X-[_cUX-Q�u9n cUXdV�iSQ wYiS^9wYiSX-Q_ik}dX-cUcUX-Q�UN^Jg QSX
[SiS^JV�u9Xm`Dn9gYQtcUX|sdn9Qt`�efVYg�QhOAQk[jb-\lXZMPOAw/X-iS¡<^JcURrTAV�X9I

y9�
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� n gYQ�crXZsdn9Q�`�e�VYg�XqwYik^JwDn9�Pn�[jRU^9g'`�e�^Jg�`YX�V�gYRU`YRriSX-s-[jRr^JgYgYX-cUcrX^UY^Jg'w<XdV�[�sd^JgYQh[jikVYRUikX�VYg�X�Qk^JcUV�[SRU^Jg

QkRU\_wYcUX-\lX-gP[�I
´�g QkXqwYcUn9sdX�`Dn9gYQ�cUXZs�n9Q�^�( crX�wYRrXd`�`YXdQ�sdn9ijn s-[j}-iSRrQk[jRrTWVYXdQ

C+ X-Qk[�RUQSQkV `YX�c½e�n��aXq`YX-Q�[jX-\lw�Q �Fu9^JRUi
� �JVYiSX|yaI y �~I �²g�Rr[jRUn9cUX-\lX-gP[VUWcUX��Pn^X�X-Qk[]n9V�ikXdw<^JQ�UaQS^JRK[

u = 0
U
c = c0

X-[
S = S0

I�LNVYRUQkTAV�X|c½efXdgP[jik^JwYRUX
X-Qk[�sd^JgYQh[�n9gP[SX crX cr^JgY��`YX¸s�MYn9TWVYX¸sdn9ijn9s~[j}-iSRUQh[jRrTAV�X^UtXdcrcUX»cUX«QkXdijn>`Dn9gYQ�[j^JVa[�c�e�}-sd^JVYcrXd\_XdgP[�It±5X-Q
sdn9ijn s-[j}-iSRrQk[jRrTWVYXdQ

C− Qk^JgP[|[j^JVa[jXdQmRrQSQSV�XdQm`YX c½e�n��aX¶`YXdQ �«`Yn9gYQ|coneX-^JgYX VYgYRKpF^JiS\_X9I�±5XdQmRUgPu n9iSRUn9gP[jQQ-e�}-sdikRruJX-gP[�`Y^9gYs·v
2

γ − 1
c− u =

2

γ − 1
c0

�½yaIzy9¢ �

2

γ − 1
c+ u =

s-^JgYQk[jn9gP[jX QSVYi dx
dt

= u+ c
�½yAI y9¦ �

´�g�uJ}-iSR � X�n cU^JikQ�v

u = constante
QSVYi

C+ :
dx

dt
= c0 +

γ + 1

2
u

�½yaI��J­ �
L�^JVYi�VYgYX�uARK[jXdQkQSX

u
`�^JgYgY}-X]X-g

x = 0
U9con�w<XdgP[jXtXdQh[�sd^Jg�Qk[�n gW[SX^UWcUX-QNs�n9iSn9s-[S}dikRUQk[SRUTWVYX-Q

C+ QS^JgP[�`Y^Jg�s`�XdQ]`YiS^JRK[jX-QdI

u = 0, c = c0, S = S0 u(x = L,t)

C+

u(x = 0,t)

C−

�

[

±­
������� yaIzy J�� ?X�)"_�7�(� #%��?H��#�� 	�?@" ���+"��G�>�(� ����
M�0� �
u�� ��


(x,t)

±�n»uaRK[jX-QSQSX'`YX�wYik^JwDn9�Pn�[jRU^9g XdQk[l`Y^Jg�s�pF^9gYs-[SRU^Jg�VYgYRrTWVYXd\_XdgP[_`YX�con uARr[SXdQSQkX�cr^asdn9cUX�`YV ³YVYRU`YX
u(0,t)

X-[]cUX|`Y}-con9R�`YXmwYiS^JwYn9�Pn [SRU^Jg�w<XdV�[tQ-e�}-sdikRUiSXmw<^JVYi¤[j^9V�[
x > 0

v

d+(t) =
x

u+ c
=

x

c0 + (γ+1)
2
u(0,t)

�½yaI���H �

� n9gYQtcUX|sdn9Qt`�e�V�gYX�X �asdRr[jn [jRr^Jg�\_^JgY^As�MYiS^J\ln [SRUTWVYX�`YX|uARr[SXdQkQSX
u(0,t) = u0 sin(ωt)

UY^9g�n�v
u(x,t+ d+) = u0 sin(wt)

´�g'w/X-V�[¤uJ}-iSR � Xdi�n9cU^9iSQ�TWVYXZcon�Qk^JcUV�[SRU^Jg�Rr\lw�cURUs-Rr[SX�Q-e�}-sdiSRrijn�v

u(x,t) = u0 sin

(

w[t− x

c0 + (γ+1)
2
u(x,t)

]

)

�½yaI��Py �

y9µ
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 ��� � �S$�
 �
��� � � �n�Q	 �
±�nqQk^JcUV�[SRU^JglX��awYcrRUsdRK[jX]gY}ds-XdQkQSRr[SX|VYgYX�\_}-[SMY^A`YX�`YX�ik}dQk^JcUV�[SRU^JglgWVY\l}-iSRrTAV�X9I � X-w/X-gY`Dn9gP[t`Dn gYQ�cUX�s�n9Q
^�(

(1 + γ+1
2

) u
c0
<< 1

UDVYg�`Y}~uJX-cU^JwYw<Xd\_XdgP[�n9V'wYiSX-\lRrXdi¤^Jik`YiSXZw/X-iS\_X-[]`YXm`Y}~[jXdik\lRrgYXditcUn Qk^JcUVa[jRU^9g
`YXZ¥DVY¡YRrgYR\R�x T9v

u(x,t) = u0

∞∑

n=1

2

nσ
Jn(nσ)sin[n(ωt− kx)]

w/^JV�i
σ < 1

��yaI��J� �

n�uJX-s
σ = x

x

c½e�n9¡YQksdRrQSQSX
x
n9`YRr\lX-gYQSRr^JgYgY}-X|wDn9i¤con¶`YRrQk[jn9gYsdX

x
`YXmcon�wYikXd\_RUb-iSX|RUgP[SXdiSQkXds~[jRU^9g'`�XZ`�XdV �

sdn9ijn9s~[j}-iSRUQh[jRrTAV�XdQ
C+ �F`YRUQh[�n9gYs-Xm`YX|pF^JiS\ln [jRr^Jg `�efVYgYXm^Jg�`YXm`YXms�MY^as �/v

x =
2c0

(γ + 1)ku0

�½yaI��9§��

±NefRUQSX-gP[jiS^9wYRUX|w<Xdik\lX~[t`�e�RrgP[jiS^A`YVYRriSX|cUnqu9n iSRon ¡YcUX�`�XZw�iSXdQkQSRr^Jg�X-g�Va[jRUcrRUQSn9gP[5v

c = c0

(
p

p0

) γ−1
2γ �½yaI��Px �

	�
�� 
�� ��� 
 ��� 
)� ��&)"��

±�n \l}~[jMY^A`YX�`YX-Q s�n9iSn9s-[S}diSRrQk[SRUTWVYXdQ7UNn9wYw�cURUTWVY}-X�n9V�s�n Q¶`�e�V�gYX�^JgY`YX�QkRU\_wYcUX@U8\_bdgYX � V�gYX�QS^ �
crV�[jRr^Jg \qVYcr[SRru n9cUV�}dX gY^Jg w�MWOAQkRUTWVYX cr^JiSQ�`YX�c�e�RrgW[SXdikQSXds~[jRr^Jg¸`YX-Q�s�n ijn9s~[j}dikRUQh[jRUTWVYX-Q

C+ � � �JVYiSX�yaIz� �~I
°�V�¡Dn9QksdVYcrXd\_XdgP[�`YX�c�e�^9gY`YXZsd^JikiSXdQkw/^9gY`�X-g�iS}dn9cURK[j}mVYg'pFiS^JgP[]`�ef^JgY`YX�TAVYn9QSR�`YRUQksd^JgP[SRUgWV
UDc½ef^JgY`�X�`YX
s�MY^As9I � n9gYQ¤VYg�X�[jMY}-^JiSRrX�`YX�³DVYRr`YX|wDn9ihp;n9Rr[�Ua^9g�w/X-V�[tQS^JVauJXdgP[�n9wYw�iS^As�MYXdi¤s-X�pFiS^JgP[¤`�ef^JgY`�X|wDn9i¤VYgYX
`YRrQSs-^JgP[jRUgWVYRK[j} ID±5XdQt}dTWVDn [SRU^Jg�Q]`�Rr¨/}diSX-gP[jRUX-cUcrXdQ¤`YXm¡Dn9QkX��FuJ^9RUitcUX|wDn ijn9�JiSn9wYMYXZyAIrHJIf§�� Q-ezn9w�wYV�OPn gW[�QSVYi
c�e�MPOAw/^ [jMYb-QSX¤`YX¤cUn�sd^JgP[SRUgWVYRr[S}�`YX-Q·u9n iSRon ¡YcUX-Q¬gYX¤Qk^JgP[�wYcUVYQ8u9n con9¡YcrXdQ7U Rrcap;n9V�[·iSX-u9XdgYRri�n9cU^9iSQ ��cUn�pF^Jik\lX
RrgW[S}d�JiSn9cUX¤w<^JVYi�RrgYsdcrVYiSXtcon|`YRrQSs-^JgP[jRUgWVYRK[j} I � n9gYQ�cUXts�n Qª`YX'N�s�M�^as-Q�p;n9Rr¡YcUX-Q O]UJs9efXdQh[ �m`YRUikX]QkR@cUXtQjn9Va[ `YX
wYikXdQkQSRU^9g�`YX�wDn9ik[�X-[�`�e�n9V�[jikX�`�V s�MY^AsqXdQh[�\_^a`�}diS}�� ∆p

p
<< 1

�0U@con¶[jM�}d^JikRUXZ`YXdQ�^JgY`YX-Q�QSRr\lwYcrXdQtXdQh[
[S^JVf`k^JVYikQ u n9cURr`YX�X~[¤conquARK[jXdQkQSX

U
`YX|wYiS^9wDn9�Pn [SRU^Jgl`YX|con�`YRUQksd^JgP[jRrgWVYRr[S}�w/X-V�[/g~[jiSXmn wYwYiS^��aRU\_}dX�wDn9i�v

U =
(u+ c)1 + (u+ c)2

2
= c0 +

u1 + u2

2

�½yaI��J� �

^�(_cUX-QNRUgY`�RUsdX-Q
1
X-[

2
`�}dQSRr�JgYX-gW[ªcUX-Q·u n9cUX-VYiSQ�`YXtwDn9ih[�X-[�`�e�n9V�[jikXt`YVls�M�^as �;ikXdQSw<Xds~[jRKuJXd\_XdgP[ n�u9n gW[�X~[

n9w�iS}dQ �~I1±�n¤cU^9R9`YX-Q
N�n9RUikXdQ�}-�Pn9crXdQ O¬w<XdiS\_X-[�`�XNsd^JgYQh[jikVYRUikXN�J}d^J\_}-[SiSRrTAV�Xd\_XdgP[5cUXNs�M�^as@U�con�`YRrQSs-^JgP[jRUgWVYRK[j}
`Y}-cURr\lRK[�n9gP[ªcon;Xd^Jg�XZ\qVYcr[SRru n9cUV�}dX�X-g�`�XdV �'cr^J¡/X-Q¤`�e�n9RUikX|}d�Pn9crX�Rf§fT � � �9VYiSX�yaIf§��~I

y9¢
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� ����� yaI���J Y 
��7��?X�O�(#��I"$�)
f��� #%��?H��#��
	�?�" ���+"��G���(�
x

aires egales

choc

p

������� yaIf§ J Z �)
M���+?���#��+"$�)
 h 	(�)� 	��+?�"��G��� ���
#(.��O#

� n gYQ�cUX�s�n9Q�`YX�c�e�^Jg�`YX�QkRU\_wYcUXZ\_^JgY^As�MYiS^J\ln [SRUTWVYX^UDcUnlQk^JcUV�[SRU^Jg�`YX�¥DVY¡�RUgYR�w<XdV�[hg~[jikXq}-[SXdgY`�VYX
TWVDn gY`

σ ≥ 1
�9i]L9s-X �¶con�[SMY}d^JikRUX�`�XdQ¤s�MY^AsdQ�p;n9Rr¡YcUX-Q R�xfT�ID±�n�QS^JcrV�[jRr^Jg�Q-e�}-sdiSRrijn n9cr^JiSQªQS^JVYQ¤cUn�pF^Jik\lX·v

u(σ,y) = u0

∞∑

n=1

(
2

nπ
V2 +

2

nπσ

∫ π

φmin

cosn(φ− σsinφ)dφ

)

sin(ny)
��yaIz�Jµ �

n�u9Xds¶con_wYMDn9QkX
y = w(t − x

c0
)
U
V2 = u2

u0
= σ−1j−1

0 (σ−1)H(σ − 1)
^n(

j0
`�}dQSRr�JgYX�cUn_pF^Jg�s-[jRr^Jg�`�X

� XdQSQkXdc�QSw�MY}dikRUTWVYXZX-[
H
conqpF^JgYs~[jRr^Jg�`YXZ��X�n�uARUQkRU`YX|X~[5v

φmin = 0
w/^9VYi

0 < σ < 1
X-[
φmin = ArcsinV2

w<^JVYi
σ > 1

I
� VDn gY`

σ < 1
UA^Jg ikX-[jik^JV�u9X�c½ef}dTWVDn [SRU^Jgl`YX|¥DVY¡YRrgYR½Ia�aR

σ >> 1
UA^Jg�[SXdgY` u9XdikQ¤con�Qk^JcUVa[jRU^9g�Xdg�`YXdgP[jQ

`�XZQksdRrX·v
u

u0

=







1
1+σ

(π − y)
w<^JVYi

0 < y < π

1
1+σ

(−π − y)
w/^JV�i − π < y < 0

�½yaI��J¢ �

� XdQZQS^JcrV�[jRr^JgYQ�QkRU\_RUcon RUiSX-Q�X �aRUQk[SXdgP[�`Dn9gYQmcUX¶sdn9Qm`YX¶con�wYik^JwDn9�Jn [jRr^Jg»`�efVYgYX ^JgY`YX QkRU\_wYcUX�X-g ³YVYRU`YX
`�RUQSQkRUwDn�[jRrp'R��dU��fT½I<±Ne�^9gY`YXq`�Xqs�MY^Asqg�e�n9wYwYn9ijn9RK[�w�cUVYQ]sd^J\_\_XZV�gYX�`YRrQSsd^9gW[SRUgWVYRK[j}mX-[�XdQk[�n9cU^9iSQ]}-[�n cU}dX
QkVYi�VYgYX sdX-ik[�n RUgYX»}-wDn9RUQkQSX-VYidI]L8^9VYi�`YX �9ijn9gY`�X»`YRUQh[�n9gYs-X `�X w�iS^JwDn �Pn [jRr^Jg¼cUX-Q�X-¨/X-[SQ�`YRrQSQkRUwDn [SRrpFQ
c�e�X-\lw<^Jih[jXdgP[mQkVYimcUXdQ|X~¨�X~[jQZgY^Jga��cURrgY}�n9RriSX-QdI/±�X-Q�Qk^JcUVa[jRU^9gYQ�QS^9gW[Z^J¡a[jXdgWVYX-Q ��wDn9ih[jRri�`YX_c½e ?a��6�B�.1:;2<,
4�E ��� 0�=@EW0�� n wYwYiS^As�MY}-XqTWVYR�Qdef^J¡�[SRUXdgP[�wDn9its�MDn9g��JXd\_XdgP[�`�e�X-s�MYXdcrcUXmX-[�Qdef}ds-iSRr[�`Dn9g�Q�crXZsdn9Q]^�(�c�e�^Jg
g�}d�JcrRU�JX�crXdQtX-¨/X-[SQt`YXmsd^JgY`�VYs-[SRU^Jg�[jMYX-iS\_RUTWVYX|`YXmcUnqp;n��d^Jg'QSV�Rru n9gP[jX v

∂xu−
γ + 1

2c20
u∂τu =

2

3

µ

ρ0c30
∂xxu

�½yaI��J¦ �

n�u9Xds
τ = t− x

c0

I
y ¦
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� n9g�Q�crXdQZsd^JgY`�VYRr[SQ�U�cUX-QZX~¨�X~[jQZ`YX_con�wYiS^JwYn9�Pn [SRU^Jg«gY^JgA�²cURrgY}�n RUiSX�QSXlsd^J\�¡�RUgYX-gW[�n9V�� X-¨/X-[jQZ`YX-Q

w<Xdih[jXdQ]uARUQSs-^ ��[SMYXdik\lRrTWVYXdQ �;wDn ijn9�JiSn9wYMYX�yaIzyaIrH	�~I � n9g�Q�con wYcUV�wDn9ik[�`YX-Q�s�n Q�cUX-Q�w<Xdih[jX-Q�QS^JgP[�sd^JgYs-Xdga�
[SiS}dX-Q�wYiS}-Q�`YXdQ�wDn9ik^JRUQ�Xdg `YX � gYX-Q�sd^JVYs�M�XdQ'cURU\_Rr[SXdQ-I W gYX [jM�}d^JikRUX w<Xdik\lX~[S[�n gW[�`�X»wYiSX-gY`YiSX«X-g
s-^J\lwa[jXZsdXdQ|X~¨�X~[jQ�Xdg»gY^JgA�²cURrgY}�n RUiSXmnl}-[j}�}-[jn9¡YcURrX�wYn9i � MYX-Qk[SXdi;R�µfT�I � X�`�XdiSg�RUXditp;n9RK[�`Y}-Q�cUXZ`Y}-wDn9ik[
c�e�MPOAw/^ [jMYb-QSX]`�e�V�gYX�s-^JVYs�MYX]cURr\lRK[jX � gYX^UWcUnmwYn9iS^JR�}-[�n gW[ªsd^9gYQSRr`Y}dik}dX]cU^As�n9crXd\_XdgP[NwYcUn9gYX9IW±NefMPOaw<^9[SMYbdQkX
QkVYRru n9gP[jX¤X-Qk[�`YX¤crRUgY}dn9iSRrQSX-i8crXdQN}dTWVDn�[jRU^9gYQ·`YX¤s-^JVYs�MYXtcURr\lRK[jX@U�`�^JgYs¤`YX¤QkVYwYw<^JQSX-iN`YXdQ�sd^9VYs�MYXdQ�crRU\_Rr[jX-Q
`YX�[²OAw<X Nk�A[S^:99X-Q O ��uJ^JRrityaIzyaIzy �~I�L�crV�[j^ [¤TWVYXm`�e�RrgP[j}d�9iSXdi QSVYitcon�QSXds~[jRr^Jg�sd^J\_wYcUb~[jX�`�V�[SV�OPn V's-^J\_\lX
±5RU�9MW[SMYRUcrc�Xdg�cURUg�}�n9RriSX^U � MYXdQh[jXdi�`Y}-[SXdiS\_RUg�Xqcon¶u n9cUX-VYi]`YXqcUn uARr[SXdQkQSXq[Sijn9gYQhuJX-iSQjn cUX �_con pFiS^JgP[jRrbdikX�`YX
cUn«s-^JVYs�MYX'cURr\lRK[jX�n9�JRUQkQjn9gP[ s-^J\l\_X�QS^9VYiSs-X�`YX�\ln [jRrbdikX�`Dn9gYQ c½ef}dTWVDn�[jRU^9g `�X's-^JgYQkXdiku n [SRU^Jg `YX'con
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
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)
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�a^JRK[¬crXdQ8}dTWVDn [SRU^JgYQ8`YX ��n�uaRrXdi��h�A[S^:99X-Q·w/^9VYi¬VYg�³DVYRU`�X ¡YRr`YRU\_XdgYQkRU^Jg�gYXdcPs-^J\lw�iSXdQkQSRr¡YcUX �]uARUQksd^JQkRr[j}

X~[�s-^JgY`YV�s-[jRKuARr[j}�[SMYXdik\lRrTWVYX|sd^Jg�Qk[�n gW[SXdQ�v






∂tρ+ ∂x(ρu) + ∂y(ρv) = 0

∂t(ρu) + ∂x(ρu
2) + ∂y(ρuv) = −∂xp+ µ

(

(4
3

+ µv

µ
)∂2u

∂x2 + ∂2u
∂y2 + 1

3
∂2v

∂x∂y

)

∂t(ρv) + ∂x(ρuv) + ∂y(ρv
2) = −∂yp+ µ

(

(4
3

+ µv

µ
)∂2v

∂y2 + ∂2v
∂x2 + 1

3
∂2u
∂x∂y

)

∂t(ρE) + ∂x[(ρEu+ pu] + ∂y[(ρEv + pv] = ϕ+K ∂2T
∂y2

����IKH �

n�uJX-s�cUn�`YXdg�QSRr[S}m`�e�}-gYXdik�JRUX|[S^9[�n9crX^UaQS^J\_\lX|`�XZc�e�}-gYXdik�JRUX|s-RUgY}~[jRrTAV�X|X-[]`YXmc½ef}dgYX-iS�JRrX|RUgP[jX-iSgYX¬v

ρE =
1

2
ρ(u2 + v2) + ρe

X~[�V�gYX|pF^JgYs-[SRU^Jg�`�XZ`�RUQSQkRUwDn�[jRU^9g|v

ϕ = µ

(

∂x

[

(
4

3
+
µv

µ
)u∂xu−

2

3
u∂yv + v∂yu+ v∂xv

]

+ ∂y

[

u∂yu+ u∂xv −
2

3
v∂xu+ (

4

3
+
µv

µ
)v∂yv

])

´�g»n `k^JVa[jX�n V ��}dTWVDn [SRU^JgYQ�`YV \_^JV�u9Xd\_XdgP[|cUX-Q�ikXdcUn [jRr^JgYQt[jMYX-iS\_^a`�OAgDn \lRrTAV�XdQ]QSVYRKu9n gW[SXdQ �F�Pn^X
wDn ikp;n9RK[ �/v

{
p = RρT
e = cvT

����Izy �

� 

��
%� � 
)� � ���)�*��"�� �)� � ����$ 
)��� 	���� ��$'��"��)��
)� ��� �'�
��^9VYQ¤�Pn9ik`Y^JgYQ�cUn�pF^Jik\lX�sd^JgYQkXdihu9n�[jRru9Xm`YXdQ¤}-TAVYn [jRr^JgYQ�X~[]n9cUcr^JgYQ�cUXdQ�n9`YRU\_Xdg�QSRU^9gYgYXdi n � g�`�ef}-u n��

crVYXdi|c�e�Rr\lw<^Jik[jn9gYs-X�`YXdQm`YRK¨�}-iSX-gW[SQZ[SXdik\lX-QZ`Yn9gYQms�MDn9s-VYgYX�`�XdQZ`YXdV � X-^JgYX-Q�U�}ds-^JVYcUX-\lX-gP[�w�iSRUg�sdRUwYn9c
X~[�}-sd^JV�cUXd\_XdgP[tQkXdsd^9gY`Dn9RriSX9I
´�g«`Y^JRK[�[j^JVa[m`�ezn ¡/^Jik`«}-u n9cUV�Xdi|c½ef^Jik`YiSX�`�X_�9ijn9gY`�XdVYim`YX-QZ`�Rr¨/}diSX-gP[jXdQ|u n9ikRon9¡YcrXdQ|n � g«`YX¶p;n9RUikX¶n9wa�
wDn ijn	�r[jiSX�`YXdQ¤u n9iSRUn9¡YcrXdQ¤n9`�RU\_XdgYQkRU^JgYg�}dXdQ¤`�e�^Jik`YiSXm`YXm�JiSn9gY`YX-VYi

1
X-[]`YX-QtgY^J\�¡YikXdQtQjn gYQt`YRU\_XdgYQkRU^Jg

TWVYR�g�^JVYQ¶iSX-gYQSX-RU�Jg�XdiS^9gW[_QkVYi¶cUX-Q�wYiS^9wYiSRr}-[j}-Q¶`YX�c½ef}ds-^JVYcrXd\_XdgP[¶X-[ crXdQ¶}~uJXdgP[SVYXdcrcUXdQ¶QkRU\_wYcUR � s�n�[jRU^9gYQ
��X~¨�X-s-[SVYXdi-I ��^JV�Q�iSX-wYiSX-gY^JgYQ|`Y^9gYs�cUX�wYiSRrgYsdRrw/XZ`�e�n9`YRr\lX-gYQSRr^JgYgYX-\lX-gW[�`YX�c�ezn9}-iS^A`�OAgDn9\_RUTWVYXZ\�n RUQ
crXdQm�Jijn gY`YXdV�iSQZ`YX iS}-pF}-iSX-gYsdXlgYX QS^JgP[�wYcUVYQmcrXdQm\,g-\lX-QdI � X-Q�`YX-iSgYRrbdikXdQZQS^JgP[�Xdg X-¨/X-[�`Y}-[SXdiS\_RUg�}dXdQ
X-g QkVYwYw<^JQjn9gP[�TWVYXlcrX¶s�MDn9\_w X-Qk[Zw<XdV `YRr¨/}dikXdgP[ZcU^As�n9crXd\_XdgP[|`YX sdX-cUVYRN`�e�VYg�Xl^Jg�`YX cURUg�}�n9RriSX�wYcUn9gYX
QkRUgWVYQS^���`Dn9crX�`�X�wYVYcrQjn [SRU^Jg

w
I���^9[S^JgYQ�TWVYXqcUXdQ]u n9iSRUn9¡YcUX-Q�s-^JgYQkRU`Y}-iS}dX-Q|RUs-R�g�X�QS^JgP[|wYn9Q�`YX-Q�w/X-ik[SVYih�

¡Dn�[jRU^9gYQ�n9s-^JVYQh[jRUTWVYX-Q�\ln9RUQ]cUX-Q��Jijn gY`YXdV�iSQ�[S^9[�n9crXdQ�`YX�c½ef}ds-^JVYcrXd\_XdgP[VU<sdX�TWVYR8`YRr¨/bdikX�`YX�c�ezn wYwYiS^As�MYX
s-con9QkQSRUTWVYX¤Q-ezn wYwYV�OJn9gP[ QkVYiNVYg_`Y}-u9XdcU^9wYw/X-\lX-gP[ n QkOA\lwa[j^9[SRUTWVYXhRf¦@T�I �²cYp;n9V�[N`�^JgYs¤p;n9RUikX¤n [k[jXdgP[SRU^Jg¶cr^JiSQ
`YXmc�ezn9`�RU\_XdgYQkRU^JgYg�Xd\_XdgP[�`YX-Q��9ijn9`YRrXdgP[jQ�� con�s-^J\_w/^JQSn9gP[jXmQk[jn [jRrTWVYX9I

�J¢
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� 7J2/6�CFE � Ea,<. �dEA7J2<,84�BD:F0�E
´�g'gY^9[jX-ijn¶cUX-Q¤u9n iSRon ¡YcUX-Q¤n9`YRr\lX-gYQSRr^JgYgY}-XdQ¤Xdg'QSV�iScURr�JgY} I

• �JiSn9gY`YX-VYiSQ]`YXmiS}~pF}dikXdgYs-X�X~[]n9`YRU\_Xdg�QSRU^9gYgYXd\_XdgP[t`YX-Q¤u9n iSRon ¡YcUX-Q¤X-[t�JiSn9`YRUX-gP[jQ�v

λ =
c0
f

≈ c0
w

cr^JgY�JVYX-VYi¤`�ef^JgY`YXm`YXmik}-pF}dikXdgYs-X
.

δ = δv
�F^JV

δT
��}dwYn9RUQkQSXdV�iSQt`YXmsd^JV�s�MYX�crRU\_Rr[SX9I

ua = c0M
n9\_wYcURK[jVY`�X�`YXmcon�uARr[SXdQkQSXmcU^Jg��JRr[SVY`YRUgYn9cUX]QS^JV�iSsdX

ta =
1

f
≈ 1

w

[jXd\_wYQt`YXmiS}~pF}dikXdgYs-X

ρa ≈ ρ0 + ρ0
ua

c0
= ρ0(1 +M)

`YX-gYQSRK[j}m`Dn9g�Q]c�ezn���X I

pa ≈ P0(1 + γ
ua

c0
) ≈ ρ0c

2
0(1 +M)

wYikXdQSQkRU^Jg'`Dn9g�Q]c�ezn���X I

Ta ≈ T0

(

1 + (γ − 1)
ua

c0

)

≈ c20
cp

(1 +M)
[SXd\_w/}-ijn [SVYiSX|`Dn gYQtc½e�n��aX9I

vcl ≈ ?
V�gYXZuARK[jXdQkQSX|[jiSn9gYQhuJXdikQjn9crX�`�XZik}-pF}-iSXdg�sdX � �¶}-u n9crVYXdi �~I

^n('^9g�n¶RUgP[SiS^A`YVYRr[�cUX ,�2��»��03E 4�E»¹%BD7 � n sd^JVYQh[jRrTAV�XZTWVYR5\_XdQkVYiSXmc�ezn9\_wYcrRr[jV�`YX�`YX-Qt^JQSs-RUcUcUn [jRr^JgYQ�v
M =

ua

c0

���aIz� �
Qk^JRr[�c½e�n9`YRr\lX-gYQSRr^JgYgYX-\lX-gP[�`�XdQ�`Y}-iSRKuJ}dX-Q�[jX-\lw<^JikXdcUcrXdQtX-[�QSwDn�[jRon cUXdQ �;w<^JVYi]cUX-Q��JiSn9gY`YX-VYiSQ�QSVY¡YRrQSQSn9gP[
V�gYXmsd^JgY`�Rr[jRr^Jg � con�wDn9ik^JR �

∂

∂x
= λ

∂

∂x
∂

∂y
= δ

∂

∂y

n9w�wYcURrs�n [SRU^Jg�n V ��uARr[SXdQSQkXdQ7U@[SXd\_w/}-ijn [SVYiSX|X~[]`YRr¨/}dikXdgP[jQ¤³DV �/I
∂

∂t
= ta

∂

∂t
�]^JVYQZn9crcU^JgYQ�[j^JV�[m`�ezn9¡<^Jik` `Y}~[jX-iS\_RUgYX-i|c½ef^JiS`YikX¶`YX �Jijn gY`YXdV�iZ`�X_cUn�uARr[jX-QSQkX_[Sijn9gYQhuJX-iSQjn cUX_`Dn9gYQmcon
s-^JVYs�MYXZcURr\lRK[jX �

vcl
� �9i]L9s-X��¶cUn s-^JgYQkXdiku n [SRU^Jg�`YXmcUn�\�n9QkQSXmcURrgY}�n iSRUQk}dX·v

∂tρ
︸︷︷︸

wρ0M

+ ρ0∂xu
︸ ︷︷ ︸

wρ0M

+ ρ0∂yv
︸ ︷︷ ︸

ρ0
vcl
δ

= 0
QS^JRK[

vcl ≈ δwM ≈ δ
λ
c0M = δc0M

±�n�wYikXdQkQSRU^9g»gYX�QSV�¡YRUQkQjn9gP[|wDn Q�`YX�s-^JgY`YRK[jRU^9g ��cUnlwDn9ik^JR U<^Jg�p;n Rr[�n9wYw<Xdc8n9cU^JikQ ��c�e�}-TWVDn [jRr^Jg�`�X
c�e�Rr\lw�VYcUQkRU^JgZ[jijn gYQku9XdiSQkX�crRUgY}dn9iSRrQS}dX w/^JV�iN`Y}-[SXdiS\_RUg�XdiNc½ef^Jik`YiSX¤`YXt�JiSn9gY`YX-VYiN`YV_�Jijn `YRUX-gW[�`�X]w�iSXdQkQSRr^Jg
[Sijn9g�QkuJX-iSQkX·v

�9¦
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ρ0∂tv ≈ ∂yp
Qk^JRr[

(∂yp)ref ≈ ρ0c0wδM

©Ng iSX-\�n iSTWVDn9gP[�TWVYX�w/^9VYi VYgl�Pn^X�wDn9ikp;n Rr[
ρe = p

γ−1

UW^Jg�Xdg `Y}-`YVYRK[ `YRriSX-s-[jX-\lX-gP[�cUX-Qª�9ijn9`YRrXdgP[jQ
`YXm`YX-gYQSRK[j}m`�ef}dgYX-iS�JRrXmRUgP[jX-iSgYX|`YXmik}-pF}dikXdgYs-X9I
±5XdQ¤u n9ikRon9¡YcrXdQ�X~[]�Jijn9`�RUXdgP[SQtn9`YRU\_Xdg�QSRU^9gYgY}dQ¤w�iSRUg�sdRUwYn9V � �F`�ef^JiS`YikX H �ªuJ}-iSR � XdgP[�`�^JgYs·v

ρ = ρ0(1 +M)ρ

u = c0Mu

v = δc0Mv

p = ρ0c
2
0(1 +M)p

T =
c20
cp

(1 +M)T

∂p

∂x
= ρ0c0wM

∂p

∂x
∂p

∂y
= ρ0c0wMδ

∂p

∂y

∂T

∂y
=

c0w

cpδ
M
∂T

∂y

• ©NTAVYn [jRr^JgYQ]n9`YRr\lX-gYQSRr^JgYgY}-XdQ¤`Dn9g�Q]cUn¶sd^JVYs�M�X�crRU\_Rr[jX¬v©Ng�QSRr\lwYcrR � n gW[ªwDn9i
M
`YX|wDn ik[tX-[t`�ezn9Va[jiSX|`�XdQtQSRr�JgYXdQ¤`�e�}-�Pn9cURK[j}�� �FQS^JRK[

M 6= 0
�0UacUX-Q¤}dTWVDn [SRU^JgYQ¤`�X

��n1uARrXdih���A[j^�99XdQtQ-e�}-sdiSRKuJX-gW[�v






∂ρ
∂t

+ (1 +M)
(

∂ρu
∂x

+ ∂ρv
∂y

)

= 0

(1 +M)
(

∂ρu
∂t

+M [∂ρu2

∂x
+ ∂ρuv

∂y
]
)

= − ∂p
∂x

+ 1
Re

(

(4
3

+ µv

µ
)∂2u

∂x2 + 1

δ
2

∂2u
∂y2 + 1

3
∂2v

∂x∂y

)

(1 +M)
(

∂ρv
∂t

+M [∂ρuv
∂x

+ ∂ρv2

∂y
]
)

= − ∂p
∂y

+ 1
Re

(

(4
3

+ µv

µ
) 1

δ
2

∂2v
∂y2 + ∂2v

∂x2 + 1
3

1

δ
2

∂2u
∂x∂y

)

1
γ−1

(
∂ρe
∂t

+ (1 +M)(∂ρue
∂x

+ ∂ρve
∂y

)
)

+ χ+ ψ = ϕ+ 1
PrRe

(
∂2T
∂x2 + 1

δ
2

∂2T
∂y2

)

���aI�§��

n�uJX-s�w<^JVYi¤c�e�}-gYXdik�JRUX|s-RUgY}~[jRrTAV�X·v
χ = M(1 +M)

(
∂
∂t

[1
2
ρ(u2 + δ

2
v2)] +M

{
∂
∂x

[1
2
(u2 + δ

2
v2)ρu] + ∂

∂y
[1
2
(u2 + δ

2
v2)ρv]

})

crX�[jijn�u n9Rrc�`YX-Q]pF^JiksdX-Q]`�XZw�iSXdQkQSRr^Jg|v
ψ = (1 +M)(∂pu

∂x
+ ∂pv

∂y
)

X~[�cUnqpF^JgYs~[jRU^9g�`YX�`�RUQSQkRUwDn�[jRU^9g|v
ϕ = M

Re

(
∂
∂x

[

(4
3

+ µ
µv

)u∂u
∂x

− 2
3
u∂v

∂y
+ v ∂u

∂y
+ δ

2
v ∂v

∂x

]

+ ∂
∂y

[
1

δ
2u

∂u
∂y

− 2
3
v ∂u

∂x
+ u∂v

∂x
+ (4

3
+ µ

µv
)v ∂v

∂y

])

pK6�� A�UeZ�@BC�F]@ J 9 H�C
JKCQ@
M
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�]^JVYQ�n�uJ^9gYQNp;n9Rr[·n9wYwDn9iSn	�U[SiSX�c�e�}-wDn9RrQSQSX-VYi·`YXts-^JVYs�MYXtcURr\lRK[jX�n9`YRr\lX-gYQSRr^JgYgY}-X �
δ = δ

λ

�¬X-[�cUX-Q·gY^J\q¡YiSX-Q
QSn9gYQt`YRr\lX-gYQSRr^Jg�QSVYRKu n9gP[jQ�v

Re =
ρ0c20
µw

cUX ,�2 �»�803E»4�E � E ��,�2<C�4�� n9sd^9VYQk[SRUTWVYX
Pr = ν

a

cUX ,�2 �»�803E»4�E��Z03BD,845.3C ���aI x �
n�u9XdsZconquARUQksd^JQkRr[j}ms-RUgY}-\�n [SRUTWVYX �

ν = µ
ρ

��X-[]cUn�`YRr¨/VYQSRKuARr[j}�[jMYX-iS\_RUTWVYX��
a = K

ρ0cp

� I
±5X gY^J\q¡YiSX¶`YX �tX-OAgY^Jcr`YQ

Re
\_XdQkVYiSX c½efRU\_w<^Jik[jn9gYsdX�`YXdQmX~¨�X~[jQZRUgYQh[�n [SRU^JgYgYn9RUikXdQ�wYn9i|ijn9w�w/^Jih[Zn9V �

X~¨�X~[jQtuARUQSTWVYX-V �/I
±5X_gY^J\�¡�iSX_`YX�LNiSn9gY`�[Sc U

Pr
TWVYR�\lX-QSVYikXlcUn�uARUQksd^JQkRr[S}ls-RUgY}-\�n [SRUTWVYX wDn9imiSn9wYw<^Jik[ �'cUn'`�Rr¨/VYQSRKuaRK[j}

[SMYXdik\lRrTWVYX^UDX-Qk[�VYg�RrgY`YRUsdn [jX-VYi¤`YXZc½efRU\_w/^9ik[�n gYsdX�`�XZcUn¶`YRr¨/VYQSRr^Jg'`YXmc½efRU\_wYVYcUQkRU^Jg�QS^JVYQ]c½efX-¨/X-[]`YXZcon
uARrQSsd^9QSRr[S}m`YX-u n9gP[]con�`YRK¨�V�QSRU^9g�`YX�cUn�s�MDn9crXdVYi-I
´�g'w/X-V�[�n9VYQSQkR�n9`YRr\lX-gYQSRr^JgYgYX-i¤cUXdQ¤}-TWVDn [jRr^JgYQt`�ef}-[jn [tTWVYR�Qdef}dsdikRru9XdgP[�n cU^JikQ�v

p = (1 +M)ρ T
����I�� �

e = T
�;��I µ �

� 7J2/6�CFE � Ea,<.¶�80�:;,87P:F��BDC
�]^JVYQtQSVYRKuJ^Jg�Q�cUn�\,g-\lX|wYik^as-}d`YV�iSXmw/^9VYitc½ef}dsd^9VYcUX-\lX-gW[�wYiSRrgYsdRrwDn9c½I

±5X-Q��JiSn9gY`YX-VYiSQ]`YXZiS}~pF}diSX-gYsdX-Q�QkXdiS^9gW[�cUX-Qt\,g-\lX-Q]TWVYXZw<^JVYitcon¶sd^9VYs�MYXqcrRU\_Rr[SX �Fu n9crXdVYikQt`Dn9gYQ]c½e�n��aX^U
cr^JgY�JV�XdVYi¤`�ef^JgY`�X	��Qjn9Vap·w<^JVYi¤cUX-Qt`YRU\_XdgYQkRU^Jg�Q�X-[]�JiSn9`YRUX-gP[jQ¤s�n ijn9s~[j}dikRUQh[jRUTWVYX-Q¤[jijn gYQku9XdiSQkXdQ-I
�]^JVYQts�MY^JRrQSRrQSQS^9gYQ]n9cU^JikQ¤sd^J\_\_X�MDn9V�[SXdVYit`YXmik}-pF}dikXdgYs-X�cUn¶`YXd\_R�}dwYn9RUQkQSXdV�i]M�I
±5X-Q]�9ijn9`YRrXdgP[jQ¤[Sijn9gYQhuJX-iSQSX-Q�Q-e�}-sdiSRriS^JgP[5v

∂

∂y
= h

∂

∂y
LNVYRrQSTWVYX

va = 0
wDn i|n��aRUQhOa\_}-[SiSRrX^U<con_uARK[jXdQkQSX�[Sijn9gYQhuJX-iSQSX `YX¶ik}-pF}-iSXdg�sdX¶XdQh[mcon_\,g-\lX�TWVYXq`Dn9gYQ|cUn

s-^JVYs�MYXZcURr\lRK[jX I
±5X��JiSn9`YRUX-gP[l`�X'w�iSXdQkQSRr^Jg>[Sijn9gYQhuJX-iSQSX�XdQh[�`Y^9gYs�`YV>\"gd\_X�^JiS`�iSX�TWVYX�`Yn9gYQ con»sd^9VYs�MYX�crRU\_Rr[SXlX~[
Q-e�}-sdikRr[]`Y^JgYs v
∂yp ≈ ρ0c0wδ =

ρ0c20Mδ
2

δ
= δ

2

Sh

∆p
h

^n(
c½ef^Jg¼n¸RrgP[jiS^A`YVYRK[�crX8N ����EWBY0¼,�6 �»�NEA0 O �;g�^J\�¡YikX�`YX s-RUQSn9RUcrcUXd\_XdgP[ �0UNijn wYw/^9ik[ `�X c½ef}dwDn RUQSQkXdVYi
`�XZs-^JVYs�MYXZcURr\lRK[jX]QSVYitcUn `�Xd\_R�}dwDn RUQSQkXdVYit`YXZcon�s-^JgY`YV�Rr[jX¬v

Sh =
δv
h

���aIz¢ �
L8n9i�s-^JgP[jikX^U<con¶[jXd\_w<}dijn�[jVYikXqX-[�con `YX-gYQSRK[j}qg�XqQSV�¡YRUQkQjn9gP[|wDn Q�`YX�sd^Jg�`YRr[SRU^Jg'cURr\lRK[jX^U�c½e�n9`YRU\_Xdg�QSRU^9ga�
g�Xd\_XdgP[]`YXmcUXdV�i¤�Jijn9`�RUXdgP[¤[Sijn9gYQhuJX-iSQSX�iSX-QSw<Xds-[SRrp8g�efXdQk[�wDn9Qt}~uaRr`YXdgP[dI
©Ng'cURrgY}�n9ikRUQSn9gP[¤X-[t`Y}-iSRKu9n gW[]cUn�iSXdcUn [jRr^Jg [jM�XdiS\_^A`�OAgDn9\_RUTWVYX

p = RρT ⇒ ∂yp
P0

= ∂yT
T0

+ ∂yρ
ρ0

U
g�^JVYQN^J¡�[SXdgY^9gYQNcUX-QN^JiS`YikXdQN`YX¤�9ijn9gY`�XdVYi·`�XdQ��Jijn `YRUX-gW[SQ¬[jiSn9gYQhuJXdikQSX-Qª`YX�[SXd\_w/}-ijn [SVYiSX X-[�`YX¤`YX-gYQSRK[j}·v

§�H
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∂yT ≈ c0wδ
cp
M = δ

2

Sh

c20M

cph

X~[
∂yρ ≈ ρ0wδ

c0
M = δ

2

Sh

ρ0M
h� Xm\"gd\_X^UY^9g'w<XdVa[]u9}dikR � X-i]TWVYX

∂yu ≈ c0Mδ
λ

I
�]^JVYQ¤^J¡�[SXdgY^9gYQ � gDn9crXd\_XdgP[¤crXdQ�^Jik`YiSX-Qt`YX��JiSn9gY`YX-VYi¤QSVYRKu n9gP[jQ¤`YX-Q]�9ijn9`YRrXdgP[jQª[jijn gYQku9XdiSQkXdQ]`YX|wYikXdQh�
QkRU^Jg
U�`YX|uaRK[jX-QSQSXZcU^9gY�JRr[SVY`YRrgDn9cUX@UW`YX|[jXd\_w<}dijn�[jVYikX|X-[]`YXm`YXdg�QSRr[S}·v

∂p

∂y
=

δ
2

Sh

ρ0c
2
0M

h
=
δ
2

Sh

∆p

h

∂u

∂y
=

δ
2

Sh

c0M

h
=
δ
2

Sh

ua

h

∂T

∂y
=

δ
2

Sh

c20M

cph
=
δ
2

Sh

∆T

h

∂ρ

∂y
=

δ
2

Sh

ρ0M

h
=
δ
2

Sh

∆ρ

h

• ©NTWVDn [jRr^JgYQ]n9`YRr\lX-gYQSRr^JgYgY}-XdQ¤`Dn gYQtcUX�³DV ��wYiSRrgYsdRrwDn9cJv±5XdQt}-TAVYn [jRr^JgYQt`YX ��n�uARUX-ih�h�W[j^:9 XdQtQdef}ds-iSRru9XdgP[|n cU^JikQ�v






∂ρ
∂t

+ (1 +M)
(

∂ρu
∂x

+ Sh
∂ρv
∂y

)

= 0

(1 +M)
(

∂ρu
∂t

+M(∂ρu2

∂x
+ Sh

∂ρuv
∂y

)
)

= − ∂p
∂x

+ 1
Re

(

(4
3

+ µv

µ
)∂2u

∂x2 + Sh(
∂2u
∂y2 + 1

3
∂2v

∂x∂y
)
)

(1 +M)
(

∂ρv
∂t

+M(∂ρuv
∂x

+ Sh
∂ρv2

∂y
)
)

= − ∂p
∂y

+ 1
Re

(

(4
3

+ µv

µ
)

S2
h

δ
2

∂2v
∂y2 + ∂2v

∂x2 + 1
3

∂2u
∂x∂y

)

1
(γ−1)

(
∂ρe
∂t

+ (1 +M)(∂ρue
∂x

+ Sh
∂ρve
∂y

)
)

+ χ + ψ = ϕ+ 1
PrRe

(
∂2T
∂x2 + Sh

∂2T
∂y2

)

�;��I�¦ �

n�uJX-s
χ = M(1 +M)

(
∂
∂t

[1
2
ρ(u2 + δ2v2)] +M

{
∂
∂x

[1
2
(u2 + δ2v2)ρu] + Sh

∂
∂y

[1
2
(u2 + δ2v2)ρv]

})

ψ = (1 +M)
(

∂pu
∂x

+ Sh
∂pv
∂y

)

X~[
ϕ
cUnqpF^JgYs-[SRU^Jg�`YXm`YRrQSQkRUwDn [SRU^Jg|v

ϕ = M
Re

(
∂
∂x

[4
3
u∂u

∂x
− 2

3
Shu

∂v
∂y

+ δ
2
(v ∂u

∂y
+ v ∂v

∂x
)] + Sh

∂
∂y

[u∂u
∂y

− 2
3
v ∂u

∂x
+ u∂v

∂x
+ 4

3
Shv

∂v
∂y

]
)

X~[�crXdQ¤}-TAVYn [jRr^JgYQt`�ef}-[�n�[5v

p = (1 +M)ρ T

e = T

�]^JVYQ]iSX-[SiS^JVauJ^JgYQ�cUXdQ]\"gd\_XdQtgY^J\�¡�iSXdQ�Qjn9g�Q�`YRr\lX-gYQSRr^Jg �
M
U
Re
U
Pr
�¤TWVYX�`Dn9g�Q�cUn_s-^JVYs�MYX�crRU\_Rr[SX

X~[�crX N�QkMYX�n9i¤gWVY\q¡/X-i Om`Y} � gYR5wYik}ds-}d`YX-\l\_XdgP[�I
§Wy
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�aRr\lw�cUR � ^JgYQ \ln9RrgW[SXdgDn gW[tcrXdQ¤}-TAVYn [jRr^JgYQt`Dn9gYQtcrXdQt`YXdV��8Xd^Jg�XdQ]sd^JgYQkRU`Y}-iS}-XdQdI

L�^JVYi]sdX-conbUD^Jg'`Y^JRK[]`Y^JgYgYX-i�V�g�^Jik`YiSXZ`YXZ�Jijn gY`YXdV�i�`YX-Q�g�^J\�¡YikXdQ]Qjn9gYQ]`YRr\lX-gYQSRr^Jg�TAV�X�c�e�^Jg�n¶p;n9Rr[
n wYwDn9iSn	�U[SiSX9I

� �5�N2D.3��ºa�-Ea�
J ±�X�gY^J\�¡YikX�`YX �tX-OAgY^Jcr`YQ¶XdQh[ �Jijn gY` �

Re >> 1
� I ��^9VYQ�uJ^1OJ^9gYQ_n9cU^JikQ�TWVYX�c½ef}dwYn9RUQkQSXdV�i�`YX

sd^JVYs�M�X�crRU\_Rr[jXtuARUQkTAV�XdVYQkX
δ
X-Qk[]`YXmc½ef^JiS`�iSX|`YX λ√

Re

R H�§^TiUDQS^9Rr[5v

δ ≈ 1√
Re

n�u9Xds
δ << 1

�;��IrH�­ �
J ±�X¶g�^J\�¡YikX¶`YX LNijn9gY`a[jcNXdQh[m`�ef^JiS`YikX�H �;w<^JVYi|c½e�n9Rri�U

Pr ≈ 0.72
�~I � X¶w�cUVYQ7U�gY^JVYQ|u9^3O9^JgYQ,Rzµ T

TAV�XZcrX|gY^J\�¡�iSXm`YXZLNijn9gY`a[jc�uJ}-iSR � X·v
δ2
v

δ2
T

≈ Pr
����IKHJH �

QS^JRK[
δT ≈ δv << 1J ��^JVYQ�w<^JV�uJ^9gYQª`�RUQk[SRUgY�9VYXdi �;s-^J\_\lX¤`Dn gYQªcrXts�n9Qªn9}dik^a`aOagYn9\lRrTWVYXtX-[ªXdg n sd^JVYQh[jRrTAV�X�crRUgY}dn9RUikX	�

`YXdV ��s�n Q�X��A[SiMgd\_XdQ�w/^JV�i�crXhN²QSMYXdn9i�gWVY\�¡<Xdi O U@cUX�s�n9Q
Sh ≥ 1

U@c½ef}dwYn9RUQkQSXdV�i�`YX�sd^JVYs�M�X�cURr\lRK[jX
XdQk[]`YXmc�e�^Jik`YiSX�`YXmcon�`YX-\lR�}-wDn9RrQSQSX-VYi]`YX|con�s-^JgY`YVYRK[jXm^JV�wYcrVYQ¤�Jijn gY`YXmX-[tcrX|s�n9Q

Sh << 1
^�(

c½ef}dwDn9RrQSQkXdVYi¤`YXms-^JVYs�MYXZcURr\lRK[jX�X-Qk[t[jikbdQtw<X-[jRK[jX|`YX~u n9gP[�cUn¶`YXd\_RK��}dwDn9RrQSQkXdVYi�`�XZcUn¶sd^JgY`�VYRr[SX9I
J ±�XmgY^9\�¡YiSX|`�Xq{�n9s�M�X-Qk[]w/X~[jRK[t`YX-u n9gP[]VYg�v

M << 1
I

J ��^JVYQtgY}-�JcURr�JXd^9gYQ�con�uARUQksd^JQkRr[S}|`YX|uJ^JcrVY\lX I

� ����0�2 ��:��¸B�.3:F2<,8��4�BD,���CFB 7J2/6�7���E�C�:�� :�.1E
�]^JVYQ]n9cUcr^JgYQ�g�}d�JcrRU�JX-i�cUX-Qt[SXdik\lX-Q¤`�e�^9iS`YikXqy¶X-[tw�cUVYQtXdg

δ
`Dn gYQtcUXdQt}-TAVYn [jRr^JgYQdI

´�g'^J¡�[SRUXdgP[]n9cr^JiSQ cUXdQt}-TAVYn [jRr^JgYQ¤QSV�Rru n9gP[jX-Q�v






∂ρ
∂t

+ (1 +M)(∂ρu
∂x

+ ∂ρv
∂y

) = 0

(1 +M)
(

∂ρu
∂t

+M [∂ρu2

∂x
+ ∂ρuv

∂y
]
)

= − ∂p
∂x

+ ∂2u
∂y2 +

´ � 1
Re

�

( (1 +M)
(

∂ρv
∂t

+M [∂ρuv
∂x

+ ∂ρv2

∂y
]
)

= − ∂p
∂y

+ 4
3

∂2v
∂y2 + 1

3
∂2u
∂x∂y

+
´ � 1

Re

�
)

1
γ−1

(
∂ρe
∂t

+ (1 +M)(∂ρue
∂x

+ ∂ρve
∂y

)
)

+ χ+ ψ = ϕ+ ∂2T
∂y2 +

´ � 1
Re

�

����IKH3y �

n�u9Xds
χ = M(1 +M)

(
∂
∂t

[1
2
ρu2] +M( ∂

∂x
[1
2
u2ρu] + ∂

∂y
[1
2
u2ρv])

)

ψ = (1 +M)(∂pu
∂x

+ ∂pv
∂y

)

§J�
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X~[�cUnqpF^JgYs~[jRU^9g�`YX�`�RUQSQkRUwDn�[jRU^9g TWVYR5QSXZiS}-`YVYRr[ ��v
ϕ = M ∂

∂y
[4
3
u∂u

∂y
]

´�g ikXd\ln9iSTWVYX TWVYX c�e�}-TAVYn [jRr^Jg `�X c�e�Rr\lwYV�cUQSRr^Jg
[jiSn9gYQhuJXdikQSX g�X p;n9RK[�RrgP[jXdihuJX-gYRUi'TWVYX¸`YX-Q�[SXdiS\_XdQ
`�ef^Jik`YiSX H�^JV>wYcUV�Q�Xdg 1√

Re

Iª±5X'�Jijn `YRUX-gW[l`YX�wYiSX-QSQSRr^Jg"X-Qk[�w/X~[jRr[l\ln9RUQ¶wDn Q�gY}-sdXdQkQjn9RriSX-\lX-gW[�gY}~�
�JcrRU�JXdn9¡YcrX�n9V�wYikXd\_RUXditn ¡/^Jik`�I
©Ng'ijn9RrQS^JgYgYn9gP[tQSVYitQS^9g�^Jik`YiSXm`YXm�JiSn9gY`YX-VYi¤`Y}~[jXdik\lRrgY}|wYik}dsd}-`YXd\_\_XdgP[VU
∂yp ≈ ρ0c20Mδ

2

δ
≈ (∆p)y

δ
≈ 1

Re

∆p
δgY^9VYQ ^J¡a[jXdg�^JgYQ¤n9cr^JiSQ

(∆p)y
c�e�^9iS`YikX�`YX��Jijn9g�`YXdVYiª`YXdQªu9n iSRon�[jRU^9gYQN[jijn gYQku9XdiSQkXdQt`YX�con�w�iSXdQkQSRr^Jg�`Dn9gYQ

cUn�sd^JVYs�M�X�crRU\_Rr[jX]Xdg�pF^JgYs~[jRr^Jg�`YX
∆p
c�e�^Jik`YiSX|`�XZ�9ijn9gY`�XdVYi¤`YX-Q]u n9ikRon [SRU^Jg�Q�cU^Jg��JRr[SVY`YRUgYn9cUX-Qdv

(∆p)y =
1

Re

∆p

±5XdQZu n9iSRUn [jRr^JgYQ|[jiSn9gYQku9XdikQjn9crXdQ�`YXlcon�wYiSX-QSQkRU^Jg Qk^JgP[�`Y^9gYs�gY}-�JcURr�JX�n ¡YcUX-Q�n V¸iSX-�Pn9ik` `YXdQZu n9iSRUn [jRr^JgYQ
cr^JgY�JRK[jVY`YRrgDn9crXdQ·X~[ cUnmw�iSXdQkQSRr^Jg�w<XdV�[ `Y^JgYs g-[SiSX]sd^Jg�QSRU`�}diS}-X 6�,8:���2@0��¸E QkVYRru n9gP[�c½ef}dwDn RUQSQkXdVYi�X-[ª}d�Jn9cUX
�¶con�w�iSXdQkQSRr^Jg � conqpFik^JgP[jRrbdiSX|`�XZcUn�sd^JV�s�MYX�crRU\_Rr[SX9I
©Ng'iSX-u9XdgDn gW[�n9V � u9n iSRon ¡YcUX-Q�`YRU\_Xdg�QSRU^9gYgY}dX-Q�UDgY^9VYQtiSX-[SiS^JVauJ^JgYQ]cUX-Q
?A��6�B�.3:F2<,8� 7J2<,8�-EA0 � B�.3: � EA� 4�E»7J2<687���E�C�:�� :�.1E v







∂tρ+ ∂x(ρu) + ∂y(ρv) = 0

∂t(ρu) + ∂x(ρu
2) + ∂y(ρuv) = − ∂p

∂x
+ µ∂2u

∂y2

∂t(ρv) + ∂x(ρuv) + ∂y(ρv
2) = −∂yp+ µ(4

3
∂2v
∂y2 − 1

3
∂2u
∂x∂y

)

∂t(ρE) + ∂x[(ρEu+ pu] + ∂y[(ρEv + pv] = 4
3
µ ∂

∂y
[u∂u

∂y
] +K ∂2T

∂y2

����IKH1� �

n�uJX-s�c�e�}-gYXdik�JRUX�[j^9[jn9cUX|QkRU\_wYcUR � }dX·v
ρE = 1

2
ρu2 + ρe

±Nef}dTWVDn [SRU^Jg�`YXmsd^9gYQSX-iku n [jRr^Jg�`YXmcon¶\ln9QSQkXZg�ezn¶wDn9Qt}~[j}m\l^A`YR � }dX I
� n gYQ c�e�}-TAVYn [jRr^Jgl`�X�c�e�Rr\lwYV�cUQSRr^Jg¶cU^9gY�JRr[SVY`YRrgDn9cUX@U9^JglgY}d�9cURU�9X]crXdQ�[jX-iS\_XdQ�`YX�`YRK¨�V�QSRU^9glcr^JgY�JRK[jVY`YRrgDn9crX
w<^JVYi¤gYXms-^JgYQSX-iku9Xdi�TWVYXmcUn `�Rr¨/VYQSRr^Jg�QSVYRKu n9gP[tc½ef}dwDn9RrQSQkXdVYi �

µ∂2u
∂y2

� I
� n gYQ�cUX�¡YRUcUn9g�`�X�c½ef}dgYX-iS�JRrX^U<^Jg»gY}-�JcURr�JX�c�e�}-gYXdik�JRUX�sdRrgY}-[SRUTWVYX�n QSQS^AsdRr}dX �lconluARr[SXdQkQSXq[Sijn9gYQhuJX-iSQjn cUX�u
�F}dgYX-iS�JRrXZ[S^9[�n9crX�QkRU\_wYcUR � }dX �0UYcrXdQ][jXdik\lX-Q�cr^JgY�JRK[jVY`�RUgDn9V���w/^9VYi�cUn_w�iS^A`YVYs-[SRU^Jg�`YX�[SXd\_w/}-ijn [SVYiSX�wDn9i
pFikRUs-[SRU^Jg �FpF^JgYs~[jRr^Jg `YXt`YRUQkQSRUwYn [jRr^Jg¶QSRr\lwYcrR � }-X	��X-[�con|sd^9gY`YVYs~[jRU^9g [SMYXdik\lRrTWVYXtcU^JgY�9Rr[jV�`YRUgDn cUX �

K ∂2T
∂x2

�~I
±5XdQtikXdcon�[jRU^9gYQ [jM�XdiS\_^A`�OAgDn9\_RUTWVYXdQ¤g�XZQk^JgP[]wDn9Qt\l^A`YR � }dX-QdI
�]^JVYQ5iSX~[jik^JV�uJ^9gYQ8`�^JgYsNcUX-Q �����¸EA� ?A��6�B�.3:F2/,�� TWVYX�`Dn9gYQ�cUX¬s�n9Q�n9}-iS^A`�OAgDn9\_RUTWVYX·sdn9i5gY^JVYQ�g�e�n�uJ^Jg�Q
wDn Q]X-gYsd^9iSXmQSRr\lwYcrR � }�`YX|[jX-iS\_XdQtiSX-con [SRrpFQ¤n9V'gY^J\q¡YiSX|`YX�{�n s�M

M
I

� ���8032 ��: � B�.3:F2/,���4�BD,���C��K?A7J2<6�C;E��¸EA,/.¶��0�:�,�7P:F�8BDC��
Sh << 1 �

©·¨�X-s-[SVY^JgYQªcUXdQ�\"gd\_XdQ�n9wYw�iS^��aRU\ln [jRr^JgYQN`Dn9g�Qªc�e�}-sd^JVYcrXd\_XdgP[�wYiSRrgYsdRrwDn9c ��[jX-iS\_XdQ�Xdg
δ
2 gY}d�JcrRU�J}-Q �

X~[�g�}d�JcrRU�JX-^JgYQ¤n9V�QSQSR�crXdQ�[jX-iS\_XdQt`YV'QSX-sd^JgY`'^Jik`YiSXmXdg
Sh
I

§J§
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±5X-Q]}-TWVDn [jRr^JgYQ]n9`YRr\lX-gYQSRr^JgYgY}-XdQ¤Q-e�}-sdiSRKuJX-gW[�n9cr^JiSQ�v






∂ρ
∂t

+ (1 +M)
(

∂ρu
∂x

+ Sh
∂ρv
∂y

)

= 0

(1 +M)
(

∂ρu
∂t

+M(∂ρu2

∂x
+ Sh

∂ρuv
∂y

)
)

= − ∂p
∂x

+
´ � 1

Re

�

( (1 +M)
(

∂ρv
∂t

+M [∂ρuv
∂x

+ Sh
∂ρv2

∂y
]
)

= − ∂p
∂y

+
´ � 1

Re

U
S2

h

�
)

1
(γ−1)

(
∂ρe
∂t

+ (1 +M)(∂ρue
∂x

+ Sh
∂ρve
∂y

)
)

+ ψ + χ =
´ � 1

Re

U
S2

h

�

����IKH�§��

n�u9XdsZw/^JV�i¤c½ef}dgYX-iS�JRrX|sdRUg�}-[jRrTWVYX
χ = M(1 +M)

(
∂
∂t

[1
2
ρu2] +M( ∂

∂x
[1
2
u2ρu] + Sh

∂
∂y

[1
2
u2ρv])

)

X~[
ψ = (1 +M)

(
∂pu
∂x

+ Sh
∂pv
∂y

)

� ^J\_\_X|`Dn9gYQtcon�s-^JVYs�MYXmcrRU\_Rr[jX@Uac�e�}-TWVDn [jRr^Jg�`YXmc½efRU\_wYVYcrQSRr^Jg_[Sijn9g�QkuJX-iSQkXqgYX�p;n9RK[¤RUgP[SXdiku9XdgYRritTAV�X
`�XdQm[jXdik\lX-Qmw/X~[jRr[SQm\�n9RrQ|gY^Jg gY}d�9cURU�9X�n9¡YcrXdQ ��sdX~[q^9iS`YikX_`�ezn9w�wYiS^��aRU\ln [jRr^Jg�I/°�RUg�QSR U�cUX �Jijn `YRUX-gW[m`�X
w�iSXdQkQSRr^Jg�g�e�X-Qk[]wDn9QtgY}-sdXdQkQjn9RriSX-\lX-gW[�gWVYc½I
©Ng«iSX~uJXdgYn9gP[Zn9V � u n9ikRon9¡�cUXdQ]`YRr\lX-gYQSRr^JgYgY}-XdQ�U/^Jg»^J¡�[SRUX-gW[ 7J2�� �¸E 4�BD,���C;E 7JBD��BY?W03254 ��,�BA�

�¸:���6�E crXdQ¤}-TAVYn [jRr^JgYQt`�e�©�V�cUXdi�v






∂tρ + ∂x(ρu) + ∂y(ρv) = 0

∂t(ρu) + ∂x(ρu
2) + ∂y(ρuv) = −∂xp

∂t(ρv) + ∂x(ρuv) + ∂y(ρv
2) = −∂yp

∂t(ρE) + ∂x[(ρEu+ pu] + ∂y[(ρEv + pv] = 0

����IKH3x �

n�u9XdsZc½ef}dgYX-iS�JRrX�[j^9[jn9cUX�QkRU\_wYcUR � }dX¬v
ρE = 1

2
ρu2 + ρe

�tXd\ln9ikTAV�XdQ�v
J¼°�s-X-[�^JiS`�iSX `�ezn wYwYiS^��aRU\ln [SRU^Jg
UªiSRrXdg¾gYX w<Xdik\lX~[�`�ezn%'_ik\lX-i'TWVYX c½ef}ds-^JVYcrXd\_XdgP['wYiSRrgYsdRrwDn9c
XdQk[ \_^JgY^A`YRr\lX-gYQSRr^JgYgYX-c½I8{�n9RrQ¶QSR�gY^9VYQ }-[jX-gY`Y^Jg�Q_c�ezn wYwYiS^��aRU\ln [SRU^Jg n9V � [SXdik\lX-Q¶`�e�^9iS`YikX»H
Xdg

Sh
UNQk^JRr[_wYV�RUQSTWVYX

h < λ
n9VYQkQSR�n9V ��[SXdiS\_XdQ X-g 1√

Re

U�c�e�}-sd^JV�cUXd\_XdgP[ wYikRUgYs-RUwDn c¤`YX-uARUX-gP[
\l^Jg�^a`YRr\lX-gYQSRr^JgYgYX-c U@con�uARK[jXdQkQSX_X-[mcrX¶�Jijn9`�RUXdgP[m`YX wYikXdQkQSRU^9g«[Sijn9g�QkuJX-iSQkXdQqg�}d�JcrRU�JXdn9¡YcUX-Q�`Dn9g�Q
conmsd^JVYs�M�X|cURU\_Rr[SX9IJ{�n9RUQ�^Jg�u9XdikijnqwYcrVYQ cr^JRUg_TWVYX�c�e�^9g n9gYg�RUMYRrcUX]n9cU^9iSQ�cUX]sd^JV�wYcon9�9X�n�uJX-s�cUXt³DV �
n9sd^JV�Qk[jRrTWVYXmwYiSRrgYsdRrwDn9c½I

J L¬n9i8sd^JgP[jikX^U�gY^JVYQ¬n�uJ^JgYQ�uAV¶Xdg��aIrHJIf§�TWVYX cUXdQ�u n9iSRUn9¡YcrXdQ
W
s�n9iSn9s-[S}dikRUQk[SRUTWVYX-Q¬`YVq³YV ��wYiSRrgYsdRrwDn9c

�;wYikXdQSQkRU^Jg UYuaRK[jX-QSQSXmcr^JgY�JRK[jVY`YRrgDn9crX^UA`YXdgYQkRr[S}^UY[jX-\lw<}diSn [jV�iSX	�ªu9}dikR � X-gW[�v
∂yW = δ

2

Sh

∆W
h

= 1
ReSh

∆W
h

= (∆W )y

h

I
±�ef^Jik`YiSX `�X �Jijn gY`YXdV�i

(∆W )y
`YX-Q�u9n iSRon�[jRU^9gYQ|[jijn gYQku9XdiSQkXdQ `YX-Q¶TAVYn9gP[jRr[S}dQ

W
`Dn gYQ�cUX_³DV �

§Px
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e��� � �S$�
 � �*� � � �n�
	 �

w�iSRUg�sdRUwYn9c/u9}diSR � Xm`Y^JgYs v
(∆W )y = 1

ReSh
∆Wn�u9Xds

∆W
c½ef^JiS`�iSX|`YXm�JiSn9gY`YX-VYit`YXdQ¤u n9iSRUn [jRr^JgYQ�cr^JgY�JRK[jVY`�RUgDn9crXdQ-I

©Ng QSV�wYw/^9Qjn9gP['TWVYX 1
ReSh

<< 1
U�g�^JVYQ�w/^9V�uJ^Jg�Q'g�}d�JcrRU�JX-i�cUX-Q u n9iSRUn [jRr^JgYQ [jijn gYQku9XdiSQkXdQ�`YX

W
`YX-u n9gP[�QSX-QZu n9ikRon [SRU^JgYQ|cr^JgY�JRK[jVY`�RUgDn9crXdQ�X-[ZcUX�³DV�� wYiSRrgYsdRrwDn9c·w<XdV�[Ag-[SiSX sd^9gYQSRr`Y}dik}lTWVDn9QkRK�

V�gYRrpF^Jik\lX�QSVYRKu9n gW['c�e�}-wDn9RUQkQSX-VYidI �]^JVYQ'iSX~[jiS^9V�uJ^Jg�Q�n9RrgYQSR�VYgYX«MPOaw<^9[SMYbdQkX¸QSRr\lRrcon9RriSX � sdXdcrcUX
`�e�^Jg�`YXmTAVYn9QSR5wYcUn9gYX|`YXZc½e�n9s-^JVYQk[SRUTWVYX|crRUgY}dn9RUikX �;wYn9ijn9�9ijn9wYM�XZyaI yAIrH � I

�,�"+ � 6;&1-E2H9:>h&K�7*A6%+$#1� -1 ,!8>h&K�7*A68�� ,!8>�����.c( *a6$*A+$��( #168���7*A686$#/.7.0#1�
+8! ( *A!$Ca#1( #16�& *a� B �0.7.7>�6�&

��^9VYQ]n9cUcr^JgYQ¤\ln9RUgP[jX-gDn9gP[tgY^JV�Q]iSn9\_XdgYX-i �¶`YX-Q�}-TWVDn [jRr^JgYQtTWVDn9QkRK�²\_^JgY^A`YRr\lX-gYQSRr^JgYXdcrcUX-QªwDn i]Rrga�
[S}d�JiSn [jRr^Jg QSV�i¤c½ef}dwDn9RrQSQkXdVYi¤`YX|cUnqsd^9gY`YVYRK[jX�`YX-Qt}dTWVDn [SRU^JgYQ¤cr^asdn9cUX-Q QkRU\_wYcUR � }dX-Q ^J¡�[SXdgWVYX-Q]w�iS}ds-}d`YX-\ �
\_XdgP[�I
�]^9[jikX�n9wYw�iS^As�MYX�`YRK¨�b-iSX|n9RrgYQSR<`YX�s-XdcrcUX]`YX � MYX-Qk[jX-i�R�� T�iSX-wYiSRrQSX�wYn9i�±NI�{�XdgY�9V�OIRf¢@T�TWVYR/\l^1O9XdgYgYX-gP[
crXdQ�}-TAVYn [jRr^JgYQ¤`YV�³DV � wYiSRrgYsdRrwDn9c<QSVYi¤QSn¶QSXds~[jRr^Jg �;QS^9Rr[�c�e�}-wDn9RrQSQSX-VYi

2(h− δ)
`Dn9g�Q¤gY^9[jikX|s�n9Q �~ID±NefRUga�

[S}d�JiSn [jRr^Jg�QSVYi]con `YXd\_RK��}dwDn RUQSQkXdVYits-^J\lw�cUb-[SX
h
w/X-iS\_X-[�`�ef}dcURr\lRrgYXdi cUXdQ¤[SXdiS\_XdQ]iSX-con [SRrpFQ��_con�uARr[jX-QSQkX

[Sijn9gYQhuJX-iSQjn cUX�TWVYR8XdQk[�gAV�cUcUXqn9V ��¡/^9iSgYX-Q�`YV `Y^9\�n9RrgYXZ`�e�RrgP[j}d�9ijn [SRU^Jg�I/´�g»iSX5`k^JRUgP[�n9RUgYQkR8c�ezn wYwYiS^As�MYX
`YX � RUQkQSX-cUMY^JikQk[ RKH1xfT<TAV�R/\_^1OJXdg�gYX�QkVYi cUnZQkXds-[SRU^Jg�sd^J\_wYcUb~[jXt`YV�[SV�OPn V X-[ ¡YRUX-g�XdgP[SXdgY`YV�c�ezn wYwYiS^As�MYX
`YXZ¯|RUiks�MYMY^9¨ Xdg'cURUg�}�n9RriSX9I

� 
�	 

� & ��!#"%$ & (��'���

��^9VYQ�RUgP[SiS^A`YVYRUQk^JgYQ]`YXqg�^JV�uJX-cUcrXdQ�MPOAw/^ [jMYb-QSXdQ|TWVYR�uJ^JgP[|g�^JVYQ�w<Xdik\lX~[S[SiSXq`�e�RrgW[S}d�JikXdi�cUXdQ�}dTWVDn��
[SRU^JgYQtcr^asdn9cUX-Q¤`YX�w�iS^JwDn �Pn [jRr^Jg�w/^9VYitVYg��JV�RU`YXm`�ef^JgY`YX�� }dwDn9RrQSQkXdVYi�cUXdgP[SXd\_XdgP[tu9n iSRon ¡YcUX|X-g�XdQkwDn9s-X
��uJ^JRri � �JVYikX��aI y � I

J ´�g�QSXZwYcUn9sdX|`Dn gYQtcUX|s�n Q]^n(
Sh << 1

I
J¾±5X»s-^JgY`YVYRK[�¡YRU`�RU\_XdgYQkRU^JgYg�Xdc]XdQk[ � wDn9ik^JR � �aX@U¤`�e�}-wDn9RrQSQSX-VYi

2h(x)
u n9ikRon9gP[�crXdgP[jX-\lX-gW[�X-g

X-QSwDn sdXm[jXdc�TAV�X
sinθ << 1

X-[
ε << 1

n�uJXds
ε = ω

c
∆x1−cosθ

sinθ
≈ ω

c
∆x
(

∆h
∆x

)2 I
ε
X-Qk[Nc�e�X-iSikXdVYi8`YX wYMYn9QSX�ikXdcUn [jRKuJX ��c½efMPOaw<^9[SMYbdQkX�w/X-iS\_X-[k[�n9gP[8`YX�sd^9gYQSRr`Y}dikXdi¬crXdQ�pFiS^JgP[jQ8`�ef^JgY`YX-Q
w�con9gYQ¤`Yn9gYQtVYg�[jiS^9gYs|`YXZs�PJgYX"R H1�fT�I
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 �  �!� ��	���� � ��� ���	�k� � � � � ��� � � 
 � �k� � � � 
"$ $ 
 �E� � � ��� � 
 � 
 � 	I�����"� $g$ � � 	

θ

Se

Si

~neO
�

δ(x + ∆x)

~ni

h(x) h(x + ∆x)

~n

δ(x)

x

������� ��Izy�Jf���6?_� ��#(�8�d2 "_
��
	$h�?%���+"$�)

� RUQh[jRUg��JVY^JgYQ `YXdV ��`Y^J\ln9RUgYX-Q�Uac½efVYg,N�X �a[SXdikgYX0O�`�ezn RUiSX

Se
X-[tc�ezn9Va[jiSX1N�RUgP[SXdiSg�X0O�`�ezn RUiSX

Si
UDn�uJX-s

cUXdQZu n9iSRUn9¡YcUX-QmRUgP[jX-iSgYX-QqX-[qX��A[jX-iSgYX-Q
Wi
X-[
We
X-[qcUXdQ�gY^Jik\�n9crXdQmX��A[S}diSRrXdVYikXdQ¶n V � `YXdV �¸`Y^ �

\�n9RrgYXdQ¤ikXdQkw/X-s-[jRKuJX-\lX-gW[
~ni
X~[
~ne
I

J � ^JgP[jRUgWVYRK[j}�`�XdQt�Jijn gY`YXdV�iSQtX-[t`YX|crXdVYi¤�9ijn9`YRrXdgP[��¶c½efRUgP[SXdikp;n sdX�X-gW[SiSXmcUX-Q¤`YXdV���`Y^J\ln9RUg�XdQdIY´�g
w/X-V�[�n9RUgYQkR�QS^9ik[jRri�cUX-Qt`Y}dikRruJ}-XdQt[jX-\lw<^JiSX-cUcrXdQ�`YV'QSRr�JgYX|RrgW[S}d�JiSn9cUX@U
QS^JRK[tw/^JV�i¤conqu n9iSRUn9¡YcrX�`YRU\_Xdg�QSRU^9gYgY}dX�u9}dikR � n9gP[

Wi|δ = We|δ
v

∫ δ(t)

0

∂tWidy +

∫ h

δ(t)

∂tWedy = dt

[∫ δ

0

Widy

]

− dt[δ].Wi|δ + dt

[∫ h

δ

Wedy

]

+ dt[δ].We|δ

= dt

[∫ δ

0

Widy +

∫ h

δ

Wedy

]

� X-[S[SX�iSX-\�n iSTWVYXqQ-ezn wYwYcURrTWVYX �_[j^JV�[SXdQ�cUXdQ]u n9iSRUn9¡YcUX-Q�UDX-g»wDn9ik[SRUs-VYcURrXdi¤con uARr[jX-QSQkXq[jiSn9gYQku9XdikQjn9crX
uJ}dikR � Xm¡YRrXdg�cUX|iSn9sds-^JiS`�Xd\_XdgP[]XdgP[jikX�crXdQ¤`YX-V �'`Y^J\ln9RUg�XdQdI
±�X-Q|[jXdik\lX-Qm`YX_³YV �«QS^9gW[�QSRr\lw�cUR � }dQ�X-g V�[SRUcrRUQjn gW[|±�n pF^Jik\�VYcrX¶`YXl�A[j^:9 XdQZTWVYR�gY^JVYQmw<XdiS\_X-[
`YX|[jijn gYQkpF^Jik\lX-i¤cUX-Q¤RUgP[j}-�Jijn9crXdQ¤`YXmQkVYikp;n9s-XmXdg'RUgP[j}-�Jijn9crXdQ¤`YXms-^JgP[j^JVYi�v

∫

S

(div ~W )dS =

∫

∂S

~W.~n d(∂S) =

∫

∂Si

~Wi.~ni d(∂Si) +

∫

∂Se

~We.~ne d(∂Se)

´|g�n¶`Y^JgYsm`YX-V �'`Y^J\ln9RrgYXdQ�sdn9ijn s-[j}-iSRrQS}dQ]wDn9i¤`�XdV �'QhOaQh[jb-\lX-Q�`�ef}dTWVDn�[jRU^9gYQtX-[]^Jg'`Y}ds-^J\lw<^ �
QSXdiSn_crXdQtn9Va[jiSX-QtRUgP[j}-�Jijn9crXdQ¤`YXmQkVYikp;n9s-X�`�XZcUnqp;n��d^9g'QkVYRru n9gP[SX·v

∫

S

WdS =

∫ x+∆x

x

(∫ Sh

0

Widye +

∫ 1

Sh

W edye

)

dx

=

∫ x+∆x

x

(

Sh

∫ 1

0

Widyi +

∫ 1

Sh

W edye

)

dx

n1u9Xds
ye = y

h
= Sh yiJ ��^JVYQqgY}d�JcrRU�JX-^JgYQ�`Dn9gYQ�c�e�}-sd^JV�cUXd\_XdgP[qwYiSRrgYsdRrwDn9c�cUXdQ�[jXdik\lX-Q�Xdg 1

ReSh

X~[¶con's-OAcURrgY`YiSRrsdRK[j}_`YV
pFiS^JgP[Z`�ef^JgY`YX@U�^9g w<XdV�[�`Y^Jg�s_s-^Jg�pF^Jg�`YiSX_con u n9cUX-VYi|`YX-Qq�JiSn9gY`YX-VYiSQZn�uJX-s�cUX-VYim\l^1O9XdgYgYX_QSV�i
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e$ � ������� � � �!	�� � ��� � ��� $ � �# �%�g��
e��� � �S$�
 � �*� � � �n�
	 �

c�e�}-wDn9RrQSQSX-VYi¤X-[]}-sdiSRriSXmn9cr^JiSQ��5v
∫ 1

Sh

Wedy ≈ We(1 − Sh) +O

(
1

ReSh
,ε

)

©Ng'wDn9ih[jRUs-VYcURrXdi7UacUn w�iSXdQkQSRr^Jg�XdQk[�VYgYRKpF^JiS\_X�QkVYi¤[j^JV�[SXmc½ef}dwDn9RrQSQkXdVYi¤`YV�[jV�¡/XmX-[]^Jg�}-sdiSRrijn�v
p = pe +O

(
1

Re
,

1

ReSh
,ε

)

±5XdQ¬`Y}-[jn9RUcrQ¬`YX-QNs�n9crsdVYcrQ¬\_XdgDn9gP[�n V ��}-TWVDn [jRr^JgYQ·TWVDn QSRK��\l^9gY^a`�RU\_XdgYQkRU^JgYg�XdcUcrXdQ5`YV \_^JV�u9Xd\_XdgP[NQS^9gW[
wYik}dQkXdgP[j}-Q�Xdg�n9gYg�X��aX � I

��6�� ;�C1_OH�F]F]HPJ�<mZQXlJ 9 Xk_dCQ<mZQA�C�@��KU�H�A%D XB_dCQ<?C�H�UVD�F];�<>U*ZQ@OUV;�U�Z =?@BD N8;�C�< ;�Y�=?@BD ;�JK<>F]@BUVD�<?H�UVU�XO@kD�DQ;�U%D D�A�CQ=?<>W�U�@OF]@OU*Zk6
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 � �k� � � � 
"$ $ 
 �E� � � ��� � 
 � 
 � 	I�����"� $g$ � � 	

� 
�	�
 	 !"���)�%$'��"��)�����)� �*��� � "��)"�
)� � ��� �'��"�� � ���
������
 � � "�� � � � ��� $

�]^JVYQ�w<^JV�uJ^9gYQ�`Y^JgYs�`Y}ds-iSRUikX con wYiS^JwYn9�Pn [SRU^Jg>`Dn9gYQ�VYg¼�9VYRU`YX�wDn9i crX�QkOAQh[jbd\_X»`�ef}dTWVDn [SRU^Jg�Q
RrgP[j}d�9iS^ ��`YRr¨/}dikXdgP[jRrXdcUcrXdQ n9`YRU\_Xdg�QSRU^9gYgY}dX-Q¤QSVYRKu n9gP[5v







∂t

[

ρe − Sh

∫ 1

0
(ρe − ρi)dy

]

+ (1 +M)∂x

[

ρeue − Sh

∫ 1

0
(ρeue − ρiui)dy

]

= 0
� BD���dE

(1 +M)∂t

[

ρeue − Sh

∫ 1

0
(ρeue − ρiui)dy

]

+

M(1 +M)∂x

[

ρeu
2
e − Sh

∫ 1

0
(ρeu

2
e − ρiu

2
i )dy

]

= −∂xpe − Sh ∂yui|y=0:��¸�¬6�C;��:;2<,

1
γ−1

∂t

[

ρeee − Sh

∫ 1

0
(ρeee − ρiei)dy

]

+
1

γ−1
(1 +M)∂x

[

ρeeeue − Sh

∫ 1

0
(ρeeeue − ρieiui)dy

]

+

(1 +M)∂x

[

peue − Shpe

∫ 1

0
(ue − ui)dy

]

+

M(1 +M)∂t

[
1
2
ρeu

2
e − Sh

∫ 1

0
1
2
(ρeu

2
e − ρiu

2
i )dy

]

+

M2(1 +M)∂x

[
1
2
ρeu

3
e − Sh

∫ 1

0
1
2
(ρeu

3
e − ρiu

3
i )dy

]

= −Sh ∂yTi|y=0?a,�EW03=/:FE

����IKH1� �

�]^JVYQmiSX~[jik^JV�uJ^9gYQ�`Yn9gYQmcUX-Q|}dTWVDn [SRU^JgYQZn9`�RU\_XdgYQkRU^JgYg�}dXdQ|RrgP[j}d�9iS}dX-Qm`YV \_^JV�u9Xd\_XdgP[ZcUX¶gY^9\�¡YiSX¶`�X
{�n9s�M X-[�cUXmgY^J\q¡YiSXZ`YXqs-RUQSn9RUcrcUXd\_XdgP[

Sh
U@crX�wYikXd\_RUX-i]\_XdQkVYijn gW[�c½efRU\_w/^9ik[�n gYsdX|`YX-Q�gY^9ga�²crRUgY}dn9iSRK[j}dQ7U

crX|QSX-sd^JgY`�\lX-QSVYiSn9gP[]c½efRU\_w/^Jih[�n9g�sdX�`�XdQtX-¨/X-[SQ]uARUQksd^9[SMYXdik\lRrTWVYXdQ]n9V ��wDn9iS^9RUQdI
±5X-Q�[jX-iS\_XdQ�`�ef^Jik`YiSX

Sh
n QSQS^AsdRr}dQ�w�iS}ds-}d`YX-\l\_XdgP[ ��c�e�X �aRUQk[SXdgYs-X�`�efVYgYX�uARr[SXdQkQSXq[Sijn9gYQhuJX-iSQSX `Dn gYQ�cUX

³YV ��wYikRUgYs-RUwDn c�s�n ijn9s~[j}dikRUQkXdgP[tRUs-R�cUX�sd^JV�wYcon9�9X|n�uJXdsmcUnqsd^JV�s�MYXmcURU\_Rr[SX9IW°�RrgYQSRiUaQkVYwYwYikRU\_Xdi�crXdQ [SXdik\lX-Q
X-g

Sh
iSX~uARUXdgP[ �_n9gYgWVYcUX-i¤sdX~[S[jXmuARr[SXdQSQkX|[jijn gYQku9XdiSQkXqX~[ � n9g�gYRUMYRrcUX-i cUX|s-^JVYwYcUn9�JX I

��n [jV�iSXdcrcUX-\lX-gW[�U/`�XdQ�[jX-iS\_XdQ�`�e�^Jik`YiSX
M
U
M2 X-[ M3 n9w�wDn9ijn RUQSQkXdgP[|ikXdQSw<Xds~[jRKuJXd\_XdgP[Z`Dn9g�Q�c½ef}dTWVDn��[SRU^Jg�`�X�cUn�\�n9QkQSX@UD`YXmc½efRU\_wYVYcUQkRU^JglX-[]`YXmc½ef}dg�XdiS�9RUX9I

� XdQ¤[jX-iS\_XdQtsd^J\q¡YRUgDn gW[�cUXdQ¤`�XdV ��g�^J\�¡YikXdQtQjn9g�Q]`�RU\_XdgYQkRU^Jg�Qk^JRr[¤ikXdQkw/X-s-[jRKuJX-\lX-gW[
MSh

U
M2Sh

X~[
M3Sh

n9wYwDn9iSn9RUQkQSX-gW[�n9VYQkQSR½I�� XdQ�[jXdik\lX-Q�n9QkQS^AsdRr}dQqw�iS}ds-}d`YX-\l\_XdgP[ n V � ³DV �¸gY^Jg crRUgY}dn9RUikXdQ|[jiSn9gYQh�
u9XdikQSXdQZ`Dn9g�QZcrX�s�MDn9\_w n9sd^JV�Qk[jRrTWVYX¶wYiSRrgYsdRrwDn9c8s�n9iSn9s-[S}diSRrQSX-gW[ZRrsdR¬c�e�Rrg�³DVYX-gYsdX¶`�XdQmgY^Jga��cURrgY}�n9ikRr[S}dQ�`�X
s-^JVYs�MYXZcURr\lRK[jX]QSVYitcUn w�iS^JwDn �Pn [jRr^Jg�gY^JgA�²cURrgY}�n RUiSX I
©Ng'iSX-u9XdgDn gW[�n9V ���Jijn9g�`YXdVYikQt`YRU\_XdgYQkRU^Jg�gY}dX-Q¤X-[]Xdg'iSX-\�n9ikTWVDn9gP[tTWVYX�QkVYRr[SX �¶c½efRUgP[j}-�Jijn [SRU^Jg�cUXdQ

�9ijn9gY`�XdVYikQ�QS^JgP[|`�} � gYRrXdQ|wDn i�VYgYRK[j}�`YX�cU^9gY�JVYX-VYi �FwDn9i�X �aXd\_wYcUX �
ρe
sd^9iSiSX-QSw<^JgY`

hρe
V�gYX�\ln9QSQkX
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e$ � ������� � � �!	�� � ��� � ��� $ � �# �%�g��
e��� � �S$�
 � �*� � � �n�
	 �

crRUgY}-RUTWVYX	� U�^Jg'^J¡�[SRUX-gW[tcrXdQ�[SiS^JRrQ¤}dTWVDn [SRU^JgYQtRrgW[S}d�Jik^ �²`�Rr¨/}diSX-gP[jRUX-cUcrXdQ cr^asdn9cUX-Q�QSV�Rru n9gP[jX-Q�v






∂t

[

hρe −
∫ δ

0
(ρe − ρi)dy

]

+ ∂x

[

hρeue −
∫ δ

0
(ρeue − ρiui)dy

]

= 0
�¸BD���dE

∂t

[

hρeue −
∫ δ

0
(ρeue − ρiui)dy

]

+

∂x

[

hρeu
2
e −

∫ δ

0
(ρeu

2
e − ρiu

2
i )dy + hpe

]

= pe∂xh− µ ∂ui

∂y

∣
∣
∣
y=0:��¸�868C;��:F2/,

∂t

[

hρeEe −
∫ δ

0
(ρeEe − ρiEi)dy

]

+

∂x

[

hρeEeue −
∫ δ

0
(ρeEeue − ρiEiui)dy + hpeue − pe

∫ δ

0
(ue − ui)dy

]

= − K ∂Ti

∂y

∣
∣
∣
y=0?a,�EW03=/:FE

����IKH3µ �

^�(
µ ∂ui

∂y

∣
∣
∣
y=0

`Y}dQkRU�JgYXqcon 7J2<,/.103BD:;,/.1E � :;����6�EA68�-E ��cUn�wDn9ik^JR¬X~[
K ∂Ti

∂y

∣
∣
∣
y=0

cUX � 6 � 4�E 7���BDC;EA6�0
��BY0�:;?P.1BYC I
±5XdQ8[jXdik\lX-Q·RUgP[S}d�JiSn9cUX-Q¬`Y}-QSRU�9gYXdgP[�cUX-Q·`Y}~p;n9V�[jQ¬`YXdQN`YRK¨�}-iSX-gW[SXdQ·u n9ikRon9¡YcrXdQ�X-[�crXdVYi8`Y}-p;n9Va[N`YX�`Y}-¡YRr[�U9X-g
wDn ik[jRrsdVYcrRUX-i�cUX 4�? �½BD6�.�4�E �¸BD�d�dE ∫ 1

0
(ρe−ρi)dy

X-[8cUX 4�? �½BD6�.�4�E�4�?A�8:�. � BD���dE ∫ 1

0
(ρeue−ρiui)dy

I
� E��¸BY0���6�EA� �
H9I�´�g�iSX~[jik^JV�uJX-ijn9RK[]cUXdQ¤\"gd\_XdQ¤}-TWVDn [jRr^JgYQt`YRr\lX-gYQSRr^JgYgY}-XdQ¤`Dn9g�Q]crX|s�n9Qt`YXZc½e�n9}-iS^A`�OAgDn9\_RUTWVYX9I
yAI�´�g�w<XdV�[]iSX-cURrXdi�crXdQt`Y}-p;n V�[jQt`YX-Q]`�Rr¨/}diSX-gP[jXdQ]TWVDn9gP[jRK[j}-Q �¶`YX-Q�}-wDn9RrQSQSX-VYiSQ � s~[jRru9XdQ�Rf�@T½I
�A^JRr[

δ
c½e@}dwDn RUQSQkXdVYi�`YXqcUnlsd^9VYs�MYX�crRU\_Rr[jX@UYTWVYXdc8XdQh[�cUX�`Y}dw�con9s-Xd\_XdgP[�uARUih[jVYX-c

d
`YXdQ�wYn9iS^JRrQ�X-g

³YVYRU`YX|wYn9ikp;n9RK[¤TWVYR5w<XdiS\_X-[]`�ef^J¡�[SXdgYRri¤cUX|\"gd\_X�³DV �'`�XZ\ln9QkQSXmTWVYXm`Dn9gYQtcon¶s-^JVYs�MYXZcURr\lRK[jX��
±�n � �JVYikX»��I�� QSs�M�}d\ln [jRrQSX crX�wYikRUgYs-RUw<X�`�X�[jiSn9gYQkpF^9iS\ln [jRr^Jg>`�V"³DVYRr`YX�uARUQkTWVYXdV �
Xdg"³YVYRU`YX
wYn9ikp;n9RK[¤}dTWVYRKu n9cUX-gW[dI

x9­



�����!� ��� 	  "� �"�!	�� � � � 
 �  �!� ��	���� � ��� ���	�k� � � � � ��� � � 
 � �k� � � � 
"$ $ 
 �E� � � ��� � 
 � 
 � 	I�����"� $g$ � � 	

y

x

n �

ρu
ρeue

d

δ

¡��

������� �aIz� J � � #(�)�>#(.��0� "_� "_��� F ���W��"+���
uM��?s� ��"_� 	 �G��" �)��� ��
��
©�g�QSVYw�w/^JQSn9gP[�TWVYXZc½ef^Jg'X��A[jiSn9w<^JcUXmcUX|s�MYn9\lw�X��A[jX-iSgYX'`kVYQkTAV�e ��cUn¶wDn9iS^9R�uaRrik[SVYXdcrcUX^U�c½ef}d�Pn9crRUQSn��
[jRU^9g�`YXdQt³DV ��Q-e�}-sdikRr[5v
∫ δ

0
ρiuidy =

∫ δ

d
ρeuedy =

∫ δ

0
ρeuedy −

∫ d

0
ρeuedy =

∫ δ

0
ρeuedy − dρeueQS^JRK[

ρeued =
∫ δ

0
(ρeue − ρiui)dy

��^JVYQlw/^9V�uJ^Jg�Q X-¨/Xds~[jVYX-i cUX'\,g-\lX'ijn RUQS^9gYgYXd\_XdgP[ n1u9Xds crXdQlTAVYn9gP[jRr[S}dQl`YX�\_^JV�u9Xd\_XdgP[ X~[
`�e�}-gYXdik�JRUX I
±�n gY^ [jRU^9g¼`YX»`Y}dw�con9s-Xd\_XdgP['XdQk[�pFik}dTWVYXd\_\_XdgP[�V�[jRrcURrQS}dX�Xdg n9}dik^a`�OAgDn \lRrTAV�X Qk[jn [jRr^JgYgDn9RriSX
w/^JV�i]s-^JVYwYcrXdi]con sd^JV�s�MYXqcrRU\_Rr[jX�X-[�cUX|³DVYRr`YX�wYn9ikp;n9RK[�ID©NcrcUX|XdQh[|n9V�QSQSR�wDn9ihpF^JRUQtV�[SRUcrRUQS}-X|`Dn9gYQ]cUX
s�n9Q�`YV_sd^JVYw�con9�JXt`YX-Qª}-TWVDn [jRr^JgYQ�`YX]sd^JV�s�MYX�crRU\_Rr[jXªsd^J\_wYikXdQSQkRU¡YcrXtn�uJXds�cUX-Q�}-TWVDn [jRr^JgYQ�`�e�©NVYcUX-i
RKH1­fT½I<±Ne�}-wDn9RrQSQSX-VYi�`�Xq`Y}-wYcon9s-Xd\_XdgP[�XdQk[�n9cU^9iSQ]RUgP[jX-iSwYik}-[j}-Xqs-^J\l\_XmVYgYXZ³DVYs-[SVDn [SRU^Jg�X-¨/Xds-[SRru9X
`YX»con¸�9}d^J\_}-[SiSRUX�`YV wYiS^9¡YcUb-\lX I�L8^9VYi�sdX-conbUªcUXdQ n9V�[jX-VYiSQ�Va[jRUcrRUQkXdgP[�cUX-Q }dTWVDn�[jRU^9gYQ `�e�©NVYcUX-i
TAVYn9QSR �²\_^JgY^A`YRU\_XdgYQkRU^Jg�gYXdcrcUXdQ]w<^JVYi|VYgYX �J}-^J\_}-[jikRUX�w�VYcUQSn9gP[jX TWVYX c½ef^Jg«w/X-V�[m^J¡�[SXdgYRri|Xdg RUga�
[j}d�9ijn9gP[_cUX-Q_}-TWVDn [jRr^JgYQ_`YRr¨/}dikXdgP[jRrXdcrcUXdQ¶`�V ³DV�RU`YX'wDn9ihp;n9Rr[¶QkVYi_VYg>u9^JcUVY\_X �;^JV VYgYX'QSV�ikp;n9s-X
Xdg¸y � ��u n9iSRUn9gP[|cUX-gW[SXd\_XdgP[ZXdg XdQkwDn9sdX_X-[ZX-g [SXd\_wYQ�RKH1µfT½I�±5X-QZ}-TWVDn [jRr^JgYQm`YX sd^9VYs�MYX_cURU\_Rr[SX
QS^JVYQ¶pF^Jik\lX�RrgP[j}d�9ijn9crX QS^JgP[_QSRr\lw�cUR � }dXdQq\l^1OJX-gYgDn9gP[lcon s-^JgYgDn9RrQSQSn9gYsdX'QSX-\lR Xd\_wYRUikRUTWVYX�`YX-Q
wYiS^ � cUQt`YXmuaRK[jX-QSQSX�`Dn9gYQ]con sd^9VYs�MYXqcrRU\_Rr[SX �;\_}-[SMY^A`YX�`�XZ£�^Jg�¯mn9iS\ln9ga�²L8^JM�cUMDn9V�QSXdg Rf�@T � U@cUXdQ
RUgYs-^JgYgWVYXdQ|}~[�n9gP[mcrXdQ�`Y}~p;n9V�[SQ�`YXdQmTWVDn9gP[SRr[j}-Q�wYMPOAQSRrTAV�XdQ �;iSX-cURr}dQ�n V � `�Rr¨/}diSX-gP[jXdQ|}-wDn9RrQSQSX-VYiSQ �
X-[ con»s-^JgP[jijn RUgP[jX�wDn iSRU}~[�n9crX9I¬±�efRU`�}dX�XdQh[_`Y^JgYs�`YX�¡<^JVY�JX-i¶cUXdQ¶wYn9iS^JRrQ¶`YV ³DVYRr`YX�wDn9ikp;n Rr[quARUn
c½ef}dwDn9RrQSQkXdVYi¤`YXm`Y}-wYcon sdXd\_XdgP[dI
°�RUg�QSR U5g�^JVYQ�n�u9^JgYQ�`Y^9gYs�X-QSQjn�O9}�`Dn9gYQZVYg wYikXd\_RUX-iZ[SXd\_wYQ�`�e�RrgW[S}d�JikXdi�cUXdQZX-¨/X-[SQq`YXlsd^JV�s�MYX
cURU\_Rr[SXqX-g¸V�[SRUcURrQjn9gP[mcrXdQm}dTWVDn [SRU^Jg�Q�`�e�©NVYcUX-imTAVYn9QSR �²\_^JgY^A`YRU\_XdgYQkRU^Jg�gYXdcrcUXdQ�w/^9VYimVYgYX�QkXds~[jRU^9g
wYVYcUQSn9gP[jX�R H1­@T�I ��^JVYQªn�uJ^Jg�QªX-V n9cr^JiSQN`YX-Qª`�Rg'_sdVYcK[j}-Q �|Rr`YXdgP[jR � Xdi�c�e�}-wDn9RUQkQSX-VYi�`YXt`Y}dwYcUn9sdX-\lX-gP[
sd^J\_\lX�VYgYX|wYV�cUQjn�[jRU^9g�X-¨/Xds-[SRru9X|`YXdQ¤wDn iS^JRrQdIYL�^JVYi¤`Y^9gYgYXdi¤V�gYX|RU`Y}-X|`YXdQ¤`�Rg'_sdVYcK[j}-Q�iSX-gYsd^JgA�
[jiS}-XdQ7U�sd^9gYQSRr`Y}dik^JgYQ�c�e�}-TAVYn [jRr^Jg�`YXqcon \�n9QkQSX�w<^JVYi�VYg�[SV�OPn9V»`�iS^JRK[�TWVDn9g�`»RUc5O nl`YXdQ�w<Xdih[jX-Q
uaRrQSs-^ ��[SMYXdik\lRrTAV�XdQdv

∂t

[

ρe −
2

R

∫ δ

0

(ρe − ρi)dy

]

+ ∂x

[

ρeue −
2

R
ρ0

∫ δ

0

(ue − ui)dy

]

= 0

±�ef}dTWVDn�[jRU^9g `YX�con \ln9QSQkX�w/^9VYi�VYg [jVaOPn9V `YiS^9Rr[�TWVDn gY`�RUcªO n»`YXdQ¶\_^JV�u9Xd\_XdgP[jQ `YX�wDn iS^JR
xAH
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e$ � ������� � � �!	�� � ��� � ��� $ � �# �%�g��
e��� � �S$�
 � �*� � � �n�
	 �

Q-e�}-sdikRr[�v
∂t [Sρe] + ∂x [Sρeue] = 0n�u9Xds
S = π(R− d)2 ≈ π(R2 − 2Rd)

Qk^JRr[

∂t

[

ρe −
2

R
dρe

]

+ ∂x

[

ρeue −
2

R
ρ0ued

]

= 0
����IKH1¢ �

{�n9RUgP[jX-gDn9gP[VUD^9VY¡YcURr^JgYQ�crXdQ¤X~¨�X~[jQt[jMYX-iS\_RUTWVYXdQtX~[�s-^JgYQkRU`Y}-iS^JgYQtVYg�RUTWVYXd\_XdgP[]c½efX-¨/X-[t`�XZcUn�uaRrQh�
s-^JQSRK[j} IY°�cr^JiSQ¤w<^JVYi¤cUn s-^JVYs�MYXZcURr\lRK[jXtuARUQSTWVYX-VYQSX@U/^9g'}-sdikRr[�v

∂t [ρe] + ∂x

[

ρeue −
2

R
ρ0

∫ δ

0

(ue − ui)dy

]

= 0

�AR�^Jg'}dsdikRr[
uedv =

∫ δ

0
(ue − ui)dy

UY^9g�nav

∂t [ρe] + ∂x

[

ρeue −
2

R
ρ0uedv

]

= 0
����IKH1¦ �

�AR�^9g Rr`YXdgP[jR � X_sdX-[k[jXl}dTWVDn [SRU^Jg n�uJXdslc½ef}dTWVDn [SRU^Jg ^J¡�[SXdgWVYXl`Dn9gYQZcUX_s�n9QZ`YX_\l^9V�uJX-\lX-gW[SQq`YX
wYn9iS^JRrQ �;X-TWVDn [jRr^Jg_��IKH1¢ �0U9^Jg¶uJ^JRK[�TAV�e�Rrc�O n|VYg_wYiS^J¡�cUbd\_X�w<^JVYiNc�e�Rr`YXdgP[jR � s�n�[jRU^9g�`YXdQN[SXdiS\_XdQ�X-g
∂t(dρe)

I � XdQZ`YRg'_sdV�cr[j}-Qm`YV¸\"gd\_X�[²OAw/Xln9wYwDn ijn9RrQSQSX-gP[qw<^JVYimcUX-Qm}dTWVDn [SRU^JgYQm`YX_c½efRU\_wYVYcrQSRr^Jg
X~[t`YXmc½ef}dgYX-iS�JRrX9I

�aI � n9gYQ�cUX�s�n9Q�^�(
Sh ≥ 1

Uª^Jg w/X-V�[�^J¡�[SXdgYRri wDn9i�RrgW[S}d�JiSn [jRr^Jg
VYg \_^a`�bdcUX�TWVDn9QSR �²\_^JgY^J`�RK�
\_Xdg�QSRU^9gYgYXdc9w/^JV�i5con uARr[SXdQSQkX�n��aRon9crX^Uds-X-[k[jX�n9wYwYik^as�M�X�QkX�iSX-[SiS^JVauJX�`Dn9gYQ�`YX-Q�wYiS^J¡�cUbd\_XdQ5`�e�}-sd^JVa�
crXd\_XdgP[jQ¤QSn9gY�JV�RUgYQ �;w�iS^JwDn �Pn [jRr^Jg `�ef^JgY`�X�`YXmw<^JVYcrQ � R H1¦fT�I

xJy



��� ��� ��� 	d
 � �k� � � �!� � �n��� 
 � � � � � 
 � � � � � �� 	��k� �!��
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��( -'&�9F�7 ,!$#
�a^9Rr[�V�g �9VYRU`YX�`�ef^JgY`YX n��aRrQkOA\l}~[jikRUTWVYX ���9}d^J\_}-[SiSRUX�cUX-gW[SXd\_XdgP[�u n9ikRon9¡YcrX�X-g«XdQSwYn9sdX@U�`YX¶ijn�O9^Jg

R
X-[t`YXmQkXds-[SRU^Jg

S(x) = πR(x)2 I

S(x+ ∆x)

x x+ ∆x

S(x)

� ����� ��If§-Jih���"+��� 	P�O�(#��+"$�)
!� ��
��7������
�� �)��?@"+��FG� �
L�^JVYi�[jijn Rr[jX-iNsdX]s�n9Q7UPgY^JVYQ�`YX~uJ^JgYQªiSX-wDn9ik[SRUiN`YX-Qª}-TWVDn [jRr^JgYQ�`YX]¡Dn9QkX�X ��w�iSRU\_}dX-Q�Xdg�s-^a^9iS`Y^Jg�gY}dX-Q

s~OAcURUg�`YiSRrTAV�XdQ�U/c½efRUgPu n9iSRUn9gYs-XqwDn9i�iS^9[jn [jRr^Jg w<XdiS\_X-[k[�n9gP[|`�X¶gYX�sd^9gYQSX-ikuJX-i�TWVYX¶`�XdV �»u n9ikRon9¡�cUXdQ
(x,r)n�u9Xds ��sd^A^JiS`�^JgYgY}-XZcr^JgY�JRK[jVY`�RUgDn9crX�X~[]i¤sd^A^JiS`Y^9gYgY}dXmiSn9`YRon cUX �F^JiSRr�JRUgYX�QSVYitc½e�n��aX|`YXmQkOA\_}-[SiSRUX �~I

� n9gYQ�s-X�s�n Q�U�cUn�wYikRUgYs-RUwDn cUXt`YRr¨/}dikXdgYs-X|n�uJX-s�cUX]s�n9Q ¡YRU`YRr\lX-gYQSRr^JgYgYX-cDwYcon gluARUX-gW[�`YXdQªX��awYiSX-QSQkRU^JgYQ¤`�X
cUn�`YRru9Xdik�JXdgYs-X�`�e�VYg�uJX-s-[SXdVYi�X-[t`YV'con9w�con9s-RUXdg�`�e�VYg'QSsdn9con RUiSX¬v

∇.W =
∂Wx

∂x
+

1

r

∂

∂r
(rWr) =

∂Wx

∂x
+
∂Wr

∂r
+
Wr

r

∇2W =
∂2W

∂x2
+

1

r

∂

∂r

(

r
∂W

∂r

)

=
∂2W

∂x2
+
∂2W

∂r2
+

1

r

∂W

∂r
� n9gYQqcrXdQm}dTWVDn�[jRU^9gYQ�`�Xl¡Dn QSX �;��IKH1�bU���IKH3x � U5cUXdQ|[SXdiS\_XdQZ`YX_³DV �«[jiSn9gYQhuJXdikQSX-Q�U¬crXdQZsd^JgP[Sijn9RrgW[SXdQmuARUQh�
TWVYX-VYQSX-Q�X~[�crX�³DV ��`�XZs�MYn9cUX-VYitQSXdik^JgP[]`Y^JgYsm\_^a`YR � }dQ-I
±5X-Qª[jX-iS\_XdQ�`YXt³DV �_[jiSn9gYQku9XdikQSXdQ¤Q-e�}-sdikRUiS^9gW[ 1

r
∂
∂r

(Wv)
Ia±�n|uARr[jX-QSQkX

v
}~[�n9gP[ªgAV�cUcUX �mconmwDn9iS^9R<X~[ `Yn9gYQ

c�ezn���X@U�s-XdQ¤[jX-iS\_XdQ¤gYX�pF^9VYiSgYRriS^JgP[¤wYn9Q¤`YX|sd^9gW[SiSRr¡YV�[jRr^Jg�n9V���}dTWVDn�[jRU^9gYQ�RUgP[S}d�Jik}dXdQtQkVYi�con�QkXds~[jRU^9g�`YV
s-^JgY`YV�Rr[�I
� X]\"gd\_Xtn9V_iSX-�Pn9iS` `YX-Q n `YRU\_XdgYQkRU^Jg�gYXd\_XdgP[jQNw�iS}ds-}d`YX-gP[jQ�UAXdg_`Y} � gYRUQkQjn9gP[ª\�n RUgP[jX-gDn9gP[�cUX¤gY^9\�¡YiSX
`�XZs-RUQSn9RUcrcUXd\_XdgP[ QSVYitcon�¡Yn9QSXZ`YV�ijn�OJ^9g�`YV'sd^Jg�`YVYRr[�U

Sh =
δ

Rg�^JVYQ u9}diSR � ^JgYQ TAV�X�conZs-OAcURrgY`YiSRrsdRK[j}¤p;n9Rr[ n9wYwYn9ijn	�r[jikX�`Dn gYQ�cUX-Q }-TAVYn [jRr^JgYQ `�X�sd^JV�s�MYX�cURr\lRK[jXtn9`�RU\_Xdga�
QkRU^Jg�gY}dX-Q|wYiS}-sd}d`�XdgP[jX-Q �;��IrH1y �]`YX-Q�[jX-iS\_XdQ�`�ef^Jik`YiSX

Sh
�;s-^JgP[jiSn9RUgP[jX�uaRrQSTWVYX-VYQSX X-[�³DV �»`�X¶s�MDn9cUX-VYi �

TWVYR/wDn9iªRUgP[j}-�Jijn [SRU^JglQSVYiªconqQkXds~[jRU^9g `YX-uARrXdgY`Yik^JgP[¤`YX-Q [jX-iS\_XdQ�X-g
S2

h

`Dn9gYQ�crXdQª}dTWVDn [SRU^JgYQ `YX�wYik^JwDn��
�Jn [jRr^Jg�I
�]}d�JcrRU�JX-i�sdX-Q|[jXdik\lX-Q|`YV QSXds-^JgY` ^JiS`�iSX¶iSX~uARUXdgP[Z`Y^Jg�s ��g�}d�JcrRU�JX-i�con s~OacrRUgY`�iSRUs-Rr[S} �F[SXdik\lX-Q|`�e�^9iS`YikX
Sh
�t`Dn9gYQ�cUXdQ�}dTWVDn [SRU^Jg�Q�`YX�cUnls-^JVYs�MYX�crRU\_Rr[SX^UYc�e�}-wDn9RUQkQSX-VYi�`YXqsdX-[k[jX�`�XdiSg�RUbdikX�}-[jn9gP[�QkV!'_Qjn9\_\lX-gP[

x �
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e��� � �S$�
 � �*� � � �n�
	 �

w<X-[SRr[jX|`�X-u n9gP[]cUX|ijn�O9^Jg�`�V�s-^JgY`YVYRK[tw/^9VYitV�[jRrcURUQkXdiªcUXdQt}-TAVYn [jRr^JgYQ¤`YV'wYiS^9¡YcUb-\lX|wYcUn9g�I
° c�e�RrgP[j}d�9ijn [SRU^JglQSVYi�cUnqQSV�ikp;n9s-X|`Dn9gYQ¤crX�s�n Q¤`YV�wYiS^J¡�cUbd\_X�w�con9g s-^JiSikXdQkw/^Jg�`'\ln9RrgW[SXdgDn gW[ VYgYX|RrgW[S}~�
�JiSn [jRr^Jg�QSV�i]V�g'u9^JcUVY\_X·v

∫

V

WdV =

∫ x+∆x

x

(∫

Si

WidSi +

∫

Se

W edSe

)

dx

=

∫ x+∆x

x

(∫ 1

1−Sh

Wi 2πredre +

∫ 1−Sh

0

We 2πredre

)

dx

n�uJX-s
∫ 1−Sh

0

We 2πredre = π(1 − Sh)
2W e ≈ π(1 − 2Sh)W e +O(S2

h)

X~[�X-g�X-¨/Xds~[jVDn gW[�cUXms�MDn9gY�9Xd\_XdgP[�`YXmu n9iSRUn9¡YcrX
ye = 1 − re

X-[�Xdg�QSXqiSn9wYw<XdcUn9gP[�TWVYX
ye = Shyi

U<^9g
^J¡a[jRUX-gP[

∫ 1

1−Sh

Wi 2πredre =

∫ Sh

0

Wi 2π(1 − ye)dye = 2πSh

∫ 1

0

Widyi +O(S2
h)

�]^JVYQ]w/^JVauJ^JgYQ�\�n RUgP[jX-gDn9gP[]Xdg�`�}d`YVYRriSXZcUX-Q�}-TAVYn [jRr^JgYQ]TAVYn9QSR �²\_^JgY^A`YRU\_XdgYQkRU^Jg�gYXdcrcUXdQª`YXqw�iS^JwDn �Pn��
[SRU^Jg�`Dn gYQtcUX|s�n Q]`�e�VYg��JVYRr`YXmn��aRUQhOa\_}-[SiSRrTAV�X·v







∂t

[

ρe − 2Sh

∫ 1

0
(ρe − ρi)dyi

]

+ (1 +M)∂x

[

ρeue − 2Sh

∫ 1

0
(ρeue − ρiui)dyi

]

= 0
�¸BD���dE

(1 +M)∂t

[

ρeue − 2Sh

∫ 1

0
(ρeue − ρiui)dyi

]

+

M(1 +M)∂x

[

ρeu
2
e − 2Sh

∫ 1

0
(ρeu

2
e − ρiu

2
i )dyi

]

= −∂xpe − 2Sh ∂yui|yi=0:��¸�868C;��:F2/,

1
γ−1

∂t

[

ρeee − 2Sh

∫ 1

0
(ρeee − ρiei)dyi

]

+
1

γ−1
(1 +M)∂x

[

ρeeeue − 2Sh

∫ 1

0
(ρeeeue − ρieiui)dyi

]

+

(1 +M)∂x

[

peue − 2Shpe

∫ 1

0
(ue − ui)dyi

]

+

M(1 +M)∂t

[
1
2
ρeu

2
e − 2Sh

∫ 1

0
1
2
(ρeu

2
e − ρiu

2
i )dyi

]

+

M2(1 +M)∂x

[
1
2
ρeu

3
e − 2Sh

∫ 1

0
1
2
(ρeu

3
e − ρiu

3
i )dyi

]

= −2Sh ∂yTi|yi=0?A,�EW03=<:;E

���aI y9­ �

x §
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X-g�g�}d�JcrRU�JXdn9gP[¤`YXdQt[jX-iS\_XdQt`�ef^JiS`�iSX 1
Re
,Sh2, 1

Re Sh

X~[
sinθ
I

�a^9Rr[tXdg'iSX~uJX-gDn9gP[�n V ��u n9iSRUn9¡YcrXdQ�`YRr\lX-gYQSRr^JgYgY}-XdQ�v






∂t

[

Sρe − 2πR
∫ δ

0
(ρe − ρi)dy

]

+ ∂x

[

Sρeue − 2πR
∫ δ

0
(ρeue − ρiui)dy

]

= 0
�¸BD���dE

∂t

[

Sρeue − 2πR
∫ δ

0
(ρeue − ρiui)dy

]

+

∂x

[

Sρeu
2
e − 2πR

∫ δ

0
(ρeu

2
e − ρiu

2
i )dy + Spe

]

= pe∂xS − 2πR µ ∂yui|y=0:��¸�868C;��:F2/,

∂t

[

SρeEe − 2πR
∫ δ

0
(ρeEe − ρiEi)dy

]

+

∂x

[

SρeEeue − 2πR
∫ δ

0
(ρeEeue − ρiEiui)dy + Speue − pe2πR

∫ δ

0
(ue − ui)dy

]

=
−2πR K ∂yTi|y=0?a,�EW03=/:FE

����IzyaH �
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 � � ! !)��"�� � � �%$'�
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;9VYQkTWV�e �l\�n9RrgP[jXdgYn9gP[VUYcrXdQ¤[jX-iS\_XdQt`�ef^JiS`YikX�y X-g 1√
Re

U
Sh
X-[]cUX-Qt[SXdik\lX-Q�s-^J\�¡YRrgY}dQ¤X-g 1

ReSh

^JgP[
}~[j}�g�}d�JcrRU�J}-QdI/´�g�u n�\�n RUgP[jX-gDn9gP[�Q-e�RrgW[S}dikXdQSQkXdimn9V���[SXdik\lX-Q�sd^J\q¡YRUgDn gW[�cUX�gY^J\�¡�iSXq`�X {�n9s�M»X~[�cUX
N²QSMYXdn9itgWVY\�¡<Xdi OjI ��^9VYQ�n�u9^JgYQ¤uAV�wYik}dsd}-`YXd\_\_XdgP[]TAV�X�s-XdQt[jXdik\lX-Qts�n9iSn9s-[S}diSRrQSX-gW[]c�e�Rrg�³DVYX-gYsdXm`YXmcon
s-^JVYs�MYX�uaRrQSs-^9[jMYX-iS\_RUTWVYX]QSVYi�cUX-Qª}-TWVDn [jRr^JgYQªcU^As�n9crXdQ�`YX]wYiS^JwYn9�Pn [SRU^Jg�IP°�RUgYQkR UPgY}-�JcURr�JXdi�crXdQ�[jXdik\lX-QªX-g
M0Sh

ikX-uARUX-gP[ ��[jVYX-i·cUX sd^JVYw�con9�JX IJ´�g¶w<XdV�[¬p;n9RUikX sdX~[S[SXtn9wYwYik^ �aRr\�n [SRU^JgZTWVDn9gY` crXdQ·X~¨�X~[jQ·`YX¤w<Xdih[jX-Q
uARrQSsd^ [jMYX-iS\_RUTWVYXdQ QS^JgP[�g�}d�JcrRU�JXdn9¡YcUX-Qª`�X-u n9gP[¤cUX-Q X~¨�X~[jQ�gY^9g cURrgY}�n9RriSX-Qª`YX�wYiS^9wDn9�Pn [SRU^Jg�I � X-w/X-gY`Dn9gP[�U
`Yn9gYQ con»wYcrVYwDn9ih[ `YXdQ_wYiS^9¡YcUb-\lX-Q¶`YX�wYiS^JwYn9�Pn [SRU^Jg�n9s-^JVYQh[jRUTWVYX�X-g"sd^9gY`YVYRK[VU·^Jg `Y^JRK[¶wYikXdgY`YikX�X-g
s-^J\_w�[jX]cUX-Q�w<Xdih[jX-QªuARUQksd^9[SMYXdik\lRrTAV�XdQ�w/^JV�iªcrXdVYikQ�X~¨�X~[jQª`�ezn�[S[j}-gWVDn [jRr^Jg�X~[ `�X�`YRrQSw<XdikQSRU^9g�IW±Ne�Rr`Y}dX]XdQh[
`�^JgYsZ`YXmsd^JgYQkXdihuJXdi�cUX-Qt[SXdik\lX-Q�X-g

M0Sh
\�n9RrQ�`YXZgY}d�9cURU�9Xdi�crXdQ¤[jX-iS\_XdQ]`�e�^9iS`YikX

M1Sh
X-[�wYcrVYQ�UDs-X

TWVYR¬iSX-uARrXdgP[�� QSRU\_wYcrR � X-i�cUX-Q�`Y}~p;n9V�[jQm`YX-Q|`YRru9XdikQSXdQZTWVDn9gP[jRK[j}-Q �;`Y}~p;n9V�[m`YX¶`Y}-¡YRr[�`�e�Rr\lw�VYcUQkRU^Jg I-IdI �
`Yn9gYQtcUX-Q]}-TWVDn [jRr^JgYQ-I

x9x
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 � �*� � � �n�
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±5XdQt}-TAVYn [jRr^JgYQ]n9`YRr\lX-gYQSRr^JgYgY}-XdQ¤Qdef}ds-iSRKuJXdgP[�n9cU^9iSQ�v






∂t

[

ρe − 2Sh

∫ 1

0
(ρe − ρi)dyi

]

+ ∂x

[

(1 +M)ρeue − 2Sh

∫ 1

0
(ρeue − ρiui)dyi

]

=
O(MSh,S

2
h,

1
ReSh

)
�¸BD���dE

∂t

[

(1 +M)ρeue − 2Sh

∫ 1

0
(ρeue − ρiui)dyi

]

+ ∂x [M(1 +M)ρeu
2
e]

=
−∂xpe − 2Sh ∂yui|yi=0 +O(MSh,S

2
h,

1
ReSh

):��¸�868C;��:F2/,

1
γ−1

∂t

[

ρeee − 2Sh

∫ 1

0
(ρeee − ρiei)dyi

]

+
1

γ−1
∂x

[

(1 +M)ρeeeue − 2Sh

∫ 1

0
(ρeeeue − ρieiui)dyi

]

+

∂x

[

(1 +M)peue − 2Shpe

∫ 1

0
(ue − ui)dyi

]

+
∂t

[
M(1 +M)1

2
ρeu

2
e

]
+ ∂x

[
M2(1 +M)1

2
ρeu

3
e

]

= −2Sh ∂yTi|yi=0 +O(MSh,S
2
h,

1
ReSh

)?A,�EW03=<:;E

����IzyJy �

�]^JVYQ�n�u9^JgYQ|n9RrgYQSR�}-cURU\_RUg�}|cUXdQ]`Y}~p;n9V�[jQ�`YX�³YV � `�XqTWVDn9gP[jRK[j}�`YXq\_^JV�u9Xd\_XdgP[VU<`�ef}dgYX-iS�JRrX�s-RUgY}~[jRUTWVYX
X~[�`�Xm³YV ��`�ef}dgYX-iS�JRrXmsdRUg�}-[jRrTWVYX9I
L�^JVYi�iSX-u9XdgYRri�n9V �mu n9iSRUn9¡YcrXdQ5`YRr\lX-gYQSRr^JgYgY}-XdQ�U3gY^9VYQ�n9cUcr^JgYQ5QSRr\lw�cUR � Xdi�crXdQ�`Y}-p;n V�[jQ�iSX-Qk[�n gW[SQ¬X-gqiSX-\�n ih�
TWVDn9gP[tTWVYX|gY}-�JcURr�JXdi�cUX-Q [jX-iS\_XdQ�X-g

MSh
`Dn9gYQ¤crXdQ�}-TAVYn [jRr^JgYQ�`YX|w�iS^JwDn �Pn [jRr^Jg�ikX-uARUX-gP[���cURrgY}�n9ikRUQkXdi

crXdQ¤`Y}~p;n9V�[jQt`YXm`Y}-¡YRr[dI

x9�
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±5XdQ_}dTWVDn�[jRU^9gYQ QSRU\_wYcrR � }-XdQ�TWVDn9QkRK��\l^Jg�^a`YRr\lX-gYQSRr^JgYgYX-cUcrXdQZ`YV"\_^JV�u9Xd\_XdgP[_w/^JV�i¶cUXdQ¶u n9ikRon9¡YcrXdQ
`�RU\_XdgYQkRU^JgYg�}dXdQ¤Q-e�}-sdikRruJX-gP[|n9cr^JiSQ�v






∂t

[

Sρe − 2πR
∫ δ

0
(ρe − ρi)dy

]

+ ∂x

[

Sρeue − 2πRρ0

∫ δ

0
(ue − ui)dy

]

= 0
�¸BD���dE

∂t

[

Sρeue − 2πRρ0

∫ δ

0
(ue − ui)dy

]

+ ∂x [Sρeu
2
e + Spe] = pe∂xS − 2πR µ ∂yui|y=0:��¸�868C;��:F2/,

∂t [SρeEe] + ∂x

[

S(ρeEe + pe)ue − (ρ0E0 + P0)2πR
∫ δ

0
(ue − ui)dy

]

= −2πRK ∂yTi|y=0?A,�EW03=<:;E

����Izy9� �

�]^JVYQ�^J¡�QSXdihuJ^Jg�Q�TWV�efRUc�g�efO¼n wYcUVYQ�`�X»`Y}-p;n9Va[�`YX»TWVDn9gP[jRK[j}»`�ef}dgYX-iS�JRrX [j^9[jn9cUX@U s-X»TAV�R|g�e�X-Qk[�wDn Q
}~[j^Jg�gDn9gP[_s�n9i ^Jg>n»gY}d�JcrRU�J}�cUX�`Y}-p;n V�[_`�e�}-gYXdik�JRUX�s-RUgY}~[jRUTWVYX�X~[_cUX�`Y}~p;n9V�[_`YX�TWVDn9gP[jRK[j}�`�ef}dgYX-iS�JRrX
RrgP[jXdikgYX�TWVYRPXdQh[8w�iS^Jw<^Jik[SRU^Jg�gYXdc �tV�gZ`�}-p;n9V�[�gY}-�JcURr�JX�n ¡YcUX8`YX�wYiSX-QSQSRr^Jg��;VYg�RrpF^Jik\lX·QkVYRru n9gP[�cUntQkXds~[jRU^9g��~I
´�g w/X-V�[ZX��awYikRU\_XdimsdX-con'n9V�[jikXd\_XdgP[ZXdg `YRUQSn9gP[ZTAV�e�X-g gY}d�9cURU�9X�n9gP[mcUX¶`�}-p;n9V�[Z`�ef}dg�XdiS�9RUX_sdRUg�}-[jRrTWVYX^U
��wYikXdQSQkRU^Jg¸sd^JgYQh[�n9gP[SXlwDn i�}-wDn9RUQkQSX-VYi�U�cUX-Q�`�}-p;n9V�[SQ�`�X�\ln9QSQkXlX~[�`�Xl[jX-\lw<}diSn [jV�iSX QSXlsd^J\_w/X-gYQSX-gP[
`Yn9gYQtcUX|¡YRrcon9g�`�e�}-gYXdik�JRUX|[j^ [�n9crX9I
�]^JVYQ�n�uJ^Jg�Q�`�^JgYstcURrgY}�n9ikRUQk}�c½efXdgYQkXd\�¡�cUX¤`YX-Q�s-^JgP[jikRU¡YV�[SRU^Jg�QN`YX¤con|sd^9VYs�MYXtcURr\lRK[jX�`Dn9gYQ�cUX-QN}dTWVDn [SRU^Jg�Q
cr^asdn9cUX-Q�`YXmwYik^JwDn9�Pn�[jRU^9g�IY±5XdQt}-TAVYn [jRr^JgYQt`�ef}-[�n�[�g�XZQk^JgP[]wDn9Qt\l^A`YR � }dX-Q�UYQk^JRr[5v

pe = RρeTe = (γ − 1)

(

ρeEe −
(ρeue)

2

2ρe

)
����Izy §��

� 
%� 
 	 � ! !)��"�� � � �%$'�
"�� 
)����	����)�%$'��"��)��
)� � "�� ��& � ��� � � $'�
L�^JVYi�pFXdik\lX-i�cUX�QkOAQk[Sbd\_X|`�e�}-TWVDn [jRr^JgYQ7UY^Jg�`Y^JRK[�`Y}~[jXdik\lRrgYXdi conqs-^JgP[jijn RUgP[jX�uARrQSTWVYXdV�QSXZX-[¤crX�³DV �

`�XZs�MYn9cUX-VYi �_cUn wYn9iS^JR�I � Xm\"gd\_X|TAV�e�X-g»n9}dik^a`aOagYn9\lRrTWVYX^UYcUn¶sd^JgYgYn9RUQkQjn9gYs-X�`�XdQ]wYiS^ � cUQ¤`YXmuARr[jX-QSQkX
X~[]`YX|[jXd\_w<}dijn�[jVYikX|`Dn9gYQtcon¶s-^JVYs�MYXZcURr\lRK[jX]XdQk[]`Y^9gYsmgY}ds-XdQSQSn9RUikX9I
L�^JVYi�s-XdcUnbU�gY^9VYQ|n9crcU^JgYQ]QSRr\lw�cUR � XditcUX-Q�}dTWVDn [SRU^Jg�Q�`YX�s-^JVYs�MYX¶crRU\_Rr[jXmX-g»iSXd\ln9ikTAVYn9gP[�TWVYX¶gY}-�JcURr�JXdi
crXdQ�[SXdiS\_XdQ|X-g

MSh
`Dn gYQmcUXdQ|}-TWVDn [jRr^JgYQ|`YX¶w�iS^JwDn �Pn [jRr^Jg ikX-uARUX-gW[���gY}-�JcURr�JXdi�cUXdQ�[SXdik\lX-Q|`�e�^9iS`YikX

M
X-[]wYcrVYQt`Dn9gYQtcrXdQ¤}dTWVDn�[jRU^9gYQt`YXmsd^JVYs�M�X�crRU\_Rr[jX I

±5X-Q]}-TWVDn [jRr^JgYQt`YXmsd^9VYs�MYXZcURU\_Rr[SX�n `YRU\_XdgYQkRU^Jg�gY}dX-Q]Q-e�}-sdikRruJX-gP[�n9cr^JiSQ�v






∂tρ + ∂x(ρu) + ∂y(ρv) = O(Sh,M)

∂t(ρu) = −∂xp+ ∂2u
∂y2 +

´ �
R−1

e ,Sh,M
�

∂t(ρv) = −∂yp+ 4
3

∂2v
∂y2 + 1

3
∂2u
∂x∂y

+
´ �
R−1

e ,Sh,M
�

1
γ−1

[∂t(ρe) + ∂x(ρue) + ∂y(ρve)] + ∂x(pu) + ∂y(pv) = ∂2T
∂y2 +

´ �
R−1

e ,M,Sh
�

����IzyJx �

x9µ
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±5XdQt}-TAVYn [jRr^JgYQtQjn9g�Q]`�RU\_XdgYQkRU^Jg�`�ef}-[jn []QSXmiS}-`YVYRrQSXdgP[ ��v
p = ρT +O(M)

�;��I y � �
©Ng�ikX-u9XdgDn9gP[�n9V ���9ijn9gY`�XdVYikQ�`YRr\lX-gYQSRr^JgYgY}-XdQ7UY^Jg'^J¡�[jRrXdgP[5v






∂tρ+ ρ0(∂xu+ ∂yv) = 0

ρ0∂tu = −∂xp+ µ∂2u
∂y2

ρ0∂tv = −∂yp+ 4
3
µ∂2v

∂y2 + 1
3
µ ∂2u

∂x∂y

∂t(ρ0e+ e0ρ) + γ
γ−1

P0(∂xu+ ∂yv) = K ∂2T
∂y2

����IzyJµ �

X~[
p+ P0 = R(ρ0T + T0ρ)

����Izy9¢ �
�a^9Rr[�Xdg»^JVY¡�cURon gW[�c½ef}dTWVDn�[jRU^9g�`YX�c�e�Rr\lw�VYcUQkRU^Jg�[jiSn9gYQhuJXdikQSX¶TWVYR8gYX�gY^JV�Q�XdQh[|wDn9Q�Va[jRUcrX^U@Xdg»Rrgf`kXds~[�n9gP[
cUn�\�n9QkQSXmX-[]c�e�}-TAVYn [jRr^Jg�`�ef}-[�n�[�crRUgY}dn9iSRrQS}-X�`Dn9gYQtc�e�}-TAVYn [jRr^Jg�`YXmc½ef}dgYX-iS�JRrX^U�^9g�^J¡a[jRUX-gP[5v







ρ0
∂u
∂t

− µ∂2u
∂y2 = −∂pe

∂x

ρ0cp
∂T
∂t

−K ∂2T
∂y2 = ∂pe

∂t

����Izy9¦ �

�]^JVYQ u9}diSR � ^JgYQtn cU^JikQ�TWV�ezn V�wYiSX-\lRrXdi�^Jik`YiSX�cUXdQ `YRUQh[jiSRr¡YV�[SRU^JgYQ�[jiSn9gYQku9XdikQjn9crXdQ¤`YX�uARr[SXdQkQSX|X-[t`�X�[jX-\ �
w<}diSn [jVYikXª^9¡/}-RUQSQkXdgP[ �]`YX QkRU\_wYcUX-Q�}dTWVDn [SRU^JgYQ�cURrgY}�n RUiSX-Q�`YXª`�Rr¨/VYQSRr^Jgq`Y^9gW[8cUX�[jX-iS\_XªQk^JVYiksdX X-Qk[¬`Y^JgYgY}
wDn i�conlwYiSX-QSQSRr^Jg»X��A[S}diSRrXdVYikX9I�´�g»ikX-[jik^JV�u9X n9RUgYQkR8V�gYX¶}dTWVDn [SRU^Jg�`YX¶sd^JV�s�MYX¶cURr\lRK[jX|`YX_�A[S^:99X-Q �Fu9^JRUi
yaIzyaIzy � w<^JVYi¤cUX-Q¤X-¨/X-[SQ�`YX|uARUQksd^JQkRr[S}|X-[]QS^Jg�n9gDn cU^J�JV�X�w/^9VYitcUXdQ¤X~¨�X~[jQt[jMYX-iS\_RUTWVYX-QdI

x9¢
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�]^JVYQtw/^9V�uJ^Jg�Q�`Y^9gYsm}dsdikRUikX|\�n9RrgP[jXdgYn9gP[tcUX �����~.1º��¸E 7J2<6��¬CF? QkVYRru n9gP[5v
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

�Z032<��BY=@B�.3:F2<,






∂t (Sρ) + ∂x (Sρu) = 0

∂t (Sρu) + ∂x

[

Sρu2 + Sp
]

= p ∂xS − 2πRµ ∂yui|y=0

∂t

(
SρE

)
+ ∂x

[
SρEu+ Spu

]
= −2πR K∂yTi|y=0

� :���68��:F2<,






∂ui

∂t
− ν0

∂2ui

∂y2 = − 1
ρ0

∂p
∂x

∂Ti

∂t
− a0

∂2Ti

∂y2 = 1
ρ0cp

∂p
∂t

� .�B�.
p = (γ − 1)

[

ρE − 1
2
ρu2
]

= R(ρ0Ti + T0ρi) − P0

����I��J­ �

n�u9XdsZconquARUQksd^JQkRr[j}ms-RUgY}-\�n [SRUTWVYX
ν0 = µ

ρ0

UDcUn�`YRr¨/VYQkRruARr[S}�[jMYX-iS\_RUTWVYX
a0 = K

ρ0cp

I
±5X-Q]TWVDn gW[SRr[S}dQtQSVYikcURr�JgY}dX-Qt`Y}dQkRU�JgYX-gP[�RrsdR�`�XdQ � BDCFEA6�0�� �¸2 �<EA,�,�?WEA� QkVYitcon�QkXds-[SRU^Jg|v

Sρ = Sρe − 2πR

∫ R

0

(ρe − ρi)dy
con¶\�n QSQSX|crRUgY}-RUTWVYX

Sρu = Sρeue − 2πRρ0

∫ R

0

(ue − ui)dy
cUX|`�}d¡YRK[t`YXm\�n9QkQSX

Sρu2 = Sρeu
2
e

cUX|`�}d¡YRK[t`�e�Rr\lw�VYcUQkRU^Jg
SρE = SρeEe

cUn�TAVYn9gP[jRr[S}m`�e�}-gYXdik�JRUX

SρEu = SρeEeue − 2πRρ0E0

∫ R

0

(ue − ui)dy
cUX�`�}d¡YRK[�`�XZTWVDn gW[SRr[S}|`�e�}-gYXdik�JRUX

Spu = Spue − 2πRp0

∫ R

0

(ue − ui)dy
cUX�[Sijn�u n9RUc�`YXmconqpF^JiksdXm`YXmwYiSX-QSQkRU^Jg

^n( gY^JVYQ�n1u9^JgYQ|}-cURU\_RUg�}|c½ef}dwDn9RrQSQkXdVYi�`YX�sd^9VYs�MYX¶cURr\lRK[jX|X-g»}-[jX-gY`Dn9gP[|crXdQ�¡/^JikgYXdQ�`YXdQ�RrgP[j}d�9ijn9crXdQ�n V
iSn�OJ^Jg¶s-^J\lw�cUX-[�U3cUXdQ�u n9iSRUn9¡YcUX-Q�u9}dikR � n9gP[NcUn�s-^JgP[jRUgWVYRK[j} ��c½efRUgP[jX-ikp;n9s-XªX~[Nc½efVYgYRKpF^JiS\_Rr[S}·[jiSn9gYQku9XdikQSX¤`Dn9g�Q
crX�³DV ��w�iSRUg�sdRUwYn9c½I
±5X QkOAQh[jbd\_X_XdQk[�¡YRrXdg«VYg¸QhOAQk[jb-\lX_sd^9VYwYcU}¶w�VYRUQkTAV�Xlw<^JVYims�n cUsdV�cUXdi|crXdQ|�JiSn9gY`YX-VYiSQZcURrgY}dRrTWVYXdQ7U�^Jg n
¡<XdQk^JRUg�`YX cUn]s-^JgP[jiSn9RUgP[jX�uARUQkTAV�XdVYQkX¤X-[8`YVq³DV ��`YXªs�MDn9crXdVYi
��cUn�wDn9ik^JR U1s-XdQ8`YXdikgYRUb-iSXdQ8TWVDn9gP[jRK[j}dQ8}-[jn9gP[
`�}-[jX-iS\_RUgY}-XdQ|wDn i|cUXdQ�}dTWVDn [SRU^JgYQ|`�X¶sd^JVYs�M�X_crRU\_Rr[SXZ`�^JgP[mcon iS}-QS^JcrV�[jRr^Jg gY}-sdX-QSQSRK[jX con s-^JgYgDn RUQSQSn9gYs-X

x ¦
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`YXmcUn�wYiSX-QSQSRr^Jg'`Dn9gYQtcUX�³YV �'wYiSRrgYsdRrwDn9c8IdIdI
´�g�w<XdV�[¬X��awYiSRr\lX-i8crXdQ�}dTWVDn [SRU^Jg�Q¬`YXªwYiS^JwYn9�Pn [SRU^JgZVYgYRrTAV�Xd\_XdgP[·X-gqpF^JgYs~[jRU^9g�`YX-Q¬[jik^JRUQ�u n9iSRUn9¡YcrXdQ

s-^JgYQSX-iku n [SRruJX-Q
Sρ
U
Sρu
X-[
SρE
I

L�^JVYi·s-Xdcon[U�g�^JVYQ·`YX~uJ^Jg�QNX��awYiSRr\lX-i
p
U
ρu2

U
ρEu

U X~[
pu
X-gqpF^JgYs~[jRU^9g�`YXdQ8[jiS^9RUQ�u9n iSRon ¡YcUX-Q8\_^1OJXdg�gY}dX-QdI

�a^9Rr[¤X-g�}-sdiSRKu n9gP[�QSn9gYQt`YRr\lX-gYQSRr^Jg �
DW
`�}dQSRr�JgDn9gP[]cUX|`�}-p;n9V�[]`YXmcUnqu9n iSRon ¡YcUX

W
� cUn�TAVYn9gP[jRr[S}·v

(Sρu)2

2Sρ
=⇒ [(1 +M)Mρeue −M(1 +M)ShDρu]

2

2 [(1 +M)ρe − (1 +M)ShDρ]

=
[(1 +M)2M2(ρeue)

2 +O(MSh,MS2
h...)]

2(1 +M)ρe

(
1 + ShDρ +O(S2

h)
)

=
(1 +M)M2ρeu

2
e

2
+O(MSh,MS2

h...)

^Jg�u9}diSR � XmTWVYX·v

ρu2

2
≈ (ρu)2

2 (ρ)
`�ef^�('^Jg�[jRriSX·v

p = (γ − 1)

[

ρE − 1

2
ρu2

]

≈ (γ − 1)

[

ρE − ρu2

2ρ

]

� Xm\"gd\_X^UY^9g�u9}dikR � XZTWVYX·v

pu = p
ρu

ρ

ρEu = ρE
ρu

ρ

�J­
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�]^JVYQt}ds-iSRru9^JgYQ�n9cU^9iSQ�crX|QkOAQk[Sbd\_X�s-^JVYwYcr}|`YX�cUnqp;n��d^9g'QkVYRru n9gP[SX·v
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
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



∂t(Sρ) + ∂x(Sρu) = 0

∂t(Sρu) + ∂x

[

(3 − γ) (Sρu)2

2(Sρ)
+ (γ − 1)(SρE)

]

= p∂xS − 2πR µ ∂yui|y=0

∂t(SρE) + ∂x

[
(Sρu)
(Sρ)

(

γ(SρE) − (γ − 1) (Sρu)2

2(Sρ)

)]

= −2πR K∂yTi|y=0

� :���68��:F2<,






∂ui

∂t
− ν0

∂2ui

∂y2 = − 1
ρ0

∂p
∂x

∂Ti

∂t
− a0

∂2Ti

∂y2 = 1
ρ0cp

∂p
∂t

� .�B�.
p = (γ−1)

S

[

SρE − (Sρu)2

2Sρ

]
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©Ng n9gYg�X��aX � U9gY^9VYQNn�uJ^Jg�QN\l^JgP[SiS} TWVYX cUXdQ¬}dTWVDn [SRU^JgYQ8`YX�`YRK¨�V�QSRU^9gq`YV¶QhOaQh[jb-\lXt��I���H�w<^JQkQSbd`�XdgP[

`�XdQqQk^JcUVa[jRU^9gYQZn9gDn9cKOA[SRUTWVYX-Q�`Y}-sdikRru n9gP[qcrXdQ�wYiS^ � cUQm`YXluARK[jXdQkQSXlX-[�`�X_[SXd\_w/}-ijn [SVYiSX_`Dn9gYQ�con�sd^JV�s�MYX
crRU\_Rr[SX9I
�A^JRr[¤crX �8032�
¬C�4�E � :F.�Ea�d�dE v

ui(y,t) = −
∫ t

0

1

ρ0
∂xp(t0) erf

(

y
√

4ν0(t− t0)

)

dt0
����I��Py �

±5X ��0�2�
¬C�4�E�.1E��¸�N?W03B�.36�03E v

Ti(y,t) − T0 =
1

ρ0cp

∫ t

0

∂t0p erf

(

y
√

4a0(t− t0)

)

dt0
����I��J� �

`�^JgP[�g�^JVYQ]n�uJ^JgYQ]`Y}-`YVYRr[tcUn¶sd^JgP[jiSn9RUgP[SX|wDn9iSRr}-[jn9cUX·v

µ
∂ui

∂y

∣
∣
∣
∣
y=0

= −
∫ t

0

∂xp(t− τ)

√
ν0

πτ
dτ

���aIz�9§ �
X~[]cUX�³DV ��`YXms�MDn9cUX-VYi �¶con�wDn9ik^JRJv

K
∂Ti

∂y

∣
∣
∣
∣
y=0

=

∫ t

0

∂τp(τ)

√
a0

π(t− τ)
dτ

���aIz�Px �
�]^JVYQZiSX~[jiS^9V�uJ^Jg�Qqn9cr^JiSQ|crXdQm`Y}-iSRru9}dX-QZpFiSn9s-[SRU^JgYgYn9RUikXdQ|`�ef^JiS`�iSX 1

2

s�n ijn9s~[j}dikRUQh[jRUTWVYX-Qm`YXdQZX-¨/X-[SQ�`�e�n9¡a�
Qk^JiSwa[jRU^9g�n V ��wDn9ik^JRUQ-I

�aH
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±5XdQt}-TAVYn [jRr^JgYQt`YXmwYiS^9wDn9�Pn [SRU^Jg�Q-e�}-sdikRruJX-gP[�\ln9RUgP[SXdgDn9gP[5v






∂t(Sρ) + ∂x(Sρu) = 0

∂t(Sρu) + ∂x

[

(3 − γ) (Sρu)2

2(Sρ)
+ (γ − 1)(SρE)

]

= p∂xS + 2πR ∂xp ∗
√

ν0

πt

∂t(SρE) + ∂x

[
(Sρu)
(Sρ)

(

γ(SρE) − (γ − 1) (Sρu)2

2(Sρ)

)]

= −2πR ∂tp ∗
√

a0

πt

����I��J� �

L�^JVYitsd^J\_wDn9ikXdi�g�^JQt}dTWVDn [SRU^JgYQtn�u9XdsZsdXdcrcUX-Q¤`YX�� MYXdQh[jXdi7U@gY^JVYQtiSX~pF^JiS\qVYcU^Jg�Q�c½ef}dTWVDn [SRU^Jg�`�XZs-^JgYQkXdih�
u n [SRU^Jg `�X�con�\ln9QSQkX�`YV QkOAQh[jbd\_X'��Izy9� `Dn9gYQ¶crX�sdn9Q¶`�efVYg [jV�OJn9V�`YiS^JRK[¶Xdg p;n RUQjn gW[�RUgP[jX-ikuJX-gYRUi¶crXdQ
`Y}~p;n9V�[SQ]`�XZ\ln9QkQSXmX-[]`YXm`Y}-¡YRr[5v

∂t

[

ρe −
2

R

∫ δ

0

(ρe − ρi)dy

]

+ ∂x

[

ρeue −
2

R
ρ0

∫ δ

0

(ue − ui)dy

]

= 0

Qk^JRr[

∂tρe + ∂x(ρeue) =
2

R

(

∂t[

∫ δ

0

(ρe − ρi)dy] + ρ0 ∂x[

∫ δ

0

(ue − ui)dy]

)

©Ng RrgW[S}d�JiSn9gP[�QkVYi�cUX]ijn�O9^Jg�cUX-Q wYik^ � cUQ�`YX�uARK[jXdQkQSX�X~[�`YX�[jXd\_w<}dijn�[jVYikX ���aIz�PydUa�aIz�J� �0UW^Jg�u9}diSR � X�TWVYX·v
∫ ∞

0

(ue − ui)dy = uedv = ue ∗
√
ν0

πt
∫ ∞

0

(ρe − ρi)dy = ρ0dT = −(γ − 1)ρe ∗
√
a0

πtQk^JRr[

∂tρe + ∂x(ρeue) =
2

R

[

−(γ − 1)∂tρe ∗
√
a0

πt
+ ρ0 ∂xue ∗

√
ν0

πt

]

≈ 2

R
ρ0

(

1 +
γ − 1√
Pr

)

∂xue ∗
√
ν0

πt
�]^JVYQ·ikX-[jik^JV�u9^JgYQ�con�\"gd\_X }-TWVDn [jRr^Jg¶`YX¤s-^JgYQSX-iku n [SRU^Jg¶`YX¤cUn�\ln9QSQkX�TWVYX � MYXdQh[jX-i ��uJ^JRri·wDn9iSn9�JiSn9wYMYX
yaIf§�� QSn9V�p·w<^JVYi¤crX�[jX-iS\_X|`YXmw/X-ik[jX-Q�`�Xmu9^JcUV�\lX|TWVYXmgY^JV�Q�n�u9^JgYQ]gY}d�JcrRU�J} I

�,��� � *A68+$�0&K�0*a68� +$#�Ch>H.7�7+$�0&1- +$#1� -1 "!8>H&K�0*a68� +$# G$9F*�G	>G2A>H&K�0*A6
L8^9VYi�^J¡a[jXdg�RUi]cUXZQkOAQk[Sbd\_X���I���H U@gY^JV�Q�n�uJ^Jg�Q�gY}d�9cURU�9}Z`Yn9gYQ�crXdQ]}dTWVDn [SRU^Jg�Q�n9`�RU\_XdgYQkRU^JgYg�}dXdQ]`YX-Q

[SXdiS\_XdQtX-g 1
Re

U 1
ReSh

U
Sh2 U MSh

IdIdI
±�n�u n9cURr`YRr[S}�`YXmsdX-Q�n wYwYiS^��aRU\ln [SRU^JgYQªXdQh[�`Y^9gYgY}dXmwDn i]crXdQ¤s-^JgY`YRK[jRU^9gYQ�QSV�Rru n9gP[jX-Q�v
• 1√

Re
<< 1

�Py
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� X-[S[SX�s-^JgY`YRK[jRU^9g>X-Qk[�}-TAV�Rru n9cUX-gP[jX � con sd^Jg�`YRr[SRU^Jg"yaIzyJy `YX�con»[jMY}-^JiSRrX�`�X ¯|RUiks�MYMY^9¨ �Fu9^JRUi
yaI yAIrH � I
��e�X-Qk[�c�e�MPOAw<^9[jMYb-QSXl`YX�gYXlsd^Jg�QSXdihuJX-i�`Dn9gYQ�cUX-Q�}-TAVYn [jRr^JgYQZTAV�X�cUX-QZ[SXdik\lX-Qq`YX_`YRr¨/VYQkRU^Jg«uARUQh�
TAV�XdVYQkXZX~[t`YX�s-^JgY`YVYs~[jRr^Jg�[jMYX-iS\_RUTWVYX�QkVYRru n9gP[¤cUnqsd^A^JiS`�^JgYgY}-X�[jijn gYQku9XdiSQkX ��conqwYik^JwDn9�Jn [jRr^Jg�I
� Xdcon¶g�efRU\_wYcrRUTWVYX�wDn Q][S^JVf`k^JVYikQtcon¶`Y}ds-^J\_w/^JQkRr[SRU^Jg�`YV's�MDn9\_w'Xdg'VYg�³DV���wYiSRrgYsdRrwDn9c�`�XZ[²OAw<X
³DVYRU`�X�wDn9ihp;n9Rr[¬X-[NVYg¶³DV��¶QSX-sd^Jg�`Dn9RUikX�`YX�[²OAw<X�uaRrQSs-^ ��[SMYXdik\lRrTAV�X�wYiS}-QN`YXdQNwYn9iS^JRrQ¬sdn9iNcUX-Q·X-¨/X-[SQ
uaRrQSs-^ ��[SMYXdik\lRrTAV�XdQ¤w<XdV�u9XdgP[|n9�9RUi�QkVYi¤[j^JV�[SX|c½ef}dwDn RUQSQkXdVYit`YV'sd^9gY`YVYRK[�I

• 1
ReSh

<< 1

� X-[S[SX�sd^9gY`YRr[SRU^JgZXdQh[NQSRr\lRrcon9RriSX ��con�s-^JgY`YRK[jRr^Jg�yAI yaHª`YX�cUn][jM�}d^JikRUX�`YX¤¯|RUiks�MYMY^9¨8I ��e�X-Qk[N`Y^9gYs�con
sd^JgY`�Rr[jRr^JgH`kV�Qk[jR � n9gP[�c�e�MPOAw<^9[jMYb-QSX�`�e�VYg�X�wYiSX-QSQkRU^Jg TWVDn QSRK��VYgYRKpF^JiS\_X�QkVYRru n9gP[ con�QkXds~[jRU^9g�[jiSn9gYQh�
uJXdikQjn9crX»`YV sd^Jg�`YVYRr[dI � n9g�Q�cUX sdn9Q�`�e�V�gYX � gYX»s-^JVYs�MYX cURr\lRK[jX�wYiS}-Q�`YXdQ�wDn iS^JRrQ�U ^9g¾}~[jX-gY`
c½e�n9wYwYik^ �aRr\�n [SRU^Jgl`YXmTWVDn9QSR �²VYg�RrpF^Jik\lRK[j} �¶c�e�X-gYQSX-\�¡YcUX|`�XdQtu9n iSRon ¡YcUX-Q�`Dn9gYQtcrX�³DV ��wYikRUgYs-RUwDn c½I

• Sh << 1

� X-[S[SX s-^JgY`YRK[jRr^Jg¼XdQh[�}-TAV�Rru n9cUX-gP[jX � con sd^Jg�`YRr[SRU^Jg¾yaIKH3µ `YX con¸[SMY}d^JikRUX«`YX ¯|RUiks�MYMY^9¨8I]´�g
QSX_wYcon9s-Xl`�^JgYs_`Dn9gYQZcUX s�n Q�`�efVYgYX_sd^9VYs�MYX�crRU\_Rr[SX � gYX_wYiS}-Qq`YX-Q�wYn9iS^JRrQ��;MPOAw/^9[SMYbdQkX�N�[jV�OJn9V
con9ik�JX0O �~I � n9gYQ�cUXts�n9Q�`YV [jV�OJn9V�s~OAcURUg�`YiSRrTAV�X^UPgY}-�JcURr�JXdi·crXdQN[jX-iS\_XdQ�Xdg

Sh2 `Dn9gYQ�crXdQ�}dTWVDn [SRU^Jg�Q`YX�wYik^JwDn9�Pn�[jRU^9g �;s IznaI�`
Sh
`Dn9gYQ¤crXdQª}dTWVDn [SRU^JgYQ `YX�sd^9VYs�MYX|cURr\lRK[jX �¬iSX-uARrXdgP[���QSV�wYw/^9QSXdi cU^As�n��

cUXd\_XdgP[tTWV�e �¶c½ef}ds�MYX-cUcUX|`�X|con�sd^9VYs�MYXZcURU\_Rr[SX^UWcon�wYn9iS^JR�XdQk[]wYcUn9gYX IDLNcUVYQ¤c�e�}-wDn9RUQkQSX-VYi¤`YXmsd^JV�s�MYX
cURU\_Rr[SX�`�X-uARUX-gW[��JiSn9gY`YX@UY\l^9RUgYQ¤crXdQ�[jX-iS\_XdQt`YXm�J}-^J\l}~[jikRUX�QkXdiS^9gW[�gY}-�JcURr�JX�n9¡�cUXdQ-I
±�X-Q][SiS^JRrQ�s-^JgY`YRK[jRr^JgYQ¤wYik}dsd}-`YXdgP[SXdQ|QS^9gW[�`Y^JgYs�� w/X-V wYiS}-Q�}-TAV�Rru n9cUX-gP[jXdQ �ls-XdcrcUXdQt`YXZc½e�n9s-^JVYQh�
[jRUTWVYXªcURrgY}�n9RriSX�\ln9RUQ�QSX iSX-[SiS^JVauJXdgP[�n9V�QSQSRa`Dn9gYQ¬cUX�s�n9Q·`�X c½e�n9}-iS^A`�OAgDn9\_RUTWVYX ��n�uJX-s�cUX-Q¬gY^J\q¡YiSX-Q
`YX �]X~Oag�^JcU`YQtX~[�`�XZQkMYX�n i�n gDn9cU^9�JVYXdQ �~I

• M << 1

c½e�n9gDn9cKOaQkX�`�RU\_XdgYQkRU^JgYg�XdcUcrXtTAV�R�QSV�wYw/^9QSX|cU^As�n cUXd\_XdgP[�VYg�s�MDn \lw�n sd^JVYQh[jRrTAV�X�w/X-V�`YRr¨/}dikXdgP[�`�X
sdXdcrVYR¬`�^JgYgY}�wYn9i�cUnl[jMY}-^JiSRrXqcrRUgY}dn9RUikX�Q-ezn9w�wYVYRUXqQSVYi�s-X-[k[jX�s-^JgY`YRK[jRU^9g�I � X-w/X-gY`Dn9gP[mcrXdQ�[SXdik\lX-Q
`�e�^9iS`YikX

M2 X-[�wYcUVYQZgYX_QS^JgP[qwDn9QZgY}d�JcrRU�J}-Qm`Dn9gYQZcUX-Q�}-TAVYn [jRr^JgYQZ`YXlw�iS^JwDn �Pn [jRr^Jg�I � X�wYcrVYQ�UcUXdQqRUgP[jX-ijn9s~[jRU^9gYQqgY^9ga�²crRUgY}dn9RUikXdQZXdgP[jikX�cUXdQq^JgY`YX-Q n9cUcrXdiZX-[ iSX~[j^JV�i �;`�ef^Jik`YiSX
M
X~[¶wYcUV�Q$Rzy ­@T �

QS^JgP[�wYiSRrQSXdQ�Xdg�sd^J\_w�[jXZX-[�cUX-Q�ik}dQk^JgDn9gYs-XdQ �¶pF^Jih[jXdQ�n9\_wYcURK[jVY`YX-Q¤w/X-V�uJX-gP[hg-[SiSXZ`Y}ds-iSRr[SXdQ�wYcUVYQ
wYiS}-sdRUQkXd\_\lX-gP[�RzyaH7T½I

• MSh << 1

©�g�gY}d�JcrRU�JXdn9gP[ crXdQ�[jXdik\lX-Q `�ef^Jik`YiSX
MSh

`Yn9gYQ crXdQª}dTWVDn [SRU^JgYQªgY^Jga��cURrgY}�n9RriSX-Q�`�X�wYik^JwDn9�Pn�[jRU^9g
�;s9I�n�If` crXdQ�[SXdiS\_XdQ|`�e�^Jik`YiSX

M
`Dn9gYQmcrXdQ|}dTWVDn�[jRU^9gYQm`YX sd^JVYs�M�X_crRU\_Rr[SX	�0U<^Jg«gY}-�JcURr�JX�cUX-Q|gY^Jga�

cURUg�}�n9ikRr[j}-Q·`YXtsd^9VYs�MYX]cURU\_Rr[SX^U�sdX]TWVYRDw/X-iS\_X-[�`YXtQSX]ijn \lX-gYXdi �mVYgYXtwYik^JwDn9�Pn�[jRU^9g¶gY^Jga��cURUg�}�n9RriSX
QSVYRKu9n gW[�con sd^A^Jik`Y^JgYgY}-Xqn���RUn9cUXms-^JVYwYcr}dX��lVYgYXZ`YRK¨�VYQkRU^Jg �;crRUgY}dn9RUikX	�ªuARUQkTWVYXdVYQkX�X-[][jM�XdiS\_RUTWVYX
QSVYRKu9n gW[_cUn s-^a^Jik`Y^JgYg�}dX�w/X-iSw<XdgY`�RUsdV�con9RriSX � cUn»wDn9iS^9R½I�´�g"X �asdcUVa[�n cU^JikQ_cUn»�J}dgY}-ijn [SRU^Jg wDn9i
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crX s�MDn9\_w n9s-^JVYQk[SRUTWVYX_`�ef}dsd^9VYcUX-\lX-gW[q\l^1O9Xdg �_Nhn9s-^JVYQh[jRUs Qh[jiSXdn9\_RUgY�@O �0U5`�ef}-u9XdgP[jV�XdcUQq`Y}ds-^JcUcrX~�
\_XdgP[SQ�`YX_sd^9VYs�MYX crRU\_Rr[jX�^JV¸c�ezn wYwDn9ikRr[jRr^Jg»`YX [jVYik¡YVYcrXdgYs-X�w<^JQSQkRU¡YcrX ��[jikbdQZpF^Jik[SXln \lwYcrRr[SVY`YX
R H1¢ T½I

• ε << 1

��efXdQh[�cUn's-^JgY`YRK[jRU^9g s-con9QkQSRrTAV�Xh`kVYQh[jR � n9gP[qc�ezn wYwYiS^��aRU\ln [SRU^Jg»`�ef^JgY`�XdQqw�con9gYX-Q�`Yn9gYQqcrXdQm[jik^JgYsdQ
`�XZs7PJgYX I

� E��¸B�0 ��6�EA� �
J ´�g�`Y^JRr[]�Pn iS`YX-i �lc�e�X-QSwYikRr[]TWVYXq`�XdQ�[SXdiS\_XdQ]cU^As�n cUXd\_XdgP[]wYcrVYQ]p;n RU¡YcrXdQtw/X-V�uJX-gP[|wDn9i�n9sds-VY\�Va�
cUn [jRr^Jg»QSV�i�cUn'`YRrQk[jn9gYsdX_`YX~uJXdg�RUiZ`Y^J\_RUgDn9gP[SQdI�±Ne�X-iSikXdVYi�sd^J\_\lRrQSX¶X-g¸gY}-�JcURr�JX�n9gP[m`YX-Q�[SXdiS\_XdQ
`�e�^Jik`YiSX�}-cUX-u9}�w<XdVa[ n9cr^JiSQ¶`�X-uJX-gYRUi_wYcrVYQ RU\_w/^Jih[�n9gP[SX�TAV�X�gYX'cUX�cUn9RUQkQSX�QSV�wYw/^9QSXdi_c½e�n9gDn crOAQSX
`�RU\_XdgYQkRU^JgYg�XdcUcrX¤TWVYR/X-Qk[ cU^As�n9crX9I W g�X�n9gDn crOAQSX�`YRU\_XdgYQkRU^Jg�gYXdcrcUX¤RUgP[S}d�JiSn9gP[ cUnZ`YRrQk[jn9gYsdX�`YX�w�iS^ �
wYn9�Pn [SRU^Jg�`Y^9gYgYXdiSn¶`Y^JgYsmwYcrVYQt`�e�Rrg�pF^Jik\�n [SRU^Jg�Q ��n gDn9crOAQkX|Xdg'}ds�MYX-cUcUX-Qt\�VYcr[SRUwYcrXdQ � R�¢fT½I

J �²c@p;n9V�[ XdgPuARUQSn9�JXdiªc½e�n9wYwDn iSRr[SRU^Jg_`YX][jVYik¡YVYcUX-gYsdX�`Dn9gYQ�crXdQªsd^JVYs�M�XdQ¤cURr\lRK[jX-QNw/^JV�i `YX][jiSb-Q pF^Jih[jXdQ
^9QSsdRrcUcUn [jRr^JgYQdI � n9gYQ¶s-X s�n9Q7U¬cUn�wYcrVYwDn9ih[�`YX-Q¶sd^JgYQkRU`Y}-ijn [SRU^Jg�QqwYik}dsd}-`YXdgP[SXdQ QS^JgP[ ��iSX-u9^JRUi7U¬X-g
wYn9ik[SRUsdV�cURUX-i crX|\l^A`YbdcrX�`YXmsd^9VYs�MYXZcURU\_Rr[SX�crRUgY}dn9RUikX9I

� ��E � �¬CFE�,�6
�¸?W0�:;��6�E
�a^JRK[tVYg�[jV�OJn9V�s~OAcURUg�`YiSRrTAV�X|RUg � g�R�`YXmijn�OJ^9g

7cm
iSXd\_wYcrR�`�e�n9RUi�RrgYRr[SRon9crXd\_XdgP[ n9V�ikXdw<^JQtX-[]`Dn9g�Q

crXdTWVYXdc¬QSX wYiS^9wDn9�JX�V�gYX ^JgY`YX¶QkRU\_wYcUX�`YX wYiSX-QSQSRr^Jg«\l^9gY^as�M�iS^J\ln [jRrTWVYXq`�e�n9\_wYcURK[jVY`�X
10kPa

X~[m`YX
pFik}dTWVYXdg�sdX

300Hz
UYcrXdQtw/X~[jRK[jQ¤wDn9iSn9\_b-[jikXdQ¤wDn i]^9iS`YikX|sdiS^9RUQSQSn9gP[]`�e�Rr\lw<^Jih[�n9gYs-X|QS^JgP[5v

1√
Re

≈ 10−4 U Sh ≈ 10−3 U M ≈ 10−2X~[�crXdQ�[SXdiS\_XdQtgY}-�JcURr�J}dQ�v
1

Re
≈ 10−7 U S2

h ≈ 10−6 U MSh ≈ 10−4 U 1
ReSh

≈ 10−4 I
� n gYQ s-X�s�n Q�UAw/^JV�iª`YX-Q `YRrQk[jn9gYsdX-Q `YX]wYik^JwDn9�Pn�[jRU^9glQkV!'_Qjn9gP[jX-Q�UYg�^JVYQ�w/^JVauJ^JgYQªwYiS}~uJ^JRri VYg�X�`YRrQk[j^9ih�
QkRU^Jg�`YXmc½ef^JgY`�X|TAV�R5QSXdiSn_ik}d�JRrX|wDn9i¤crXdQ¤X-¨/X-[SQ�g�^Jga�²crRUgY}dn9RUikXdQª`YXmwYiS^JwYn9�Pn [SRU^Jg�X~[�`Yn9gYQtVYgYXm\_^JRUgY`�iSX
\_XdQkVYiSXmwDn9i¤crXdQtw<Xdik[SXdQ¤uARUQksd^ �½[jMYX-iS\_RUTWVYXdQtn V ��wDn9ik^JRUQ-I

�,��� �)G8G8.0� B >h&K�0*a6 >�! &�9D*a( �I*A68#
L8^9VYi�con_\,g-\lXZpFiS}-TAV�XdgYs-X �

300Hz
�tX-[|cUnl\"gd\_X�n9\_wYcrRr[jV�`YX��

10kPa
� U/`Yn9gYQ�VYg [SV�OPn V»s-OAcURrga�

`YikRUTWVYXl`YX ijn�O9^Jg
0.7cm

U8s e�X-Qk[ ��`YRriSXlw/^JV�iq`YX-Q��Jijn gY`YX-VYiSQ�QkX ijn wYwYiS^As�MDn9gP[¶`�X sdX-cUcUX-Qq\_XdQkVYiS}-XdQ
`Dn gYQtcon�sd^9VYcURrQSQSXm`�efVYg�[jik^J\�¡<^JgYX|w<^JVYi¤VYgYXmgY^ [jX `k^JVY}-XmpF^9ik[jRrQSQkRU\_^cUag�^JVYQ]n�uJ^JgYQ-v

1√
Re

≈ 10−4 U Sh ≈ 10−2 U M ≈ 10−2

�9§
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X~[]cUXdQ�[SXdik\lX-Q]g�}d�JcrRU�J}-Q�v
1

Re
≈ 10−7 U 1

ReSh
≈ 10−5 U S2

h ≈ 10−4 U MSh ≈ 10−3 I
±5X-Q�[jik^JRUQms-^JgY`YRK[jRU^9gYQ�}-TWVYRru n9crXdgP[jX-Q �'sdXdcrcUX-Q�`YXlc½e�n9sd^9VYQk[SRUTWVYX_cURUg�}�n9RriSX¶TWVYR�}-[�n ¡YcURrQSQSX-gP[qcUn�u n9crRU`YRK[j}
`�X¶c½efMWOAw<^9[jM�bdQSX `�ef^JgY`�XdQmTWVDn9QSR¬wYcon9g�XdQ|`Dn9g�Q|con�s-^JVYcURrQSQkX¶QS^JgP[|uJ}-iSR � }dX-Q � 1√

Re
<< 1 � 1

ReSh
<< 1 �

Sh << 1
�~I/±Ne�X-QSQSX-gP[jRUX-c¬`YX-Q�w<Xdih[jXdQ�uaRrQSs-^ ��[SMYXdik\lRrTAV�XdQ]XdQk[�`Y^JgYs�sd^JgYs-XdgP[jik}�`Dn9g�Q�con_sd^JV�s�MYX�cURr\lRK[jX

w�iS}dQq`YXdQ¶wDn iS^JRrQdI
� Xds-R¤n�}-[S} }-[jn9¡YcrRªX~[quJ}-iSR � } w<^JVYiqcUn�wYcrVYwDn9ih[q`YX-Q¶RUgYQh[jikVY\lX-gP[jQ �'uJXdgP[ `YX-wYVYRrQ
cr^JgY�9[SXd\_wYQ �Fu9^JRUi¤wYn9i¤X��aXd\_wYcrX�RKH1�fT � I
{�n9RUQ�RrgP[j}d�9iS^JgYQq\�n9RrgP[jXdgYn9gP[�`Dn9g�Q�con�`�RUQSs-VYQSQkRU^Jg crXdQ�X~¨�X~[jQ¶`YX�w�iS^JwDn �Pn [jRr^Jg¸g�^Jga�²crRUgY}dn9RUikX9I � n9g�Q
cUn�sd^9VYcURrQSQSX@U�crXdQ�[SXdiS\_XdQ|`�e�^Jik`YiSX

M
X~[
Sh

�F`YRUQh[j^JikQSRr^Jg gY^JgA�²cURrgY}�n RUiSXmX~[mw/X-ik[jX-Q�uARUQSs-^ ��[SMYXdik\lRrTWVYXdQ �
`�^J\lRrgYXdgP[¤X~[¤QSX-iS^JgP[]cUX-Q�wYikRUgYs-RUwDn9V�� ikXdQSw<^JgYQSn9¡YcrXdQ¤`YX|cUn�`Y}-pF^Jik\�n�[jRU^9g�`YX|c�e�^Jg�`YX�Xdg�s-^JVYiSQ¤`�X|wYiS^ �
wYn9�Pn [SRU^Jg�I
� X-w/X-gY`Dn9gP[�UYgY^JVYQ n�uJ^JgYQ¤s-^JgYQkXdiku9}|cUX-Qª[jX-iS\_XdQª`�e�RrgP[jXdiSn9s-[SRU^Jg�gY^Jga��cURUg�}�n9RriSX¤`�ef^JiS`�iSX

M
UacU^As�n9crXd\_XdgP[

`�e�^Jik`YiSX�QSVYw<}dikRUX-VYi�n V �'[jXdik\lX-Q�X-g
Sh2 �;Rrg�³DVYX-gYsdX�`YXqcUn_�J}-^J\_}-[jikRUX �¤TWVYR�^JgP[�}-[j}�gY}d�9cURU�9}dQdI<L�^JVYih�[jn9gP[]sdXdQt`YX-iSgYRrXdikQ]`�X-uAijn9RrXdgP[]XdgY�9XdgY`YikXdi]`YXdQtX~¨�X~[jQ]sdVY\�V�con [SRrpFQ�wYcrVYQ¤RU\_w<^Jik[jn9gP[jQ�TWVYXZcUX-Q¤wYiSX-\lRrXdiSQ

Rf¢@T�I
�]^9[j^9gYQ_n9VYQSQkR�TWVYX'cUX-Q¶[jXdik\lX-Ql`�e�^Jik`YiSX

MSh
Qk^JgP[�g�}d�JcrRU�J}-Q¶cU^As�n9crXd\_XdgP[ \�n RUQ�TWVYX�c½e�n9wYwDn9ikRr[SRU^Jg

`�e�}-sd^JVYcrXd\_XdgP[|\_^1OJXdg �_Nhn9s-^JVYQh[jRUsZQk[SiSXdn9\lRrgY�@O �tw<XdV�[�wDn9ihpF^JRUQ�`Y^JgYgYX-i�crRUXdV � `YXdQ�X-¨/X-[jQ�`YX�`YRrQSQSRrwDn��
[SRU^Jg_X-[ `YX�`�RUQSw<XdikQSRr^Jgls-VY\�VYcUn [jRKpFQ RzyJy T½I �²c<QSXd\q¡YcUX]`YRg'_s-RUcUXt`�ef}-[jn9¡YcrRUi�X��aw<}diSRr\lX-gP[�n9crXd\_XdgP[�QSR<`YX�[SXdcUQ
X~¨�X~[jQ]X��aRUQh[jX-gW[]`Dn gYQtcon¶sd^JV�cURUQkQSX|`YV�[jik^J\�¡<^JgYX I
� X�\"gd\_X^UNcrXdQln9\lw�cURr[SVY`YX-Q¶`YX;`kX-V"Qk^JgP[�RrsdR¤QSV�'lQSn9\_\lX-gW[lRU\_w<^Jik[jn9gP[jXdQ w<^JVYi TWVYX�c�ezn wYwDn9ikRr[jRr^Jg
`�X [jVYik¡YVYcUX-gYsdX�Qk^JRr[¶X-gPuaRrQjn9�9X�n9¡YcrX9I � X-sdRtn `�e�n9RrcUcUX-VYiSQ�}-[S}'QkVYwYw<^JQS}�w<^JVYi�`�XdQ_n9\_wYcURK[jVY`YX-Qq`YXA`kX-V
X �A[jiSb-\lX-Q�^�(»c�ezn9w�wDn9iSRK[jRr^Jg�`YXq[jV�iS¡YVYcrXdgYs-X¶n�¡YRrXdg }~[j}�^9¡YQSX-ikuJ}-X `Dn9gYQ�cUnls-^JVYcURrQSQkXq`YX�c�e�RrgYQk[SiSVY\_XdgP[
R�y9�@T�I
©Ng � g
Uªg�^JVYQ�n�uJ^9gYQ�QkVYwYw<^JQS} `�bdQ crX'`�}d¡YV�[ TAV�e�Rrc]g�efO>n�u n9Rr[lwDn9Ql`�e�}-sd^JV�cUXd\_XdgP[l\l^1O9Xdg�I ��^JikQ�U�RUc
QkXd\�¡�cUX wYiS^9¡Dn9¡YcrX_TWVYXlcUX¶`Y}-¡YRr[�n9}-iS^A`�OAgDn9\_RUTWVYX `YX-QqcUb~uAiSXdQZ�J}-gYbdikXlVYg }ds-^JVYcUX-\lX-gP[�\_^1OJX-g¸`Dn9g�Q
cUn¶sd^JVYcrRUQkQSX|`YXZc½efRUgYQh[jikVY\lX-gP[ �;gY^JV�Q]g�ezn�uJ^9gYQ�\ln9crMYXdVYikXdVYQkXd\_XdgP[]wDn9Q]}-u n9crVY}|QS^Jg�RU\_w/^9ik[�n gYsdX ��I@±�n
w�iSRUQkX Xdg¸s-^J\_w�[jX `�efRUgP[j}-ijn9s~[jRr^JgYQmXdgP[jikXlcrX¶s�MDn9\_w n9s-^JVYQh[jRUTWVYX X~[qc�e�}-sd^JVYcrXd\_XdgP[mw<^JVYiSiSn9Rr[mQ-ezn�u9}diSX-i
g�}dsdX-QSQSn9RUikX R H1¢ T½I � n9gYQ|cUX-Q�`YX-V �«`YX-iSgYRrXdiSQ|sdn9Q|}-u9^aTWVY}-Q�U5crXdQ�w<Xdih[jXdQ|uARUQksd^9[SMYXdik\lRrTWVYXdQ�w<XdVauJXdgP[�`YX~�
u9XdgYRritXdQSQkXdgP[jRrXdcrcUXd\_XdgP[tgY^9ga�²crRUgY}dn9RUikXdQhR H1�fT�X~[]gY^9[jikX|\l^A`Yb-cUX|gYXmw<^JVYiSiSn¶`Y}ds-iSRUikX|`YX|[jX-cUQtX-¨/X-[SQdI
�]^JQ�s-^JgYsdcrVYQSRr^JgYQ�`YX-uAijn RUXdgP[ ikXdQk[SXdiqu n9cUn9¡YcrXdQqw<^JVYi�c½efXdgYQkXd\�¡�cUX�`�V iSXd�9RUQk[SiSX `�X c½efRUgYQh[jikVY\lX-gP[qQSn9V�p
w<^JVYi c½efX��A[jikbd\_X��Jijn�u9X|^�(�cUX-Q�cU^Jg��JVYXdV�iSQ�`�ef^JgY`�X�\lRrQSX-Q�Xdga`kXdV�w<XdVauJXdgP[]`YX~uJXdg�RUi¤wYcrVYQ��JiSn9gY`YX-Q¤TAV�X
cUn�cU^9gY�JVYX-VYi·`YX¤cUn�sd^JV�cURUQkQSX@U9sdX¤TWVYRau9n�crRU\_Rr[SXdi�con�`YRrQk[S^JiSQkRU^Jg�g�^Jga�²crRUgY}dn9RUikXªX-g¶sd^JV�iSQN`YX¤wYik^JwDn9�Jn [jRr^Jg�I

�Jx
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� *a6 B .7!8���7*A6
� n9g�Q�s-X_s�MYn9wYRr[SiSX@U�X-g g�^JVYQZn9wYwYVaOPn9gP[�QkVYimVYgYXln9gDn9cKOAQSX `YRU\_Xdg�QSRU^9gYgYXdcrcUX@U/gY^9VYQqn�u9^JgYQZ`Y}dikRruJ}

VYg�\_^a`�bdcUX�`YX|wYik^JwDn9�Pn�[jRU^9ga�²`YRK¨�V�QSRU^9g n9s-^JVYQk[SRUTWVYX|gY^9ga�²crRUgY}dn9RUikX�`Dn gYQ¤cUX-Q¤�JVYRU`�XdQ�`�ef^JgY`�X���QkXds~[jRU^9g
crXdgP[jX-\lX-gW[�u9n iSRon ¡YcUX�Xdg XdQkwDn9sdX I � n9gYQ�crX s�n Q�`YX»sd^Jg�`YVYRr[SQ�wYcon gYQ ^JV n��aR �²QkOA\_}-[SiSRUTWVYX-Q�`YX�[²OAw<X
N�[jV�OJn9V>cUn9iS�9X0O U¬con�pF^Jik\�VYcon�[jRU^9g ��I���H'p;n Rr[ n9w�wDn9ijn �U[jikX�cUX-Q_}-TWVDn [jRr^JgYQ `�e�©NVYcUX-i_TWVDn QSRK��\l^9gY^J`YRr\lX-ga�
QkRU^JgYg�XdcUcrXdQ_sd^JV�wYcU}-XdQ �¸`YX-Q�}dTWVDn [SRU^Jg�Q�`YX s-^JVYs�MYX«crRU\_Rr[jX�QkX iS}-`YVYRrQjn9gP[ � `YX�QSRU\_wYcrXdQ_}dTWVDn [SRU^JgYQ
crRUgY}dn9RUikXdQ¬`�X¤`YRr¨/VYQSRr^Jg�[jiSn9gYQhuJXdikQSX]w/^9VYi·con�uARK[jXdQkQSX]n��aRon cUX X~[�con�[SXd\_w/}-ijn [SVYiSX IP±5XdQ�wYik^ � cUQ¬`YX�uARr[jX-QSQkX
X~[¶`YX�[SXd\_w/}-ijn [SVYiSXlQS^JgP[¶s-^JgYgWVYQ n9gDn crOW[jRrTAV�Xd\_XdgP[�X~[¶^Jg ikX-[jik^JV�u9X�n9cU^JikQq`Dn gYQ�cUX-Qq}-TAVYn [jRr^JgYQ�`YX
wYik^JwDn9�Jn [jRr^Jg Xdg�[jVaOPn9V N�cUn9iS�JX OlcUXdQ�[SXdik\lX-Q_s-con9QkQSRrTAV�XdQ `�e�n9¡YQS^9iSw�[SRU^Jg�n9V���wDn9ik^JRUQ�Qk^JVYQ pF^JiS\_X `YX
`Y}-iSRKuJ}dX-Q�pFijn9s~[jRr^JgYgDn9RriSX-QdIA±�nq�J}dg�}dijn cURUQSn [jRr^Jg_`YX�conZpF^JiS\�V�con [SRU^Jg TWVYXdcrTWVYX|QS^JRK[ crX�iSn1O9^Jg�gY}ds-XdQkQSRr[SX|con
wYikRUQkX�Xdg«sd^9\lw�[SX�`YXq[SXdik\lX-Q|`YX¶�J}d^9\l}~[jiSRrX�QkVYwYwYcr}d\_XdgP[�n RUiSX-QdI5L�^JVYi|crXqsd^9gY`YVYRK[|wYcon g
U/c�e�X �A[jXdg�QSRU^9g
X-Qk[]wYcUV�Qtn9RUQk}dX9I
�²gYs-cUVYikXqcUn_`YRrQSQkRUwDn [SRU^Jg'`Dn9g�Q�cUXmuJ^9cUVY\_X �Fsd^J\_\lXmcrXZp;n9RK[ � MYXdQh[jXdi ��XdQh[|n9RrQS}Z\�n9RrQ�wYn9ikpF^JRrQ �FuJ^9RUi�crXdQ
X ��X-\lw�cUXdQ¬wYiS}-sd}d`�XdgP[jQ �0UWRUcAw/^9VYiSiSn9Rr[Fg-[jikX�wYcrVYQ `kVY`YRrsdRrXdV �q`�efRUgYs-cUVYikX�Xdg¶wYikRU^JikRr[S} cUX-Q·X-¨/X-[SQN`�e Nhn9s-^JVYQk[SRUs
Qh[jiSXdn9\_RUgY�@O s9efXdQh[ �Z`YRriSX¤wYikXdgY`�iSXtXdg_sd^J\_w�[SX]`�XdQN[jX-iS\_XdQ�`�ef^JiS`YikXtQSVYw<}dikRUXdV�i�`Yn9gYQ�cUX-QN}dTWVDn [SRU^JgYQ�`YX
s-^JVYs�MYX|crRU\_Rr[jX�R�y §^T�^JV�con�[SVYiS¡�VYcUX-gYsdX|`YX-Q¤sd^JV�s�MYXdQtcURr\lRK[jX-Q �FVYg�\_^a`Yb-cUX�QSRU\_wYcrX�TWVDn9QkRK��Qk[�n�[jRU^9gYgDn9RriSX
X-Qk[]XdgPuARUQSn9�JX�n ¡YcUX"R H1�fT �~I
� X \"gd\_X^U/con�pF^Jik\�VYcon�[jRU^9g�}-[jn9¡YcrRUX�Q-ezn9w�wYVYRUX QkVYi|VYgYX MPOAw/^9[SMYbdQkXl`�X_w�iS^JwDn �Pn [jRr^Jg»n9s-^JVYQh[jRUTWVYX X-g
wYik}dQkXdgYs-X�`�ef}ds-^JVYcUX-\lX-gP[l\_^1OJX-g"gWVYc½I·©�g>wYiS}-QSX-gYsdX�`�e�V�g>}-sd^JVYcrXd\_XdgP[_Qk[jn [jRr^JgYgDn9RriSX TWVDn QSRK��\l^9gY^ �
`YRr\lX-gYQSRr^JgYgYX-c U�QdefRUc�g�e O¼n wDn9Q `�e�RrgW[SXdiSn9s-[SRU^Jg n�uJX-s«cUXdQ�sd^JVYs�M�XdQ�cURr\lRK[jXdQln9s-^JVYQk[SRUTWVYX-Q�U�crX \l^A`Yb-cUX
X-Qk[¶X-gYsd^JikX�u n9cURr`YX9I � n9g�Q�cUXls�n9Q�s-^JgP[jiSn9RUikX U�RUc�p;n9VY`YiSn9Rr[�iSX-wYiSX-gY`YiSX�c�ezn gDn9crOAQkX�`YRr\lX-gYQSRr^JgYgYX-cUcUX X-g
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° [SRr[jikX|`�efX��aXd\_wYcUXms-^JgYQSRr`Y}dik^JgYQtc½ef}dTWVDn�[jRU^9g'`�ezn�uJX-s-[SRU^Jg'QSVYRKu n9gP[jX9v

∂tu+ a∂xu = 0
�;§�IrH �

^�(
a
`Y}dQkRU�JgYXmVYg�XZs-}dcr}diSRK[j}|s-^JgYQk[jn9gP[jX I

¿mn9iS`Yn9gP[mVYgYX iSX-wYiS}-QSXdgP[jn [jRr^Jg s-^JgP[jRrgAV�X_X-g [SXd\_wYQ�U5g�^JVYQm`Y}dQkRUik^JgYQm`YRUQksdik}-[jRrQSX-i|sdX-[k[jX_}dTWVDn [SRU^Jg«X-g
X-QSwDn9s-Xls�M�XdiSs�MYn9gP[¶`YXdQmu n9cUX-VYiSQZn9w�wYiS^As�MY}dX-Qq`YX cUn'Qk^JcUV�[SRU^Jg

u
n9V w<^JRrgW[

xj = j∆x
^�(

∆x
XdQk[�cUX

wDn Q]`�e�X-QSwDn9s-X9I
�]^JVYQt}ds-iSRru9^JgYQ]n9cr^JiSQ¤c�e�}-TAVYn [jRr^Jg�§YIKHZ`�XZcUn�p;n��d^Jg�QkVYRru n9gP[jX v

∂tuj(t) = −a∂xu(xj)
�;§YIzy �

L�^JVYi¶QSX�iSn9\lX-gYXdi �»VYg�X'}-TWVDn [jRr^Jg�`YRr¨/}dikXdgP[jRrXdcrcUX�^9iS`YRrgDn9RUikX `YV [²OAw/X
∂tuj(t) = f(uj)

U·^Jg�w<XdV�[
V�[SRUcrRUQSX-i `YRK¨�}-iSX-gW[SXdQ]\l}~[jMY^A`YX-Q]w<^JVYi¤`�RUQSs-iS}~[jRUQkXditcon�`�}diSRKuJ}-XZQkwDn [SRon9crX9I

� 7 ��?��¸BD� 4�?a7JEA,/.�0�?A�
±5XdQtQSs�M�}d\ln9Q�`�}dsdX-gP[jiS}-Q�Q-ezn9w�wYVYRUX-gP[�QkVYitVYgYXZn9wYw�iS^��aRU\ln [jRr^Jg�`Y}ds-XdgP[jik}dXZ`YXdQ]`Y}-iSRru9}dX-QdI

©Ng'`Y}ds-XdgP[jiSn9gP[ �¶�Pn9V�s�MYX^U@^Jg�}ds-iSRK[�v

∂xu(xj) ≈
1

∆x
(uj − uj−1)

X-g�`Y}-sdX-gW[Sijn9gP[ �¶`YiS^JRK[jX v

∂xu(xj) ≈
1

∆x
(uj+1 − uj)

� 7 ��?��¸BD� 7JEA,/.103?A�
±5XdQtQSs�M�}d\ln9Q�s-XdgP[jik}dQ]Qde�n9wYwYV�RUXdgP[�QSVYitVYg�X�n wYwYiS^��aRU\ln [SRU^Jg `�V'[²OAw<X9v

∂xu(xj) ≈
1

2∆x
(uj+1 − uj−1)

� ^Jg�QSRU`�}diS^9gYQ \ln9RUgP[SXdgDn9gP[ªconm`YRUQksdik}-[jRrQjn [SRU^Jg_Xdgl[jXd\_wYQ-I�±5XdQªX��aXd\_wYcrXdQ crXdQªwYcUVYQ�QSRr\lw�cUXdQ�Qde�n9wYw�VYRUX-gW[
QkVYit`YXdQt`Y}~uJXdcr^JwYw<Xd\_XdgP[jQ]Xdg�[jX-\lw�Qt[SiS^Jg�TAV�}dQdI

µ9­
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� 7���?��¸BD� E �5�8C�:;7P:F.�Ea�
°�V wYikXd\_RUX-i|^JiS`YikX^U5gY^9VYQ�`�}-uJX-cU^Jw�w/^Jg�QZcUn�QS^JcrV�[jRr^Jg

un+1 n9V»[jXd\_wYQ (n + 1)∆t
n V�[j^JV�i|`YXlcUn

Qk^JcUVa[jRU^9g
un n9V�[jXd\_wYQ n∆t

v

un+1 ≈ un + ∆tf(un)

� X|Qks�MY}d\ln�XdQh[t`YRr[ X��awYcrRUsdRK[jX�s�n9i�QkR
un X-Qk[ts-^JgYgWV
U un+1 X-Qk[tsdn9cUs-VYcU}�n9RUQk}d\_XdgP[��qwDn ik[jRri `YX|s-XdcrVYRK��sdRX~[]`YXmconqpF^JgYs~[jRr^Jg

f
I

� 7���?��¸BD�_:��¸�¬C;:;7P:F.1EA�
©Ng'`Y}-u9XdcU^9wYwDn9gP[]\�n RUgP[jX-gDn9gP[tn9V�[S^JVYi¤`YXmcUn�QS^JcrV�[jRr^Jg

un+1 U�gY^JVYQt^J¡�[SXdgY^9gYQtVYg�Qks�MY}d\ln¶RU\_wYcUR �s-Rr[SX9v

un+1 − ∆tf(un+1) = un

� X|Qks�MY}d\ln XdQk[t`�Rr[¤Rr\lwYcrRUs-Rr[jXtsdn9i¤RUc@p;n9V�[tik}dQS^9VY`YiSX|V�gYXm}dTWVDn [SRU^Jg�X-g
un+1 �;�J}-gY}diSn9cUX-\lX-gW[ ��c�ezn RU`YX`�e�VYg�X�\_}-[SMY^a`�X|gAV�\l}-iSRUTWVYX �~I

�]^JVYQ�n�u9^JgYQqw�iS}dQkXdgP[j}�sdXdQ�[jXds�M�gYRUTWVYX-Q�`YX_`YRUQksdiS}~[jRrQjn [SRU^Jg `Dn9gYQ�cUX-VYi|pF^JiS\_XlcUn'w�cUVYQZQSRr\lwYcrX9I �²c
X-Qk[ ¡YRUX-g�Q ��i w<^JQSQkRU¡YcrX�`YX]w<^JVYQSQkXdi�crXdQ�`Y}-u9Xdcr^JwYw<Xd\_XdgP[jQ�`�X�®8n�Oacr^Ji�w/^JV�iª^J¡a[jXdg�RUi�`YXdQªQSs�MY}-\�n9Q wYcUVYQ
w�iS}ds-RUQ-I � X�\"gd\_X^U¬cUn�`YRrQSsdik}-[SRUQjn�[jRU^9g QSwDn�[jRon cUX�w<XdVa[�p;n9RUikX�RrgW[SXdihuJXdg�RUi¶VYg�wYcrVYQ��JiSn9gY` gY^J\q¡YiSX `�X
w<^JRrgW[SQdI �²c X��aRUQh[jX�n9RrgYQSR�V�gYX�\�VYcK[jRr[SVY`YXl`YX�QSs�MY}-\�n9Q X~[ `YX u n9iSRUn9gP[jXdQ-I �²c�g�efXdQh[_wDn9Q n9RrQS} `YX�p;n9RriSX
V�g s�MY^9R �»`Yn9gYQmsdX~[S[jXaN `kVYgY�JcrX0O�I ��^JV�Q|`YX-u9^JgYQZ^J¡YQSX-iku9XdiZcUXdQ|w�iS^JwYikRU}~[j}dQm`YX-Qm`YRr¨/}dikXdgP[jX-QZs-con9QkQSX-QZ`�X
Qks�MY}d\ln9Q�X-[�w�iS^Asd}d`�XdiZwDn9iZ}dcURr\lRrgDn [SRU^Jg X-g¸pF^JgYs~[jRr^Jg `�XlcrXdVYiZs�n9wYn9sdRK[j} ��[Sijn9RK[jXdimgY^ [jiSXlwYiS^9¡YcUb-\lX
w�MWOAQkRUTWVYXZX-[]`YXmcUX-VYi¤sd^J\_wYcrX��aRr[S}�`�efRU\_wYcU}-\lX-gW[jn [jRr^Jg�I
°�RUgYQkR U1crXdQ¬Qks�MY}d\ln9Q8`Y}ds-XdgP[jik}dQNXdgqXdQSwYn9sdXªQS^JgP[ ��}dcURr\lRrgYXdi�s�n9i8RUcUQ�Qk^JgP[·`YR`'ls-RUcrXdQ ��\_X-[k[jiSX�Xdgq^aX-V�uAiSX9I
©Ng X-¨/X-[�UPcUX�`�}dsdX-gP[jijn �JX�RrgY`YVYRK[·VYg QkXdgYQ�`YX¤wYik^JwDn9�Pn�[jRU^9g¶wYiSRKuaRrcU}-�JRU} I L�^JVYiNQkRU\�VYcrXdi·s-^JiSikXds~[jXd\_XdgP[�con
w�iS^JwDn �Pn [jRr^Jg�`�e�^Jg�`YX|`Dn9gYQ cUXdQ `YXdV � `YRUikXds~[jRU^9gYQ `YX�c½efXdQSwYn9sdX|\_^JgY^A`YRU\_Xdg�QSRU^9gYXdcrcUX^U9RUc<XdQk[�gY}ds-XdQSQSn9RUikX
`�X�[jijn Rr[jX-i�Qk}dwDn9ikXd\_\lX-gP[|cUX-Q|\l^A`YXdQ�n9sd^JV�Qk[jRrTWVYXdQ ��uJ^JRri�QSs�M�}d\ln�`�X¶�J^a`�^JVYgY^1u4RzxfT �~I�±�X-Q|QSs�MY}-\�n Q
`�e�RrgW[S}d�JiSn [jRr^Jg�Xdg'[jX-\lwYQtRr\lwYcrRUs-Rr[jX-Q w<^JQSQkbd`YX-gP[�`YX-Q�TWVDn9crRr[S}dQ¤wYVYRrQSQSn9gP[jXdQ]sd^9\l\_X|sdX-cUcUX|`�X�Qh[�n9¡YRrcURK[j}
RrgYsd^9gY`YRr[SRU^Jg�gYXdcrcUX�X-[�cUn¸w/^9QSQSRr¡YRUcrRr[S}�`YX [Sijn�u n9RUcrcUX-i�n�uJX-s»`YXdQ�wDn Q�`YX [jX-\lwYQ��Jijn9g�`YQdI�� X-w/X-gY`Dn9gP[�U
RrcUQ�Qk^JgP[�s-^J\_wYcUX ��X-Q �»[Sijn9RK[jX-i¶X-[_XdgP[jiSn9RUg�XdgP[_`YXdQ_sd^ �a[jQ `YX's�n9crsdVYc�w�cUVYQ }dcrX-u9}dQ_TAV�X�crXdQ QSs�MY}-\�n Q
X �awYcURrsdRr[SXdQ-I � X�`YX-iSgYRrXdiZw/^JRrgP[�w<XdVa[�g-[SiSX_sd^J\_w<XdgYQk}�Xdg wYiSX-gDn9gP[�`�XdQqwYn9Q�`�Xl[jX-\lw�Q��JiSn9gY`YQZ\ln9RUQ
n cU^JikQ¤VYgYX|pF^Jik[SX|`YRUQkQSRrwDn [jRr^Jg�gWVY\_}diSRrTWVYXmiSXdg�`�s-XdQtQSs�MY}-\�n Q�RrgYX��awYcr^JRr[jn9¡YcUX-Q�XdgeN�MYn9V�[jX�pFik}dTWVYX-gYsdX O�I
�]^JVYQ�n�uJ^9gYQ�`Y^JgYs¤wYcrV�[]P [Ns�MY^JRrQSR�V�g_Qks�MY}d\ln|sdX-gW[SiS}tXdg X-QSwDn9s-XtX-[�X��awYcrRUs-Rr[jX Xdg¶[jX-\lwYQ-IP±5X¤wYiS^9¡YcUb-\lX
`�X�cUnm`�RUQSQkRUwDn�[jRU^9g_gWVY\_}dikRUTWVYX]QSX]w/^9QSX�n9VYQSQkR@`Dn9gYQ�sdX�s�n9Q-I �]^JVYQªn�uJ^JgYQ�uAV�`Dn gYQªc�e�RrgP[jiS^A`YVYs~[jRr^Jg TAV�X
`�XdQ�QSs�MY}-\�n Qª^JgP[�}~[j}tsd^Jg �dVYQ�X-[�^Jwa[jRU\_RUQk}dQ·w<^JVYiNX-g cURU\_Rr[SXdi�cUX-QNX-¨/X-[jQ Rf�@T½I � Xdw<XdgY`Dn gW[�UWsdXdQ�`YX-iSgYRrXdikQ
w<^JV�u n9gP[Ag-[SiSX_cURU\_Rr[S}dQ�X-g n9`Dn w�[�n9gP[ZcUX_\ln9RUcrcon9�JX@U/X~[�n V¸iSX-�Pn9ik` `YXlgY^JQZ^J¡d`kX-s-[jRKpFQ�\_^A`YXdQh[jXdQZ`Dn9g�Q
crX�`Y^J\ln9RrgYX�`YV«s�n cUsdV�c¬QSs-RUX-gW[SR � TWVYX@U5gY^JVYQmwYik}-pF}-iS^JgYQ�p;n RUiSX�n9wYw<Xdc ��VYg«QSs�M�}d\ln�s-con9QkQSRrTAV�X¶`�e�^9iS`YikX
p;n RU¡YcrX �;^Jik`YiSX�`YX-V �>Xdg"X-QSwDn sdX�X~[_Xdg>[SXd\_wYQ �¶\ln9RUQ¶gY}dn9gY\_^JRUg�Q_ik^J¡YVYQh[jX@U�crX�sd}dcrbd¡YikX�Qks�MY}d\ln `�X
±�n��W� �¸X-gY`YiS^ ¨JRKH1­ T½I

µAH
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��^9VYQtwYiS}-QSXdgP[S^JgYQ�RrsdR�TWVYX-cUTWVYX-Q��J}-gY}diSn9cURK[j}-Q¤QSVYitsdXmQks�MY}d\ln�I

±5XmQkOAQk[Sbd\_X �_ik}dQS^9VY`YiSXmQ-e�}-sdiSRK[]QS^JVYQ¤pF^Jik\lX|s-^J\_wDn9s-[SX9v
∂tW + ∂xG(W ) = F (W )

�F§YI�� �

n1u9Xds
W =





Sρ
Sρu
SρE



 , G(W ) =






Sρu
3−γ
2

(Sρu)2

Sρ
+ (γ − 1)SρE

(Sρu)
Sρ

(

γ(SρE) − (γ − 1) (Sρu)2

2Sρ

)






X-[
F (W ) = (γ − 1)





0
p∂xS + 2πR ∂xp ∗

√
ν0

πt

−2πR ∂tp ∗
√

a0

πt





^�(¸con�wYiSX-QSQSRr^Jg X-Qk[¶VYg�XlpF^JgYs~[jRr^Jg¸`YX-Qq[jik^JRUQZsd^9\lw<^JQjn gW[SXdQ�sd^JgYQkXdihu9n�[jRru9XdQ�`�X
W

�Fu9^JRUi�c½ef}dTWVDn [SRU^Jg
`�ef}-[jn []`YV�QkOAQk[Sbd\_Xq�aIz�J­ �~I

� 7 ��?��¸B«EA,
Ea�-�8BD7JE�EW._EA,".1E��¸�8�
±5XlQks�MY}d\ln�`�X�±�n��W��� Xdg�`YiS^9¨ Q-ezn9w�wYVYRUX_QSV�i�VYg `Y}-u9Xdcr^JwYw<Xd\_XdgP[�`YX_®8n1OAcr^JiZn9V QkXds-^JgY` ^Jik`YiSX

X-g'[SXd\_wYQt`YV�uJXds~[jX-VYi�Qk^JcUV�[SRU^Jg
W

RKH7T½v

W (M,tk + ∆t) = W (M,tk) + ∆t∂tW (M,tk) +
∆t2

2
∂2

ttW (M,tk)

n�uJX-s
M
VYg'w/^9RUgP[t`YXmc½efXdQkwDn9sdX@U

∆t
crX|wDn9Qt`YX|[jX-\lwYQtX~[

tk = k∆t
^�(

k
XdQh[�V�g�X-gW[SRUX-idI

�a^9Rr[¤cUn Qk^JcUVa[jRU^9g�n9V�[jXd\_wYQ
(k + 1)∆t

X-[tX-g�VYg'w<^JRUgP[ �;`�e�RrgY`YRUs-X
j
� `YXmc½efXdQkwDn9sdXZ`YRrQSsdik}-[SRUQS} v

W k+1
j = W k

j + ∆t∂tW
k
j +

∆t2

2
∂2

ttW
k
j

�;§YIf§��
±5XdQt`Y}-iSRKuJ}dX-Q�X-g'[SXd\_wYQtQdefX��awYikRU\_XdgP[ � wYn9ik[SRUi�`YXmc�e�}-TAVYn [jRr^Jg�§YIz�[UYQS^JRK[�v

∂tW = F (W ) − ∂xG(W )

∂2
ttW = dtF (W ) − ∂x[dtG(W )]

n�uJX-s
dtG(W ) = ∂WG(W )∂tW

X~[
dtF (W,t) = ∂WF (W,t)∂tW + ∂tF (W,t)

L8^9VYilc�e�RrgP[j}d�9ijn [SRU^Jg X-g"X-QSwDn9s-X^U�gY^JVYQ s-^JgYQSRr`Y}dik^JgYQ_VYg"`�^J\�n RUgYX �«VYgYX'`YRr\lX-gYQSRr^Jg�`�e�X-QSwDn sdX^U
`YX�cU^JgY�9VYXdVYi

L
U¬`YRKuaRrQS}lXdg

m
RUgP[SXdiku n9crcUX-Q�`YX�cU^JgY�9VYXdVYi

∆x = L
m

I ��^JV�Q�`Y}dQkRU�Jg�XdiS^9gYQ�wDn9i
Wj
con

Qk^JcUV�[SRU^Jg¸n9V w<^JRUgP[
xj = j∆x

��uJ^JRri � �JVYiSX�§YIrH	�~I8©�g�n wYwYiS^��aRU\ln9gP[�con�`�}diSRKuJ}-X�QSwDn [SRon9crXlwYn9iqVYg�X
QkRU\_wYcUX�pF^9iS\�VYcrX�`YXm`YRK¨�}-iSXdg�sdXdQ � gYRrXdQ¤QkVYi¤[jiS^9RUQ¤w<^JRUgP[jQ7UYgY^JV�Q]}-sdikRruJ^9gYQdv
∂tW

k
j = F (W )k

j −
G(W )k

j+1−G(W )k
j−1

2∆xX~[�w<^JVYi¤cUn�`Y}dikRru9}dXZ`�e�^9iS`YikXqyAv
∂2

ttW
k
j = [dtF (W )]kj −

[∂wG(W )∂tW ]kj+1−[∂wG(W )∂tW ]kj−1

2∆xTWVYXmc½ef^Jg�}ds-iSRK[twDn9ikpF^9RUQtn9VYQkQSR�v
µJy
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∂2
ttW

k
j = [dtF (W )]kj −

[∂wG(W )∂tW ]k
j+1

2

−[∂wG(W )∂tW ]k
j− 1

2

∆x

�²cDQkXd\�¡�cUXtTWVYX�s-X-[k[jXt`YXdikgYRUb-iSX¤pF^Jik\lX�p;n9RrQjn9gP[�RrgW[SXdihuJXdg�RUi�cUX-Q�u n9crXdVYikQ�n9V � w<^JRrgW[SQ�\lRrcURUX-V ��QS^JRK[�Qk[jn9¡YcUX
n cU^JikQZTWVYX�con�wYiS}-sd}d`�XdgP[jX Rr\lw�cURUTWVDn gW[mV�g }-[jn9cUX-\lX-gW[�`YV QSs�MY}-\�n�QkVYi¶x�w/^9RUgP[jQZgYX�c�e�X-Qk[�wDn9Q�RKH3y T½I
±5X-Qtu n9crXdVYikQ]n9V ��w<^JRUgP[SQ¤\lRrcURUX-V �lQS^JgP[]s�n cUsdV�cU}dX-Q¤QSRr\lwYcrXd\_XdgP[¤X-g�V�[SRUcrRUQjn gW[dv
∂Wj+ 1

2
= 1

2
(∂Wj+1 + ∂Wj−1)

j + 1
2 j + 2

x

∆t

W k+1
j

j + 1jj − 1j − 2

t

∆x

k + 1

k
j − 1

2

������� §YIKH'JfU<?@"_
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�Z032@�80�:F?W.�?a�¶4�6¼��7���?��¸B
±Nef}-[jV�`YX `�XdQ�wYiS^9wYiSRr}-[j}-Q�`YX«sdX«QSs�M�}d\ln�u n QSX«cURr\lRK[jX-i�n9V sdn9Q�cURUg�}�n9RriSX�X~['g�ezn wDn Q � gY^ [jiSX

s-^JgYgDn RUQSQSn9gYs-X�}-[S}�iS}dn9cURrQS}-X�Xdg�gY^Jga��cURUg�}�n9RriSX9I �]^JVYQ n9cUcr^JgYQ�`YX�wYcrVYQ g�}d�JcrRU�JX-i�crXdQ�[jXdik\lX-Q Qk^JVYiSs-XdQ�Qk^JRr[
crXdQ�w<Xdih[jX-Q�uaRrQSs-^ ��[SMYXdik\lRrTAV�XdQ�X~[¤cUX�s�MDn9gY�JX-\lX-gP[t`YX|QSX-s-[jRr^Jg�I�±�ef}dTWVDn�[jRU^9g�§YIz��X-Qk[¤X-gYQSV�Rr[jX|ik}d`YV�Rr[jX �
V�gYXmQSRU\_wYcrX�}dTWVDn [SRU^Jg�`�e�n9`�u9Xds~[jRU^9g�`YX|[²OAw/X v

∂tW + c∂xW = 0
�F§YI x �

^n(
c
`�}dQSRr�JgYXmVYgYXms-}dcU}-iSRK[j}|sd^9gYQk[jn9gP[jX9I

±5XmQSs�M�}d\ln_Q-e�}-sdiSRK[�n9cU^JikQdv
W n+1

j = W n
j − c

∆t

2∆x
(W n

j+1 −W n
j−1) + c2

∆t2

2∆x2
(W n

j+1 − 2W n
j +W n

j−1)
�;§�Iz� �

±Nef}-[SVY`YX�`YVqQks�MY}d\ln�RrgYsdcrV�[�c½ef}-[SVY`YX�`YXªQSn�Qh[�n9¡YRrcURK[j}·X~[8`�XªcUn]`YRrQSw<XdikQSRU^9gZgWVY\_}dikRUTWVYX RKH7T½I�±Nezn gDn9crOAQkX�`�X
Qh[�n9¡�RUcURK[j}]wDn9i¤n gDn9crOAQkX�`YXm¥D^JVYikRUXdi�iSX~uARUXdgP[ ��Rrgf`kXds~[jXdi VYgYX|^JgY`�X�QSRr\lwYcrX�MDn iS\_^JgYRUTWVYX�X-[���^9¡YQSX-ikuJX-i
crX|sd^J\_w<^Jik[SXd\_XdgP[t`YV'QSs�MY}-\�n�I<�A^JRr[�� c½efRUg�Qk[�n gW[

tn
UDVYg�XZ^9gY`YXmQSRrgAV�QS^��½`Dn9cUX|`�XZg�^J\�¡YikX|`�e�^9gY`YX

k
v

W n
j = W (k)eik j∆x

µ �
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X-g�c�e�Rrgf`kXds~[�n9gP[¤`Dn gYQtcUX|QSs�M�}d\lnl§YI��bUYgY^9VYQt^J¡�[jX-gY^JgYQ-v

W n+1
j = ga(k∆x,σ)W n

j

^�(
σ = c∆t

∆x

�FwDn9ikpF^9RUQ�n9wYw<Xdcr}FN�s-³[ON^JVZgY^J\�¡�iSX�`YX � ^JVYijn gW[h��¥DiSRrXd`YikRUs�MYQ���±5X-uWO ��X-[
ga
XdQk[8cUX�s-^aX�'ls-RUX-gW[

`�e�n9\_wYcUR � s�n�[jRU^9g�gWVY\_}diSRrTWVYXm`YV�Qks�MY}d\ln�I
±�n¶Qk[jn9¡YRUcrRr[S}�XdQh[�n QSQSV�iS}dXZcU^9iSQSTWVYX|TWVYX v

|ga(k∆x,σ)| ≤ 1 ∀k, 0 ≤ k∆x < 2π

L�^JVYitcUX|Qks�MY}d\ln_`�X�±�n��W� �¸X-gY`YiS^ ¨FUDgY^9VYQ¤uJ}dikR � ^9gYQtTAV�X9v

ga(k∆x,σ) = 1 − iσsin(k∆x) + σ2(cos(k∆x) − 1)

�²c5X-Qk[�n9RUQk}|`YXm\l^9gW[SiSX-i¤TAV�X�cUn�Qk[�n ¡YRUcrRr[j}�XdQh[�n9QkQSVYik}dXZw/^9VYidv

|σ| =

∣
∣
∣
∣
c
∆t

∆x

∣
∣
∣
∣
≤ 1

�;§�I µ �

±Nef}-[�n w/X�QSVYRKu9n gW[SXqX-Qk[|c�e�}~[jVY`YXq`YXqcUnl`YRrQk[j^9iSQSRr^Jg�gWVY\_}dikRUTWVYX�`YV»QSs�MY}-\�naI�±Nezn \l^Jih[jRrQSQSX-\lX-gP[�gWVY\_}~�
ikRUTWVYXmXdQh[�s-VY\�VYcUn [jRKp·n�uJX-s�cUn_`�RUQk[jn9gYs-XZ`�X�wYik^JwDn9�Jn [jRr^Jg�I�� X-cUVYR5`Y^9Rr[]`Y^JgYsHg~[jiSXZ}-u n9crVY}mXdg'pF^JgYs-[SRU^Jg
`YX-Qt`YRUQh[�n9gYs-XdQ¤[²OAwYRUTWVYX-Q�`�XZw�iS^JwDn �Pn [jRr^Jg TWVYR5gY^9VYQtsd^JgYs-XdikgYXdgP[aR��@T�IDL�^JVYitsdX-conbUY^9¡YQSX-ikuJ^9gYQ�crX|sd^AX-po�
� s-RUX-gW[m`�ezn9\_wYcrR � sdn [jRr^Jg�gWVY\_}dikRUTWVYX¶w<^JVYi|VYgYX¶s-^J\_w/^JQSn9gP[jX¶`Y^9gYgY}dX `YX gY^9\�¡YiSX¶`�e�^Jg�`YX

kp
n9w�iSbdQ

VYglgY^J\�¡�iSX]`�e�}-s�MDn9gP[jRrcUcr^JgYQ�Xdg�[SXd\_wYQ
τN = N ∆x

c∆t

sd^9iSiSX-QSw<^JgY`Dn gW[ ��VYg�X�`YRrQk[jn9gYsdX�`YX]wYiS^JwYn9�Pn [SRU^Jg
QkVYitVYgYXmcU^Jg��JVYXdV�i¤`YX

N
\�n9RrcUcrXdQdv

gτN
a = |ga|τN eiτN arg(ga) = αNe

iθN

±Ne�n9\l^9ik[jRrQSQkXd\_XdgP[¤gWVY\_}diSRrTWVYXmXdQk[]`Y^9gYsm}d�Pn9c �av

αN = [(1 + σ2(cos(kp∆x) − 1))2 + (σsin(kp∆x))
2]

τN
2

=
[
1 − σ2(1 − σ2)(1 − cos(kp∆x))

2
] N

2σ

�a^9Rr[
Xp = λp

∆x

cUX|gY^J\q¡YiSX|`YXZw<^JRUgP[jQ¤wYn9i¤cU^Jg��JVYXdV�i¤`�e�^9gY`YX
λp
UYn9cU^JikQ¤gY^JVYQ]n�uJ^9gYQdv

αN =

[

1 − σ2(1 − σ2)

(

1 − cos

(
2π

Xp

))2
] N

2σ �;§YI�¢ �

L�^JVYimVYgYX_cU^Jg��JVYXdV�i|`YXlw�iS^JwDn �Pn [jRr^Jg»`YX_c½ef^JiS`�iSX¶`YX
2m
U5X-g � ��n9gP[�cUX¶wDn QZ`�e�X-QSwDn9s-X �

1mm
Qk^JRr[

N = 2000
UJgY^JVYQ�w<^JV�uJ^9gYQ�[Sijn9s-Xdi�QSV�iªcUn � �JVYiSXt§YIzy|c½ef}-uJ^9cUV�[SRU^Jg¶`YX]c½e�n9\_^Jik[SRUQkQSXd\_XdgP[NgWVY\_}dikRUTWVYX]Xdg

dB
Xdg�pF^Jg�s-[jRr^Jg�`�V ijn9w�w/^Jih[ `�V�gY^J\q¡YiSX][j^9[jn9c@`YX�\ln9RUcrcUX-QNX-[ª`YV gY^J\q¡YiSX�`YX�\ln9RUcrcUX-QNwDn9i�cU^JgY�9VYXdVYi

`�ef^JgY`�X � N
Xp

��w/^9VYi¤`YRr¨/}dikXdgP[jQ
σ
`Y^Jg�gY}dQ-v

µ §
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�]^JVYQ�uJ^1OJ^Jg�Q TWVYX�w<^JVYi
σ
�;gY^ [j} N�s~³bOtQSV�iªcUn � �JVYiSX �Nu n9ikRon9gP[�`YX

0.5
�

1
UPc½e�n9\l^9ik[jRrQSQkXd\_XdgP[·u n9iSRrX

`�X −8dB
�

0dB
w/^9VYi N

Xp
= 100

U5s e�X-Qk[ ��`YRUikXlw<^JVYiZVYgYX_^JgY`�X�QSX_wYik^JwDn9�JXdn9gP[�QkVYilH�­J­�pF^9RUQmQjn
cr^JgY�JV�XdVYiª`�e�^9gY`YX^Ua}-[jn9gP[¤XdcrcUX]\,g-\lX]`YRUQksdik}-[jRrQS}-X�QSVYi¤y9­q\ln9RUcrcUXdQ �FRUc<g�e O�wDn Q `�e�n9\_^Jik[SRUQSQkXd\_XdgP[�w<^JVYi
cfl = 1

TWVYX-cUTWVYXqQk^JRr[ N
Xp

� I<°�RUgYQkR5`Dn9gYQ]sdX~[�X �aXd\_wYcUX@UDw/^JV�i
σ < 0.95

UYcrXdQtpFiS}-TAV�XdgYs-XdQ�QkVYw<}diSRrXdVYikXdQ
�

17kHz
QSV�¡YRUik^JgP[tVYg�n \l^Jih[jRrQSQSX-\lX-gP[tgAV�\l}-iSRUTWVYX �FsdVY\qVYcU}mQSV�i]cUn�`YRUQh[�n9g�sdX	��QkVYw/}-iSRrXdVYi �

2dB
I

�]^JVYQtX-¨/Xds~[jVY^9gYQ�crX|\,g-\lX|iSn9RUQk^JgYgYX-\lX-gP[tw/^JV�i¤con¶wYMDn9QkX^UDQk^JRr[

θN =
N

σ
Arctg




−σsin

(
2π
Xp

)

1 + σ2
(

cos
(

2π
Xp

)

− 1
)




�;§�Iz¦ �

�AVYi�con � �JVYikX�§YI��bU<gY^JVYQ�^9¡YQSX-ikuJ^9gYQ|c½ef}-u9^JcUV�[SRU^Jg�`YX�c�e�X-iSiSX-VYi�`�X�wYMDn9QkX
θN − N 2π

Xp

w/^JV�i�`YRK¨�}-iSXdgP[SQ
σ
I

µ9x



���������
	���
 ��� 
 ���	�"$�
 
�	 �B� � �n$ �!	�� � � � � � �0 �k� �!��
 �

20 40 60 80 100 120 140
−5

−4.5

−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

N/Xp

er
re

ur
 d

e 
ph

as
e 

en
 r

ad
ia

n

−− : cfl=0.5

+  : cfl=0.9x

o : cfl=0.95

+ : cfl=0.99

� ����� §YI�� J �0" �7u���?(��"$�)
 
��6� 	�?@"��G���

L8^9VYi
σ < 0.95

U¬cUXdQ�pFik}dTWVYX-gYsdX-Q�QSV�w/}-iSRUX-VYiSX-Q �
17kHz

QkVY¡YRUik^JgP[ VYg `Y}dwYMYn9Qjn9�9X'gWVY\_}dikRUTWVYX
�FsdVY\�V�cU}|QSV�i]cUn�`YRUQh[�n9g�sdX	��QkVYw/}-iSRrXdVYi �

1
ijn9`YRUn9gYQ-I

©Ng�pF^JgYs~[jRr^Jg�`YV�w�iS^J¡Ycrbd\_X s-^JgYQSRr`Y}dik}^UJ`�X�con]wYcon9�9XªpFiS}-TWVYXdgP[jRrXdcrcUX }~[jVY`�RU}dX@U9crXdQ¬X~¨�X~[jQN`YX con�`YRrQk[S^JiSQkRU^Jg
gWVY\_}dikRUTWVYXmsd^Jg�`YRr[SRU^JgYg�XdiS^9gW[�`Y^JgYsmcUX|s�M�^JR ��`�V�\ln9RUcrcon9�9X9I

� 

��
�� � ���
� " �'� $
	 ���'$'��� � �
�������

� VDn9gY`¼Rrc]O"n¸pF^Jik\�n [SRU^Jg `�ef^JgY`YX-Q�`YX s�MY^As^UªcUX-Q QSs�MY}-\�n Q�gAV�\l}-iSRUTWVYX-Q `YX cUn p;n9\_RUcrcUX,Nh±�n��W�
YªXdgY`�iS^9¨FO�wYiS}-QSXdgP[SXdgP[�`YX-Q_^9QSsdRrcUcUn [jRr^JgYQqwYn9ijn9QkRr[SXdQ_n9V�[S^JVYi `YX�con»`YRrQSsd^9gW[SRUgWVYRK[j} R H�T½I � X�wYcrVYQ�UNcrXdQ
X~¨�X~[jQ�`YXqcon�`YRrQk[S^JiSQkRU^Jg�gY^Jga��cURUg�}�n9RriSXmw/X-V�uJX-gP[�RrgY`YVYRriSX�c½e�n9wYwDn9ikRr[SRU^Jg�`�ef^JgY`YX-Q|`YXqpFik}dTWVYXdg�sdXdQZn9Rr�JVYQ
TWVYX»crX�\ln9RUcrcon9�JX�gYX�w/X-V�[�`Y}ds-iSRriSX^UªwYiS^1u9^aTWVDn9gP[�n9RrgYQSR]VYg wYMY}-gY^J\_bdgYX»`YX�iSXdw�cURUX-\lX-gP[�QSw<Xds~[jijn c½I
±�n `YRrQSQSRrwDn [SRU^Jg»wYik^JwYikX n9V«QSs�MY}-\�n�g�ef}-[jn9gP[�wYn9Q|QSV!'_QSn9gP[jX_w/^JV�i|iSXd\_}d`�RUXdi ��s-X¶wYiS^9¡YcUb-\lX@U�RUc8XdQk[
s-con9QkQSRUTWVYX�`�e�RrgP[jiS^A`YVYRriSXl`YX�con�`�RUQSQkRUwDn�[jRU^9g n9ik[SR � s-RUX-cUcUX@U5Xdg�QdefRUg�QSwYRrijn9gP[¶`YX-Q¶X-¨/X-[SQ¶`YRUQkQSRUwYn [jRKpt`YX�con
uARUQksd^JQkRr[S}�wYMPOAQSRrTAV�X �qc½ef}ds�M�XdcUcrX�`�V \�n RUcUcUn9�JX IP©Ng X-¨/X-[�U�cUX-QªX~¨�X~[jQ�`�X�conmuaRrQSs-^JQSRK[j}]wYMPOaQkRUTWVYX�[SXdgY`YX-gP[
� }-[jn9cUX-i]cUn¶`YRUQksd^JgP[jRrgWVYRr[S}Z`�XdQ]^JgY`YX-Q�`YXZs�MY^As�QkVYi]VYgYXqs-Xdih[�n9RrgYXm}dwDn9RrQSQkXdVYiARKH1µfT½I �]^JVYQ�n�uJ^JgYQ�n9RUg�QSR
V�[SRUcrRUQS}�con�`YRrQSQkRUwDn [SRU^Jg n9ik[SR � s-RUXdcrcUX�`YXZ{�n9s�� ^JiS\ln9s(9 X~[ � n9cU`bYtRrg RKH7T5TWVYR5sd^JikiSRr�JX�con�Qk^JcUVa[jRU^9g

Wi
`YX

cUnqp;n��d^Jg'QSV�Rru n9gP[jX v

W vis
i = Wi +

∆t

∆x

[

Di+ 1
2
(Wi+1 −Wi) −Di− 1

2
(Wi −Wi−1)

] �;§YIKH1­ �

µ9�
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^n(
W vis

i

`�}dQSRr�JgYXZcon QS^JcrV�[jRr^Jg'^J¡�[jX-gWVYX�wDn9i]sd^9iSiSX-s-[SRU^Jg�`YV�³DV���gWVY\_}dikRUTWVYX@U
D
con¶uaRrQSs-^JQSRK[j}�n9ik[SR � �

s-RUX-cUcUX�sd^JikiSXds~[jikRUsdXmTWVYR5Q-e�}-sdiSRK[�v

D = ε(∆x)2 |u| + c

p

∣
∣
∣
∣

∂2p

∂x2

∣
∣
∣
∣

�;§YIKHJH �
n�u9Xds

ε
VYg'wDn9iSn9\_b-[jikX � n `kVYQk[SXdi-I ��^JVYQ�n�uJ^Jg�Q]`�RUQSs-iS}~[jRUQk}msdXm`YXdikgYRUX-i¤[jXdik\lX|`�XZcUnqp;n��d^9g�QkVYRru n9gP[jX v

Di+ 1
2

= ε
(|u| + c)i+1 + (|u| + c)i

2

2|pi+2 − pi+1 − pi + pi−1|
(pi+2 + 3(pi+1 + pi) + pi−1)

� n9gYQmcUX-QZQkRU\�V�con [SRU^JgYQ�`Y^JgP[ZgY^JVYQmwYik}dQkXdgP[j^Jg�Q�crXdQmiS}-QSVYcK[�n [SQZwYn9i|con QkVYRr[SX^U5gY^JV�QZw�con��dn9gP[Zn1u n9gP[Zcon
`�RUQk[jn9gYs-XZ`�XZpF^Jik\�n�[jRU^9g�`�e�V�gYX�^9gY`YXZ`YXms�MY^as@U@gY^JVYQ]g�e�n1u9^JgYQ�wDn9QF`kVY�J}mV�[SRUcUX|`�e�V�[SRUcrRUQSX-i¤con�uARUQksd^JQkRr[j}
n ik[jR � sdRrXdcrcUX9I

� 

� 
�� � ��� � $'� � ��� $ ��� � 	 �������)��
 �����)" � � � � 
 ��� "�� � " ��� $'��"��

�]^JVYQt`YX-u9^JgYQ�`YRUQksdiS}~[jRrQSXdi¤crX|gY^1OPn9V�RUgP[j}-�Jijn c�[²OAw/XmQSV�Rru n9gP[�v

X(t) =

∫ t

0

W (t− τ)
1√
τ
dτ

�;§�IrH3y �
�AR5c½ef^Jg�`YRUQksdik}-[jRrQSXmsdX~[S[SXZpF^Jik\�VYcrX�`YX|p;n��d^9g'X �awYcURrsdRr[SX^UYg�^JVYQt}ds-iSRru9^JgYQ-v

Xn+1 =
√

∆t
n∑

k=0

W (n− k)
1√
k + 1

�;§YIKH1� �

�]^JVYQ�n�uJ^Jg�QªRr\lwYcUn9gP[j}�s-X-[k[jX¤pF^JiS\qVYcUX¤X~[ªc�ezn�u9^JgYQ�sd^JgapFiS^JgP[j}-X]n1u9Xds�VYgYXtQS^JcrV�[jRr^Jg n9gDn crOW[jRrTAV�X¤`Dn9gYQ�cUX
`�^J\�n RUgYX�pFik}dTWVYXdgP[SRUXdc ��uJ^JRri¤s�MDn9wYRK[jiSX�yaIzyaIzy �~I@±5X-Q�ik}dQSV�cr[�n�[jQtg�ef}-[�n gW[�wDn9QtQSn [jRrQkp;n9RrQjn9gP[jQ7UDgY^JVYQ]n�uJ^9gYQ
Va[jRUcrRUQk}�VYgYXZn9V�[SiSX|pF^Jik\�VYcUX�`YXm`YRUQksdiS}~[jRrQjn [SRU^Jg�I
L�^JVYitsdX-conbU�gY^JVYQt}ds-iSRKuJ^JgYQ]con�Qk^JcUVa[jRU^9g�n9V�[jXd\_wYQ

(n+ 1)∆t
QS^9VYQ�V�gYX|pF^JiS\_X�QSX-\lR �²`YRrQSs-iSb-[SX9v

Xn+1 =
n∑

k=0

∫ (k+1)∆t

k∆t

W ((n+ 1)∆t− τ)
dτ√
τ

�;§YIKH�§��

©Ng�uJ}-iSR � n9gP[�TWVYX
∫ (k+1)∆t

k∆t

dτ√
τ

=
2
√

∆t√
k +

√
k + 1s-^JgYQkRU`Y}-ijn9gP[�sdX~[ªRrgP[j}d�9ijn9gY`�X¤sd^J\_\lX VYgYXt\lX-QSVYikXtX-[�Xdgln9wYw�cURUTWVDn gW[·con�pF^JiS\qVYcUXª`YXdQ�[jiSn9w/b7XdX-Q�UPgY^JV�Q

^9¡�[jX-gY^JgYQ-v

Xn+1 =

n∑

k=0

W n+1−(k+1) +W n+1−k

2

2
√

∆t√
k +

√
k + 1

=
√

∆t

n∑

k=0

W n+1−k +W n−k

√
k +

√
k + 1

µ9µ
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�a^9Rr[

Xn+1 =
√

∆t
n∑

k=0

(W n+1−k +W n−k)(
√
k + 1 −

√
k)

�;§YIKH3x �

�]^JVYQ8n1u9^JgYQ�uJ}dikR � }�wDn9i�con¤QkRU\�VYcUn [jRr^Jg|TWVYX�sdX-[k[jX n9wYwYik^ �aRr\�n [SRU^Jg|\_bdg�X �t`YXdQ8iS}-QSVYcK[�n [SQ8gWVY\_}dikRUTWVYXdQ
QSn [jRrQkp;n9RrQjn9gP[jQ-I W gYX¶}-[SVY`YX¶wYcrVYQ|w/^9VYQSQk}dX `YX¶sdX~[S[SX�pF^JiS\�V�con [SRU^Jg �;VYgYX¶}~[jVY`�X¶wDn9ijn \lb~[jiSRrTWVYX	��QkXdiSn9Rr[
gY}-sdX-QSQjn RUiSXª\�n RUQ5gY^JV�Q¬g�e�n�uJ^JgYQ8wDn9Q�XdV�crXN[jXd\_wYQ�`YX�gY^JVYQ�OZn [S[SXdcUX-idI �]^JVYQ¬ikXdgPuJ^1O9^JgYQ �]con¤u9n cURU`Yn [jRr^Jg
`YV'QSs�M�}d\ln_s-^J\lw�cUX-[�w/^JV�i]`�XdQtiS}-QSVYcK[�n [SQ]s-^Jg � ik\�n gW[tcUnqu n9cURr`YRr[S}�`YXmgY^9[SiSXZn9wYw�iS^��aRU\ln [jRr^Jg�I

� 

��
 � � "�� 
)� $'��"��)� ��� � � $'���
±5X QSs�MY}-\�n'}-[�n gW[Zs-XdgP[jik}lX-g¸XdQkwDn9s-X^U�cUX¶wYik^J¡Ycrbd\_X¶`YV sdn9cUs-VYcN`YX con�Qk^JcUV�[SRU^Jg«n V � w/^9RUgP[jQ ��con

pFik^JgP[jRUb-iSXl`YV `Y^J\ln9RrgYXlQkX�w/^9QSX9I¬±Ne�V�[SRUcrRUQjn�[jRU^9g»`YX `Y}-iSRru9}dX-Q¶`Y}ds-XdgP[jik}dXdQ \_bdgYX ��`YXdQqQSs�MY}-\�n9Q¶Rrga�
Qh[�n9¡YcrXdQ-I ��efXdQh[Nw/^9VYiSTWVY^JRAgY^JV�QNn�uJ^JgYQ¬^Jw�[j}ªw/^9VYi¬VYg�XªpF^Jik\�VYcon�[jRU^9gZs-con9QkQSRrTAV�X�`YV�wYik^J¡Ycrbd\_X�pFik^JgP[jRUb-iSX
wDn i�cUn'\_}-[SMY^a`�Xl`YX-Qqsdn9ijn9s~[j}-iSRUQh[jRrTAV�XdQeR H�T�I ��^JVYQ�iSX-gWu9^1OJ^JgYQ n V¸wDn9iSn9�JiSn9wYMYX�yaI���IrHl`YV¸`�XdV �aRUb-\lX
s�MDn wYRr[SiSX|w<^JVYitVYg�ijn9w�w/X-c5`YXmsdXdQ]gY^9[SRU^Jg�QdI
±�n � �JV�iSX¤§YIf§m`Y}ds-iSRr[·cUX�wYikRUgYs-RUw<X�`YX¤c�e�V�[SRUcrRUQjn�[jRU^9g�`YX-Q�s�n9iSn9s-[S}diSRrQk[SRUTWVYXdQ�n V ��pFik^JgP[jRUb-iSX-QN`YV `Y^J\ln9RUgYX I

u

i = 1 i − 1

u − c

∆t

i + 1ii = 0

∆x

u + c

���������

�
	 ����
�����
�� ������
����
���� �������

n

n + 1

������� §�I�§-Jf 	��_.��G��� ���(� #%��?H��#�� 	�?@" ���+"��G�>�(������� � "_� "_�7�(�
±Ne�Rr`Y}dX X-Qk[Z`Y^JgYs `YX `Y}-sd^J\_w<^JQSX-i|con�QS^JcrV�[jRr^Jg�pFik^JgP[jRUb-iSX ��VYg«RUgYQh[�n9gP[Z`Y^Jg�gY} sd^J\_\lXqcon�sd^J\¶�

¡YRrgDn9RrQS^Jg»`YX [jik^JRUQ|^9gY`YXdQ7U5VYgYX_^JgY`YX_n9crcUX-i�QSX [jiSn9gYQSw<^Jih[�n9gP[���con uARr[jX-QSQkX
u + c

U5V�gYX ^JgY`YX iSX~[j^JV�i
u9^3OJn9�JXdn9gP[ ��cUn�uARr[SXdQkQSX

u − c
X-[qVYgYXlsd^J\_w/^9Qjn9gP[jX_`�ef}ds-^JVYcUX-\lX-gP[�QSXl`Y}dw�con��dn9gP[ �'con'uARK[jXdQkQSXl`YV

³DV�RU`YX
u
I

� ���803257���E C;:�,�?WBD:;03E
©Ng��9}dgY}-ijn9ciUYVYgYXmcURrgY}�n iSRUQSn [jRr^Jg `YV�wYik^J¡Ycrbd\_X|XdQk[]X~¨�X-s-[jV�}dXq`�XZcUnqp;n��d^9g'QkVYRru n9gP[SX,R HJH�T�v

±5Xªu9Xds~[jXdV�i
W
QS^JcrV�[jRr^Jg �]contpFiS^JgP[jRrbdikXª`YXªc½ef}dTWVDn [SRU^Jg�§YI���QSV�wYw/^9QS}�gYX�u n9iSRrXdi�TAV�X p;n9RU¡�cUXd\_XdgP[8n9V�[S^JVYi

µ9¢
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`�e�VYg�X�Qk^JcUV�[SRU^Jg�`YX�ik}-pF}-iSXdg�sdX
Wref

�¶cUn¶pFik^JgP[jRrbdiSX|Q-e�}-sdikRr[�v

W = Wref + δW
�;§�IrH1� �

^n(
δW
`�}dQSRr�JgYX|cUn¶³YVYs-[SVDn [jRr^Jg�`YXmcon�Qk^JcUV�[SRU^Jg�I

©Ng�n9gYgWVYcon gW[�cUXmQkXdsd^9gY` \_Xd\�¡YikX�`�V�QkOAQh[jbd\_X �FwDn9Q]`YXZw/X-ik[jX-Q�gYR�`YXZs�MDn9g��JXd\_XdgP[�`�X�QkXds-[SRU^Jg�n9V �
s-^JgY`YRK[jRr^JgYQ�cURU\_Rr[SXdQ ��X-[·X-g�RUg `kXds-[jn9gP[·cUn�QS^9cUV�[SRU^JgZ`Dn9gYQ8c½ef}dTWVDn [SRU^Jg�§YI��bU g�^JVYQ¬^9¡�[jX-gY^JgYQ·crXdQ�}dTWVDn [SRU^Jg�Q
`�V�\_^JV�u9Xd\_XdgP[]cURUg�}�n9ikRUQS}-XdQ �_N�}-TAVYn [jRr^JgYQt`�e�©�V�cUXdi¤crRUgY}dn9iSRrQS}-XdQ O �~v

∂t(δW ) + ∂WG(Wref)∂xδW = 0
�F§YIrH1µ �

^n( Rrc¬X-Qk[ZQSVYw�w/^JQk}lTWVYX
∂tWref = 0

U�s e�X-Qk[���`YRUikX�TWVYX cUX¶s�MDn \lw n9V�[S^JVYi|`YV�TAV�XdcN^Jg cURrgY}�n9ikRUQkXqXdQh[
V�gYRrpF^Jik\lX�X-[]Qk[jn [jRr^JgYgDn9RriSX I
� X \,g-\lX�TWVYX»w/^9VYi�crX�s�n Q�gY^Jga��cURUg�}�n9RriSX �Fu9^JRUilcon ikXd\ln9iSTWVYX n9V¼wDn9iSn9�Jijn wYMYX»yAIz��IKH `YV¼QkXds-^JgY`
s�MYn9wYRr[SiSX �0U3RUcPX-Qk[·w<^JQkQSRU¡�cUX�w/^JV�i�g�^JQ¬}-TAVYn [jRr^JgYQ�sd^JgYQkXdihu9n�[jRru9XdQ·crRUgY}dn9iSRrQS}-XdQ�`YX�`Y}-[SXdiS\_RUg�Xdi�cUXdQ�u n9cUX-VYiSQ
w�iS^JwYikXdQ X~[ crXdQlu9Xds~[jXdV�iSQ�wYiS^9wYiSX-Q�`YX cUn \ln [jikRUs-X

∂WG(Wref)
I ´�g
iSX~[jik^JV�uJX�¡YRUX-g
XdgP[jX-gY`YV `YX-Q

u n9crXdVYikQ�wYik^JwYiSX-Q¤TWVYR�s-^JiSikXdQSw<^JgY`�XdgP[�n9V ��sd}dcr}dikRr[j}-Q�`YX-Q�[jiS^9RUQª[²OAw<XdQ¤`�ef^JgY`�X^U
λ1 = uref + cref

w<^JVYi
c�e�^9gY`YX|n9s-^JVYQh[jRUTWVYXmn cUcUX-i�U

λ2 = uref
w<^JVYi conqs-^J\lw<^JQSn9gP[jX|`�ef}ds-^JVYcUX-\lX-gP[tX-[

λ3 = uref − cref
w<^JVYi

c�e�^9gY`YXmn9s-^JVYQk[SRUTWVYXmiSX~[j^JV�idI
�²caXdQh[�n9cU^9iSQ¬w<^JQkQSRU¡�cUX `�X�`Y}ds-^J\_w/^JQkXdi·cUn�QS^9cUV�[SRU^Jg ��VYg¶RUg�Qk[�n gW[·`Y^JgYgY} Xdg¶VYgYX¤s-^J\�¡YRrgDn9RrQS^Jg�cURUg�}�n9RriSX
`�X¶sdXdQ�[SiS^JRrQ�^Jg�`YXdQ-I��a^JRK[�X��awYikRU\_}�wYcrVYQ�\ln [jMY}-\�n�[jRUTWVYX-\lX-gP[;R H�T U/`Y}ds-^J\_w/^JQkXdi|cUn�QS^JcrV�[jRr^Jg�QkVYi|con
¡Yn9QSX]`YXdQ�uJX-s-[jX-VYiSQªwYiS^9wYiSX-Q

Φ
`�X�cUnm\ln [SiSRUs-X¤`YX �]RrXd\ln9gYg

R = ∂WG(Wref)
�;crXdQNuJX-s-[SXdVYikQ�wYiS^9wYiSX-Q

Qk^JgP[]wYiS}-QSXdgP[S}dQ�X-g�n gYgYX��aX � �~v

δW =
∑

i=1,2,3

αiΦi
�;§YIKH1¢ �

^n(�cUX-Q
αi
`�}dQSRr�JgYX-gW[�cUXdQ�u n9iSRUn9¡YcrXdQ�s�n9iSn9s-[S}dikRUQk[SRUTWVYX-Q `YX�conmQS^JcrV�[jRr^Jgl`Yn9gYQ cUn�¡Dn QSX�s-^JgYQkRU`Y}-iS}dX �;QkRU\_RK�

cUn9RUikXdQ¤n V ��RUgPu n9ikRon9gP[jQ¤`�X��tRUX-\�n gYg��~I
° c½efXdgP[jik}dX¶`YV«`Y^J\ln9RrgYX^U@`YX-V �«sd^9\lw<^JQjn gW[SXdQ�X-gP[jijn gW[SXdQ��;ikXdcUn [jRKuJXdQ � c½ef^JgY`YX¶n cUcUX-i�X~[ � VYgYX¶}~uJXdgA�
[SVYXdcrcUX]sd^J\_w<^JQjn9gP[SX�`�ef}dsd^9VYcUX-\lX-gW[ ��Qk^JgP[���`Y} � gYRUiªXdg pF^JgYs~[jRr^Jg�`YX�sdX�TWVYX�c�e�^9g�uJX-V�[tRU\_w/^9QSXdiªn9cr^JiSQ
TWVYXmcUnqsd^J\_w<^JQjn9gP[SX|QS^Jih[�n9gP[jX �FiSX-con [SRruJX � c�e�^9gY`YX�ikX-[j^9VYi � QkXdijn¶`Y}~[jX-iS\_RUgY}-X|Xdg�pF^JgYs~[jRU^9g�`YV�s�MDn9\_w
n sd^JVYQh[jRrTAV�XZRrgP[jXdikgYX�� � �9VYiSXm§YIzx �~I
°%cUn�QS^Jih[jRrX|`YV�`Y^J\ln9RUgYX � � �JV�iSX|§YI�� �0U�RUc/p;n VY`Yijn�sdn9cUs-VYcUX-i¤cUX-Q¤sd^J\_w/^9Qjn9gP[jX-Q¤`YXdQt^Jg�`YXdQtTWVYR5QS^9ik[jX-gP[
`�V `Y^J\ln9RUg�XZ`�Xqs�n cUsdV�c �FQS^JRK[]c½ef^JgY`YX�n9cUcrXditX-[�con sd^J\_w<^JQjn9gP[SX�`�ef}ds-^JVYcrXd\_XdgP[ �tX-[�X-g�pF^Jg�s-[jRr^Jg�`�Xqcon
s-^JgY`YRK[jRr^Jg�cURr\lRK[jX]`Y}dQkRUiS}-X�QkXm`Y^JgYgYX-itcon�sd^9\lw<^JQjn gW[SXm`YXmc½ef^JgY`YX|X-gW[Sijn9gP[SX �F^JgY`YXmiSX~[j^JV�i �~I
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t

n
x

i = 0 i = 1

L

wYRUX-`�`YXmsdn9ijn9s~[j}-iSRUQh[jRrTAV�X

n+ 1

∆t

∆x

u− c

u

u+ c

� ����� §YIzx�J #%��?H��#��
	�?@" ���I"��G���(� 	��%2 ��
��+? 	(�

t

xi = L− 1

n

n + 1

wYRrXd`YQt`YXms�n ijn9s~[j}dikRUQh[jRUTWVYX

P2
P1

i = L

u+ c

u

u− c

������� §YIz� J #%��?H��#�� 	�?@" ���+"��G�>�(�8��
1�O�)?��+"$�
±5Xts�n9crsdVYc��|con�pFik^JgP[jRUb-iSXtn9V [jX-\lw�Q

(n+1)∆t
`�XdQ�sd^JgP[jikRU¡YVa[jRU^9gYQNwYiS^1u9XdgDn9gP[ª`YV_s�MDn9\_wlRrgW[SXdikgYX

Q-ezn9w�wYVYRUX QSVYi·cUn�`Y}~[jX-iS\_RUgDn [SRU^Jg�`YV�uJX-s-[SXdVYiNQk^JcUV�[SRU^Jgqn9V¶wYRrXd`�`YX con�sdn9ijn9s~[j}-iSRUQh[jRrTAV�X�n9V�[SXd\_wYQ
n∆t
I

±�nlQk^JcUVa[jRU^9g
δW n

P

QSXdiSnl^J¡a[jXdgWVYXqwDn9i]RUgP[jX-iSw<^Jcon [SRU^Jg�crRUgY}dn9RUikX|`YXdQ�QS^JcrV�[jRr^JgYQ]n9V�gY^aX-VY`�pFik^JgP[jRrbdiSXZX-[
n9V�gY^AXdV�`�RrgW[S}dikRUXdV�i�uJ^JRrQSRUg�I
°�RUgYQkR U�� c½efXdgP[SiS}dXmgY^9VYQt}dsdikRUik^JgYQdv

δW n
P = −(uref − cref)

∆t

∆x
δW n

1 +

(

1 + (uref − cref)
∆t

∆x

)

δW n
0

�]^JVYQ�w<^JV�u9^JgYQ|n9cr^JiSQ]s�n cUsdV�cUXdi]con_sd^J\_w<^JQjn9gP[SX¶n9sd^9VYQk[SRUTWVYXqQk^Jik[jn9gP[jX
α3

�;RrgPu9n iSRon gW[SX�crXqcr^JgY��`�X�con
sdn9ijn9s~[j}-iSRUQh[jRrTAV�X	�8wDn i·iSX-sd^J\_w/^9QSRr[SRU^JgqQSVYRKu9n gW[·cUXdQ8uJXds~[jX-VYiSQ�wYiS^9wYiSX-Q �m�Jn9VYs�MYX¤s-^JiSikXdQSw<^JgY`Yn9gP[jQ �

Φ∗
3

�
`YXmcUn�\�n [SiSRrsdX�`YX �tRUX-\�n9g�g �Fs9I�n�If`�IDcUX-Q�uJXds~[jX-VYiSQ�wYiS^Jw�iSXdQt`YXmcUn�\�n [SiSRrsdX�[jiSn9gYQkw/^JQk}dX �~v

α3 =
∑

j=1,2,3

(δW n
P (j),Φ∗

3(j))
�;§YIKH1¦ �

� ^Jg�gDn9RUQkQjn9gP[�con|s-^J\lw<^JQSn9gP[jX]`YXtc½ef^JgY`YXtQS^9ik[�n gW[SX^UWRUc�XdQk[ n9RrQS}t`�efRU\_w/^JQkXdi �mc½efXdgP[jik}dXtVYgl`Y}d¡YRK[�`Y^JgYgY}
^JV�VYg�XZw�iSXdQkQSRr^Jg�X-g�sdn9cUs-VYcon gW[tcUn�sd^J\_w<^JQjn9gP[SX�n sd^JVYQh[jRrTAV�XZX-gP[jijn gW[SXqn V'`�^J\�n RUgYX I
°�RUgYQkR U�� wDn9ih[jRri�`YXdQts-^J\lw<^JQSn9gP[jXdQtsdn9ijn9s~[j}-iSRUQh[jRrTAV�XdQtXdgP[jiSn9gP[jX-Q�X~[�Qk^Jik[jn9gP[jX-Q�TWVYR5Q-e�}-sdiSRKuJX-gW[dv

α1 = ρrefδu+
δp

cref

α3 = −ρrefδu+
δp

crefgY^9VYQ�w<^JV�u9^JgYQ�sdn9cUs-VYcUX-i�cUn_s-^J\lw<^JQSn9gP[jX�n sd^JVYQh[jRrTAV�X
α1
iSX-con [SRruJX���c�e�^Jg�`YX�X-gP[jijn gW[SX�`YX�\�n9g�RUbdikX �

Rr\lw<^JQSX-i �lcon pFiS^JgP[SRUbdikX �_c½efRUgYQh[�n9gP[
(n + 1)∆t

VYgYX�³DVYs-[SVDn [SRU^Jg�`YXqwYikXdQkQSRU^9g
pn+1

imp

X-g�pF^JgYs~[jRr^Jg�`YX
¢J­
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α3
sd^J\_w/^9Qjn9gP[jXmQk^Jik[jn9gP[jXms�n9crsdVYcr}dXmn9V�wYRrXd`�`YXmcon¶sdn9ijn9s~[j}-iSRUQh[jRrTAV�X9v

αn+1
1 = 2

pn+1
imp

cref
− α3

±�nqpF^Jik\�VYcrX�§YIKH1¢�gY^JVYQ¤w<Xdik\lX~[tn9cr^JiSQ�`�X|iSXds-^J\_w/^JQkXdi¤cUn�QS^JcrV�[jRr^Jg sd^9\lwYcrb-[SX ��c½efRUgYQh[�n9gP[¤s-^JgYQkRU`Y}-iS}9I
±�nm\,g-\lXt\_}-[SMY^a`�X�w<XdV�[ g-[SiSX]V�[jRrcURrQS}dXtX-g�QS^9ik[jRrXt`YV�`Y^9\�n9RrgYXt`YX]s�n9crsdVYc�IPL8^JV�i QSRr\�VYcrXdiNVYgYX�sd^Jg�`YRK�
[SRU^Jg«`YX_QS^9ik[jRrXaN�gY^Jg iS}~³D}ds�M�RUQSQSn9gP[jX O U�RUc·QkV!' [q`YX_s�n cUsdV�cUXdi|crXdQmsd^9\lw<^JQjn gW[SXdQZ`YXdQZ^JgY`�XdQqQk^Jik[jn9gP[jX-Q
n V�`Y^9\�n9RrgYX�X~[�`�e�n9gYgWVYcrXditcon¶s-^J\lw<^JQSn9gP[jXZn9sd^9VYQk[SRUTWVYXmXdgP[jiSn9gP[jX I �²c�X-Qk[]w/^9QSQSRr¡YcUXZn9V�QSQSR�`YXmQkRU\�VYcrXdi
`�XdQ]sd^JgY`�Rr[jRr^JgYQ�ik}-³D}-s�MYRUQkQjn9gP[SXdQ�`�Xm[²OAw<XhN�[jV�OJn9V�^JV�u9Xdik[ OZ^JV�N²pFX-iS\_}0O�I
�]^JVYQ]g�e�n1u9^JgYQ�wDn9Q�X-gYsd^9iSXZ`YRUQksdV�[S}�`YV�s�MY^JR �'`YXqcUn Qk^JcUVa[jRU^9g�n V�[j^JV�i�`YXZcon TAV�XdcUcrX|gY^JVYQ]cURrgY}�n iSRUQk^JgYQ
crXdQZ}dTWVDn [SRU^Jg�QdI8�aVYwYw<^JQSn9gP[qTWVYXlcU^As�n9crXd\_XdgP[mc½ef}ds-^JVYcUX-\lX-gP[�g�Xl`YRK¨�b-iSX_TWVYXlw<XdV¸`YXlcUn'Qk^JcUVa[jRU^9g n V
ikXdw<^JQ�U�gY^JVYQmw<^JV�uJ^9gYQms�MY^JRUQkRUi�crXdQ|�JiSn9gY`YX-VYiSQ|`�X_ik}-pF}-iSXdg�sdXdQZiSX-con [SRru9XdQ ��sdX~[Z}-[�n�[�I � X~[S[jX n wYwYiS^��aRK�
\ln [SRU^Jg»g�efXdQh[qu n9cUn9¡YcUX¶s-Xdw<XdgY`Yn9gP[�TWVYX_QSR�cU^As�n9crXd\_XdgP[mcUX-QmX-¨/X-[jQZgY^JgA�²cURrgY}�n RUiSX-Q|iSX-Qk[jX-gP[qp;n9Rr¡YcUX-Q�U�s-X
TWVYR5QkXdiSn_X-g��J}-gY}diSn9c�uAijn9R5`Yn9gYQtcUX|sdn9`YiSXm`YXmgY^9Q�n wYwYcURrs�n [SRU^Jg�QdI

� ����0�2�7 ��E ,�2<,5�jC�:;,�?ABY:;03E
� X-w/X-gY`Dn9gP[VU]Xdg gY^Jga��cURrgY}�n9RriSX@U w<^JVYi'`YXdQ�n9\_wYcURK[jVY`YX-Q�}dcrX-uJ}-XdQ�^JV `Dn gYQ�crX»s�n9Q�`�e�n9wYwDn9ikRr[SRU^Jg

`�e�^Jg�`YXdQt`YX|s�MY^As^UDcrXdQ¤s-^JgY`YRK[jRU^9gYQ crRU\_Rr[jX-Q crRUgY}dn9iSRrQS}dX-Q�w<XdV�u9XdgP[]RUgY`YV�RUiSX�`YXdQtXdikiSX-VYiSQtgWVY\_}diSRrTWVYXdQ¤X~[
`�XdQ�ik}-³DX ��Rr^JgYQ�wYn9ijn9QkRr[SXdQdI � n9gYQ�conlik}-pF}-iSXdg�sdX8R H1�fTiU�VYg�X�\l}~[jMY^A`YX�`YXq[jiSn9Rr[SXd\_XdgP[�`�e�V�gYX�sd^9gY`YRr[SRU^Jg
crRU\_Rr[SXlgY^9g ik}-³D}-s�MYRUQkQjn9gP[SX'pF^Jih[jX-\lX-gW[ g�^Jga�²crRUgY}dn9RUikX�X-Qk[_wYiS^9w/^JQk}dX@U·Qde�n9wYwYVaOPn9gP[lQSVYi con ik}dQk^JcUV�[SRU^Jg
`�e�VYg�wYiS^9¡YcUb-\lXm`YX �]RrXd\ln9gYg RKHd§^T½I<±Ne�n9wYwYik^as�MYXZgY^JgA�²cURrgY}�n RUiSX|`�XdQ]sd^JgY`�Rr[jRr^JgYQtcURr\lRK[jX-Q�XdQh[�VYg�QSVf`kX~[
`�XZikXds�MYX-iSs�MYX�`�e�n9s-[SVDn9cURK[j}�`Yn9gYQtcon¶sd^9\l\�V�gDn9V�[S}|`YV�sdn9sdV�c5QSsdRrXdgP[jR � TWVYX9I
�]^JVYQ�wYiS^9w/^JQk^JgYQ�\_^a`YX-Qk[SXd\_XdgP[ RrsdRD`�e�n9wYw�cURUTWVYX-iNcon|\_}-[jM�^a`YXt`YX-Q sdn9ijn9s~[j}-iSRUQh[jRrTAV�XdQ�XdglgY^Jga��cURUg�}�n9RriSX
w<^JVYi�[Sijn9RK[jX-i¤sdXmwYiS^9¡YcUb-\lX I
�]^JVYQ¤n cUcU^9gYQªw<^JVYi sdXdcUnqQSV�wYw/^9QSXdi¤TWVYX�cU^As�n9crXd\_XdgP[ �Fs9efXdQh[ �q`YRUikX|n9V g�RruJXdn9V�`YX�cUnq\ln9RUcrcUX�pFiS^9gW[SRUb-iSX	�
crXdQ�sdn9ijn s-[j}-iSRrQk[jRrTWVYXdQ�Qk^JgP[ `YXdQ¶`�iS^JRK[jXdQ�X-[_n9w�wYcURrTAV�XdiqcrXdQ�ikXdcUn [jRr^JgYQZRUgPu n9iSRUn9gP[jXdQq`YX �tRUXd\ln9gYg¸TAV�X
c�e�^9g�n�uAV�n9V�QkXds-^JgY`'s�MDn9wYRK[jiSX��FiSXdcUn [jRr^JgYQtyAI yJµ �~I
° c�e�X-gW[SiS}-XZ`�V�`Y^9\�n9RrgYX^UagY^JVYQt}-sdiSRKuJ^Jg�Qdv

2

γ − 1
c+ u =

2

γ − 1
ce + ue

2

γ − 1
c− u =

2

γ − 1
cp − up

^n(qcUX-Q8RrgY`YRrsdXdQ
p
X~[
e
`�}dQSRr�JgYX-gW[¬iSX-QSw<Xds-[SRru9Xd\_XdgP[·crXdQ8u n9crXdVYikQ¬n VqwYRrXd`q`�X conts�n ijn9s~[j}dikRUQh[jRUTWVYX�QS^9ik[�n gW[SX

X~[]`YXmcon�s�n ijn9s~[j}dikRUQh[jRUTWVYXmX-gW[Sijn9gP[SX ��uJ^JRri � �JVYikXm§YI x �~I
�]^JVYQ]n `k^JVa[j^JgYQtVYg�XZikXdcUn [jRr^Jg�RUQkXdgP[jik^JwYRUTWVYX|`�V'[²OAw<X9v

p = ρ0

(
c

c0

) 2γ
γ−1

¢aH
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©Ng¶sd^9\�¡YRUgYn9gP[·cUX-Q¬pF^Jik\�VYcUX-Q¬wYik}ds-}d`YX-gW[SXdQ�Xdg¶pF^Jg�s-[jRr^Jg�`YV�[²OAw<X�`YX¤s-^JgY`YRK[jRU^9gqcURr\lRK[jX�TWVYX�gY^9VYQN`Y}dQkRK�
ik^JgYQ�U9gY^JVYQ�w<^JV�uJ^9gYQ�sd^JgYQh[jikVYRUikX¤cUX�uJX-s-[SXdVYi�QS^JcrV�[jRr^Jg �|c½efXdgP[SiS}dX I ��^9[S^JgYQNTWVYXtgY^JV�Q�`�X-uJ^9gYQªRr\lw<^JQkXdi
QkVYi�con|s�n9iSn9s-[S}dikRUQk[SRUTWVYXtXdgP[Sijn9gP[jX]con�s-}dcr}diSRK[j}t`YV_QS^Jg �;^9VlcUn�wYiSX-QSQSRr^Jg��NX-[�con�uARK[jXdQkQSX]cU^As�n9crX�`YV ³DVYRr`YX^U
s-XZTWVYR5g�XZQkXd\�¡�cUXmwDn9Qt}-uARr`YXdgP[�n¶wYiSRr^JiSR�TWVDn gY`�^9g'[Sijn�u n9RUcrcUX�n1u9XdsZ`YXdQ]`Y^Jg�gY}dX-Q�X ��w<}dikRU\_XdgP[�n cUXdQ-I
°�RUgYQkR UJ`Dn gYQ crX]wYn9ijn9�9ijn9wYM�X]§�Iz�bUPg�^JVYQ Va[jRUcrRUQkXdiS^9gYQNsd^J\_\_X¤`Y^JgYgY}-X�`�efXdgP[SiS}dX@UaV�gYX�^Jg�`YX�`�X�wYikXdQkQSRU^9g
n9crcUX-i

δpe
XdQh[jRr\l}-X � wDn9ik[SRUi�`�X'\_XdQkVYiSX-QdI �]^JVYQ `YX-u9^JgYQ `Y^Jg�s �»wDn ik[jRriq`YX�s-X-[S[SX�VYgYRUTWVYX�`�^JgYgY}-X

}~u9n cUVYX-i�cUn_s-}dcU}-iSRK[j}mX-[�con¶uaRK[jX-QSQSX�`YV�³YVYRU`YX�QSVYi]con s�n ijn9s~[j}dikRUQh[jRUTWVYXZXdgP[Sijn9gP[jX I �]^JVYQ�}-sdikRruJ^9gYQ�w<^JVYi
s-Xdconav

ce = c0 + δce = c0 +
γ − 1

2
ue = c0 +

γ − 1

2

δpe

ρ0c0
�]^JVYQ¤n�uJ^9gYQ�`Y^Jg�s|n9QSQkVY\_}�w<^JgYs-[SVYXdcrcUX-\lX-gW[ VYgYX�ikXdcUn [jRr^JglcrRUgY}dn9RUikX �

δpe = ρ0c0ue
��XdgP[jikX�conmuARr[jX-QSQkX

X-gW[Sijn9gP[SXZX~[]con¶wYiSX-QSQkRU^Jg'sd^JikiSX-QSw<^JgY`Dn9gP[SX9I � XZ\,g-\lX@UYgY^JV�Q]}-sdikRruJ^9gYQ�v

ρe = ρ0 + δρe = ρ0 +
δpe

c20
�]^JVYQ·w<^JV�u9^JgYQNn9cr^JiSQ�s�n cUsdV�cUXdi�con�QS^JcrV�[jRr^Jg ��[j^9[jn9cUX ��w<^JVYi8cUX-Q8u n9iSRUn9¡YcrXdQ�gY^Jg¶sd^9gYQSX-iku n [jRKuJX-Q·Xdg¶X-gW[SiS}-X
� wDn9ih[jRri `YXdQ�`Y^9gYgY}dX-Q�n V¾w�RUXd` `YX«cUn s�n9iSn9s-[S}diSRrQk[SRUTWVYX«QS^Jih[�n9gP[SX �F^JgY`YX»ikX-[S^JVYi � X~[�`YXdQ�u n9cUX-VYiSQ
Rr\lw<^JQS}-XdQ¤QkVYitcon�s�n ijn9s~[j}dikRUQh[jRUTWVYXmX-gW[Sijn9gP[SX9v

u =
1

γ − 1
(ce − cp) +

ue + up

2

c =
ce + cp

2
+
γ − 1

4
(ue − up)

p = (P0 + δpe)

(
c

ce

) 2γ
γ−1

ρ = ρe

(
p

pe

) 1
γ

� X \"gd\_X^U���con QS^Jih[jRrX `�V `Y^9\�n9RrgYX^U w/^JV�i'V�gYX s-^JgY`YRK[jRr^Jg cURU\_Rr[SX�gY^9g iS}~³D}ds�M�RUQSQSn9gP[jX �FuJ^9RUi�cUX
wDn ijn9�JiSn9wYMYX�yaIz�aI y � U8g�^JVYQ¶}ds-iSRKuJ^JgYQ¶ikXdQkw/X-s-[jRKuJX-\lX-gW[ w<^JVYiqcon�sdn9ijn9s~[j}-iSRUQh[jRrTAV�X QS^Jih[�n9gP[SX

C+ X~[ consdn9ijn9s~[j}-iSRUQh[jRrTAV�X|XdgP[jiSn9gP[jX
C− v

2

γ − 1
c+ u =

2

γ − 1
cp + up

2

γ − 1
c− u =

2

γ − 1
c0

Qk^JRr[tcUn�QS^JcrV�[jRr^Jg �F[S^9[�n9crX	�ªX-g�Qk^Jik[SRUX|w<^JVYi¤cUn¶uARK[jXdQkQSXm`YV�³DVYRr`YXmX-[]con�s-}dcU}-iSRK[j}9v

u =
1

γ − 1
(cp − c0) +

up

2

c =
cp + c0

2
+
γ − 1

4
up

¢Py
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� ^9\�¡YRUg�}dXdQ·n1u9Xds�crXdQ�pF^JiS\�V�cUXdQ�RUQkXdgP[jik^JwYRrTAV�XdQ�U sdX-QN}dTWVDn [SRU^JgYQ8w/X-iS\_X-[k[jXdgP[¬`YX�sd^9gYQk[SiSVYRriSX cUn�Qk^JcUV�[SRU^Jg
�FQS^JV�QªpF^Jik\lXtsd^9gYQSX-iku n [jRKuJX ��X-g XdgP[jik}dX�X-[ªXdg�Qk^Jik[SRUX]`YV�`�^J\�n RUgYX¤s-^JgYgDn9RrQSQSn9gP[�con|Qk^JcUV�[SRU^Jg �;^9¡�[jX-gAV�X
wYn9i¤RUgP[jX-iSw<^Jcon�[jRU^9g cURrgY}�n9RriSX �ªn9V'wYRUX-`�`YXdQ]s�n9iSn9s-[S}dikRUQk[SRUTWVYX-Q]Qk^Jik[jn9gP[jX-Q]ikXdQkw/X-s-[jRKuJX-QdI

� ��BD,�=<E��¸EA,/.�4�E �dEA79.3:F2<,"EP.l�NEW01.1EA� � :;��7J2Y�S.3��EW0�� :���6�EA�
�]^JVYQ_n�uJ^JgYQ_QSV�wYw/^9QS}'TAV�ezn9V�� cURU\_Rr[SXdQZ`YV `Y^J\ln9RUgYX�con»QSX-s-[jRr^Jg�XdQh[�VYg�RrpF^Jik\lX X~[ gY^JVYQ_n�uJ^9gYQ

g�}d�JcrRU�J}�cUXdQ¤w<Xdih[jX-QtuARrQSsd^ [jMYX-iS\_RUTWVYXdQ-ID±�n�wYiSRrQSX|X-g's-^J\_w�[jX|`YX|s-XdQtX-¨/X-[SQtw/X-V�[tQde�n�uJ}dikXditgY}-sdXdQkQjn9RriSX I
±�n�pF^9iS\_X�sdn9ijn s-[j}-iSRrQk[jRrTWVYX `YX � MYXdQh[jX-iNRUgYs-cUVDn9gP[8cUX-Q8w<Xdih[jXdQ8uaRrQSs-^ ��[SMYXdik\lRrTAV�XdQ¬X~[·cUn�QSX-s-[SRU^JgZu9n iSRon ¡YcUX
S(x)
Qdef}dsdikRr[dv
[
∂

∂t
+ (u± c)

∂

∂x

](

u± 2c

γ − 1

)

= ∓cu∂xS

S
± c0β

(
∂u

∂x
∗ 1√

t

)

^n(
β
XdQk[]`Y} � gYR�n9V's�MDn9w�Rr[jikX|`YXdV�� �FuJ^9RUi]yaIf§��~I

° cUn�QS^Jih[jRUX|`�V�`Y^9\�n9RrgYX�`YXmsdn9cUs-VYc Ua^Jg�Va[jRUcrRUQkXdijn�cUXdQtikXdcon�[jRU^9gYQ�QSV�Rru n9gP[jX-Qdv

u+
2c

γ − 1
= up +

2cp
γ − 1

+

∫

C+

(

−cu∂xS

S
+ c0β

∂u

∂x
∗ 1√

t

)

dC

u− 2c

γ − 1
= ?

^n(�c½ef^Jg�`Y^JRK[�RUgP[S}d�JikXdi�crX�cU^Jg���`YX|con�s�n9iSn9s-[S}diSRrQk[SRUTWVYX|QS^9ik[�n gW[SX
C+ crXdQ [SXdik\lX-Q¤QS^JVYiksdX-Q]s-X|TWVYR�g�efXdQh[wYn9Q `YR`'_sdRUcrXtgAV�\l}-iSRUTWVYX-\lX-gP[ �FXdg�n9w�wYiS^��aRU\ln9gP[ cUnZsdn9ijn s-[j}-iSRrQk[jRrTWVYX�wYn9iªV�gYX�`Yik^JRr[SX�X~[�X-g V�[jRrcURrQjn9gP[

V�gYX�pF^9iS\�VYcrX·`YX�TWVDn9`YiSn [jV�iSX�w/^JV�i�c�e�RrgP[j}d�9ijn9crX	�~I-L¬n i8s-^JgP[jiSX�cUntikXdcUn [jRr^Jg|cUXNcr^JgY�t`YX�con¤s�n ijn9s~[j}dikRUQh[jRUTWVYX
X-gP[jijn gW[SX

C− XdQh[ �|`Y} � gYRUiNX-g_pF^9gYs-[SRU^Jg `YV [²OAw/Xt`YX]sd^Jg�`YRr[SRU^Jg¶`Y}-QSRriS}dXtX~[ªs-XdcUnmQkXd\�¡�cUX¤wYcrVYQ�`Y}dcrRUs�n�[�I
�]^JVYQ�g�ezn�u9^JgYQ�`�e�n9RrcUcUX-VYiSQtwDn Q � gYn9cURrQS}ZsdX�[Sijn�u n9RUc5X~[�gYX�wYiS}-QSX-gW[SXdik^JgYQ|wDn9i]con QSV�Rr[jXqn9VYs-VYg iS}-QSVYcK[�n [
`�XZQkRU\�V�con [SRU^Jg gWVY\_}dikRUTWVYX � sdXmQSV `kX-[�I

�$�"+ ��>H.7�7+8>H&K�0*a6 #'& ����( !$.�>h&K�0*a68� 6,!8( -'9D�� "!$#1�
�]^JVYQZn9cUcr^JgYQ�`Dn9gYQ|VYg«wYikXd\_RUX-i�[jX-\lwYQ|w�iS}dQkXdgP[jX-i�`�XdQ|iS}-QSVYcK[�n [SQ|`YX¶QSRr\�VYcUn [jRr^JgYQ�w<^JVYi�`YXdQms�n Q

QkRU\_wYcUX-Q�w<^JVYitcUX-QSTWVYXdcrQt`YXdQtQS^9cUV�[SRU^JgYQtn gDn9crOW[SRUTWVYXdQ¤X �aRUQk[SXdgP[�I

� 
�	�
 � ��� 
)� �*� � !���� ����� � � 
 � !������ ��� $�� � " � !���� �����*"�� � � ��� ��� � 	 $'&)"�
 �

)��� � ������� $
	 ����� $'� � �)���

�]^JVYQ]n�uJ^JgYQ]ijn wYw/X-cU}|`Dn gYQtcUX|QSX-sd^Jg�`�s�MDn9w�Rr[jikX��FuJ^9RUi]yaI���Izy �ªcon�[SMY}d^JikRUX|`YX-Qt^JgY`YX-Q�QkRU\_wYcUX-QdI
�A^JRr[�VYg«^JgY`YX�QkRU\_wYcUX�QSX¶wYik^JwDn9�9X�n9gP[|X-g«³YVYRU`YXqwDn9ikp;n Rr[VU/±�n�QS^9cUV�[SRU^Jg `�X ¥@V�¡YRUgYR�w<XdiS\_X-[ � wDn9ik[SRUi
`�e�VYg�X]^9gY`YX¤QSRrgWVYQS^��½`Dn9crX�`�ef^J¡�[jX-gYRUiNV�gYXtQS^JcrV�[jRr^Jg¶n9wYw�iS^As�MY}dXtQS^9VYQ�con�pF^Jik\lX `�e�V�gYXtQS}dikRUX¤`YX]¥D^JVYikRUX-idI
{�n9RUQ�g�^JVYQ|n9crcU^Jg�Q�wYcrV�[]P9[�V�[jRrcURrQSXdi]`YRriSXds~[jX-\lX-gW[�con�\_}-[SMY^a`�Xq`YX-Q|s�n9iSn9s-[S}diSRrQk[SRUTWVYXdQ|TWVYR8w/X-iS\_X-[|`�X
s-^JgYQh[jiSV�RUiSX�con Qk^JcUVa[jRU^9g"`YX ik}-pF}-iSXdg�sdX9I � ^JgYQSRr`Y}dik^JgYQ V�g¼QSRU�9gDn9ct`YRUQksdikX-[ ���¸wDn9Q `�e�}-s�MDn9gP[jRrcUcU^9gDn9�JX

¢9�
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VYg�RrpF^Jik\lX � ��c�ezn9¡�QSsdRrQSQkX
x = 0

�FuJ^9RUi � �9VYiSX�§�I µ � IY±�nqs-^JgYQk[SiSVYs~[jRr^Jg�`YV�QSRr�JgDn9c<Xdg
x = L

\_bdg�X ��VYg
QkRU�JgDn c�`YRUQh[j^Jik`YV �¶wDn9Qt`YX|[jX-\lwYQtgY^9ga�²VYg�RrpF^Jik\lX I

�
u(x = L,t)u(x = 0,t)

�

�

dx
dt = u + a

�

� ����� §YIzµ�J � 
��+? 	(� 	�uM�)� ���������'u���� �6�

tL

� � �

�

wYRrXd`

t0
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(
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2
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)

= 0
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n�uJX-s
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U8gY^JVYQ¶}-sdikRruJ^9gYQ¶c½efRr[S}dijn�[jRU^9g `YX
�]X7Y¤[j^9g�QkVYRru n9gP[jX"R�yaH7T�v

tn+1
0 = tn0 − f(tn0 )

f ′(tn0 )

±5X|s�n cUsdV�c�XdQh[�RrgYRr[SRon9crRUQk}]X-g�wYiSX-gDn9gP[
t00 = tL − x

c0

I �]^JVYQ¤s�MY^JRrQSRrQSQS^9gYQtsd^J\_\lX�uaRK[jX-QSQSXm`�efXdgP[SiS}dXZVYgYX
QkRUgWVYQS^���`YX

u(t) = Umaxsin(2πf0t)
I�±�X-Q|`Dn [SXdQ

tL
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X-[ZVYgYX_n9\_wYcURK[jVY`�X�`YX¶uARr[jX-QSQkXl`YX

Umax = 10m.s−1 U5gY^JVYQw<^JV�u9^JgYQ�X-g"V�[SRUcrRUQjn gW[ cUn«pF^9iS\�VYcrX�yaIz� § �Fs�MDn9wYRK[jiSX'`YX-V � �_wYik}d`YRriSX'con»pF^JiS\ln [jRr^Jg�`�efVYg"s�MY^As � con
`YRrQk[jn9gYsdX

x = 3.2m
I

�]^JVYQ]n9cUcr^JgYQ�s-^J\_wDn9iSX-itn9cU^9iSQ¤cUX-Q¤iS}-QSVYcK[�n [SQ]`�^JgYgY}-Q�wDn i]cUn�\l}~[jMY^A`YX|`YX-Q�sdn9ijn s-[j}-iSRrQk[jRrTWVYXdQtX-[]s-XdV �
`YVlsd^A`YX�gWVY\_}dikRUTWVYX�©NVYcUX-i �FXdg�³DV�RU`YX]wDn9ihp;n9Rr[ �~IW±5XdQ�sd^Jg�`YRr[SRU^JgYQ�cURr\lRK[jX-Q·`YX�s-X�`�XdiSg�RUXdiªQS^JgP[�uARr[jX-QSQkX
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cfl = (u+ c)max
∆t
∆x

�¤XdQk[
`YX
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L�^JVYitsdX-conbUYw�con��-^JgYQtgY^JVYQt`Dn gYQ�V�g�s-^JgY`YVYRK[ts-OAcURrgY`YikRUTWVYX|`YXZijn�OJ^9g
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cUn»sd^J\�¡�RUgDn9RrQS^Jg `�XdQ_X-¨/X-[jQ_`YX'sd^JV�s�MYX�crRU\_Rr[SX�X-[_`YX'con»`YRrQk[S^JiSQkRU^Jg�gY^JgA�²cURrgY}�n RUiSX I¬±�n � �JVYikX�§YIrH1x
w�iS}dQkXdgP[jX�c½ef}-uJ^9cUV�[SRU^Jg»`YV QSRr�JgDn9c ��[jik^JRUQZn9¡YQksdRrQSQSX-Qq`YRK¨�}-iSX-gW[SQqw<^JVYimcUX \"gd\_X QSRU�9gDn9c·`�efXdgP[SiS}dX�TAV�X
QkVYitcon � �9VYiSXm§YI�¦�I ��^9VYQt^J¡YQSX-iku9^JgYQ]c½e�n9\l^9ik[jRrQSQkXd\_XdgP[¤`YXmc½ef^JgY`�X|Xdg'sd^JVYikQt`YXmwYiS^JwYn9�Pn [SRU^Jg�I
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±�nls-^J\_wDn9ijn RUQS^9g�n�u9Xds�crXZQkRU�JgYn9c5s�n9crsdVYcr} �lc½e�n9¡YQksdRrQSQSX

s = 0.8
`Dn gYQ�crXms�n9Q�Qjn9gYQ�w/X-ik[SXdQ � � �JV�iSX

§�IrH1� ��sd^Jg � iS\_Xªc�e�Rr\lw<^Jik[jn9gYs-X¬`YX�c½e�n9\_^Jik[SRUQSQkXd\_XdgP[5`YVqn9V �mw<Xdih[jX-Q�uARUQksd^ �½[jMYX-iS\_RUTWVYX-QdI�� XdQ8`YXdikgYRUb-iSX-Q
crRU\_Rr[SXdgP[·cUnmw<XdgP[SX�\ln��aRU\ln9cUXª`YV_QSRU�9gDn9cD`�ef^�(_VYg_pFik^JgP[�`�e�^9gY`YX]\l^JRrgYQ·iSn9RU`YX IW±�nm`�RUQSw<XdikQSRr^JglRrgY`YVYRK[jX
wYn9i�cUXdQ5w<Xdih[jX-Q8QkXªsdn9ijn9s~[j}-iSRUQkX�wDn9i5VYgZiSX~[�n9ik`�`Dn gYQ8cUn�wYiS^9wDn9�Pn [SRU^Jg|`�Xªc�e�^Jg�`YXNTWVYXªc�e�^9gZw<XdVa[8^9¡YQSX-ikuJX-i
QkVYi·cUn � �JVYikX�§YIKH1��n9VqgYRru9X�n9V¶`YV¶wYn9QSQSn9�JX�wDn i·contu9n cUXdV�i¬gWVYcUcrX `YV�pFik^JgP[·TWVYRYX-Qk[NikX-[jn9iS`Y} wDn9i¬iSn9wYw<^Jik[
n V'sdn9Q]Qjn9gYQtw<Xdih[jXdQ-I
±5X-Q iS}-QSVYcK[�n [SQª`�V sd^A`YX]gAV�\l}-iSRUTWVYX�n�uJX-s�w/X-ik[SXdQ ikXds-^JVYw<XdgP[�`YX-Q ik}dQSV�cr[�n�[jQ ^9¡�[jX-gAV�Q wDn9i�conm\_}-[jM�^a`YX
`�X ��� iS�JX-iSQt�J}-gY}diSn9cURrQS}dX�R H1�@T�I

� 
�	�
�� � � � � ��� � ��
)����� "�� 
 � $ ��"��)� ��� � � $'���
�]^JVYQ�n cUcU^9gYQtsd^J\_wDn9ikXditXdg Qk^Jik[SRUXZ`YV�`�^J\�n RUgYXmc½efXdikiSX-VYi�ikXdcUn [jRKuJXZQSVYi]cUX-Q�QS^9cUV�[SRU^JgYQtsdn9cUs-VYcU}-XdQ �

pF^9ik[jXtn \lwYcrRr[SVY`YX�Xdg_QS^Jih[jRUX@UJn�uJX-s�crXdQ·s-^JgY`YRK[jRr^JgYQ·crRU\_Rr[jX-Q8g�^Jga�²ik}-³D}-s�MYRUQkQjn9gP[SXdQ�cURUg�}�n9RriSX �
Wref = W0

�
X~[qg�^Jga�²crRUgY}dn9RUikX^U/`Dn9gYQZcUX s�n Q�QSn9gYQZw/X-ik[jX I�±�n�QS^9cUV�[SRU^Jg«`YX_iS}~pF}diSX-gYsdXlXdQh[qcUn�Qk^JcUVa[jRU^9g `�^JgYgY}-X�wDn9i

¢Jµ
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crX QSs�MY}-\�n �FRUgP[j}-iSRUX-VYi � `YX«±�n��W��� XdgY`�iS^9¨ n V¼\,g-\lX w<^JRrgW[ �;`Y^Jg�s»Xdg wYiSX-gDn9gP[�VYg `Y^J\ln9RrgYX�`YX
sdn9cUs-VYctwYcUVYQ_�JiSn9gY`�� Iª±�n � �JVYikX�§YIKH3µ»\l^9gW[SiSX'TWVYX�c�e�X-iSiSX-VYi_RUgY`YV�Rr[jX�wDn ilcUn s-^JgY`YRK[jRU^9g>crRU\_Rr[jX�XdQk[
wYcrVYQqRr\lw<^Jih[�n9gP[jX `Dn gYQqcrX�s�n Qq`YX c�ezn wYwYiS^As�MYXlcURUg�}�n9RriSX9I�±�n � �JVYikX�§YIKH1¢�s-^J\lwYn9iSX_cUXlw/^JV�iSsdX-gP[�n9�JX
`YXZiS}~³DX��aRr^Jg�uAV n V�gYRKuJXdn9V�`YXZc½efXdgP[SiS}dXZ`Dn9g�Q�crXdQt`YXdV���sdn9QdI �]^JVYQ]^J¡YQSX-iku9^JgYQ�TWVYX�con¶sd^9gY`YRr[SRU^Jg�`YX
Qk^Jik[SRUX�gY^9ga�²crRUgY}dn9RUikX�RUg�`YVYRr[ ¡/Xdn9VYs-^JVYw'\l^JRrgYQ�`YX|ik}-³DX �aRU^JgYQtwDn ijn9QkRr[jX-QdI �]^9[j^9gYQ�[j^JVa[t`YX|\,g-\lX�TAV�X
`Dn gYQtcUX|s�n Q]crRUgY}dn9RUikX^UAcUX-Q]X-iSikXdVYikQ]ikXdQh[jXdgP[]p;n9RU¡�cUXdQ-I
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��^9VYQtn�uJ^JgYQ¤u9}diSR � }mn9VYQkQSR�TWVYXm`Dn gYQ¤cUX�sdn9Q¤`YV�sd^A`YX|n�u9Xdsmw/X-ik[SXdQ¤uARUQSs-^ ��[SMYXdik\lRrTWVYXdQ7U�c½e�n9wYw�iS^��aRK�

\ln [jRr^Jg cr^asdn9cUX�`YX|³DVYRU`�X|wDn9ikp;n Rr[¤n V'g�RruJXdn9V'`YXdQtsd^9gY`YRr[SRU^Jg�Q�cURr\lRK[jXdQ�gYXmwYik^3u9^aTWVYXmTWVYXm`YX-Q]X-iSikXdVYikQ
\_RUgYRr\lX-QdI

�$��� �)G8G8.0� B >h&K�0*a6 >�! &�9D*a( �I*A68#
� n9g�QqcUX_s�n Q�`YXlQSRr\�VYcon�[jRU^9gYQ|gWVY\l}-iSRrTAV�XdQq`�Xlc�ezn9s-^JVYQh[jRUTWVYX_`Dn9g�QqVYg¸[SiS^J\q¡/^Jg�X^U5gY^JV�Qq`YRrQk[jRrga�

�JV�^JgYQq`�XdV �¸QSRK[jVDn [SRU^Jg�Q�`YRK¨�}-iSX-gW[SXdQ-IN�aR�gY^JVYQ�}-[SVY`YRU^9gYQqc�ezn9Va[j^ ��^JQSs-RUcUcUn [jRr^Jg `YXlc½efRUgYQh[jikVY\lX-gP[VU�gY^JVYQ
gY^9VYQ|RUgP[j}-iSX-QSQSX-iS^Jg�Q�QkVYik[S^JV�[Zn9V �	N�¡Dn QSQSX-Q|pFiS}dTWVYX-gYsdX-Q O]U�s e�X-Qk[���`YRUikX�`YX-QmpFik}dTWVYX-gYsdX-Q�Rrg�pF}dikRUXdV�iSXdQ �
1500Hz

X-gPuaRriS^Jg w/^9VYi|sdX~[qRrgYQk[SiSVY\_XdgP[,RKH1xfT � I�±5X_\ln9RrcUcon �JX�`�X-uAijn	g-[jikX�n cU^JikQmn9`Dn9w�[S} `YX_p;n��d^Jg �
\_RUgYRr\lRrQSX-iªcUn�`YRUQkw/X-iSQSRr^Jg�gWVY\_}diSRrTWVYXZn � g�`�ef^J¡�[jX-gYRUi¤w<^JVYi cUXdQtwYRrsdQ¤`YX|ik}dQk^JgDn9gYs-X�`�XdQ¤u n9cUX-VYiSQ¤s-^Jih�
ikXds-[SXdQ �FpFik}dTWVYXdg�sdXdQ]X-[�n9\_wYcrRr[jV�`YXdQ �~I
L8n9i�sd^9gW[SiSX@U5QSR¬c�e�^9g»}-[jV�`YRUX�cUn�wYik^JwDn9�Pn�[jRU^9g X-[|cUn�`YRrQSw<XdiSQkRU^Jg»`�XdQ|^JgY`�XdQm`Dn9gYQ|c�e�RrgYQk[SiSVY\_XdgP[�^JV»cUX
Qk^Jg�iSn1O9^JgYgY}muJX-iSQ�c½efX��A[j}-iSRUX-VYi�UDg�^JVYQ�n9VYiS^9gYQ�s-Xdih[�n9RrgYXd\_XdgP[ �l^J¡�QSXdihuJX-i�`YX-Q]pFik}dTWVYXdg�sdXdQ�wYcUVYQ]n9Rr�JVYQ
X~[�RUc5p;n9V�`Yijn�`�^JgYsqVa[jRUcrRUQkXditVYg»\ln9RUcrcon9�JX�wYcUVYQ � g�I � n9gYQ�sdX�sdn9Q�U<cUX-Q�X-¨/X-[SQ�`�e�n9\_^Jik[SRUQSQkXd\_XdgP[�X~[�`YX
`YRrQSw<XdikQSRU^9g�gWVY\_}diSRrTWVYXdQ�`�X-uARUX-gY`YiS^9gW[�n9cU^9iSQ�sd^J\_wYcUb~[jX-\lX-gW[ªgY}-�JcURr�JX�n9¡�cUXdQ�Xdg�¡Dn9QSQkX�pFiS}-TWVYXdgYs-X|\�n RUQ
Rrc/p;n9VY`�ijn¶[jXdg�RUi¤sd^9\lw�[SX|`YXdQtcrRU\_Rr[�n�[jRU^9gYQªRrgY`YVYRK[jX-Q¤wDn9i¤con�`�RUQSQkRUwDn�[jRU^9g�gAV�\l}-iSRUTWVYXm`Dn gYQtc½e�n9RU�JV�I
��efXdQh[�sdX�`YX-iSgYRrXdi·sdn9Q·TWVYRagY^JVYQNRrgW[S}dikXdQSQkX9I �]^JVYQNn cUcU^9gYQ8X-g¶X-¨/X-[NQkRU\�V�cUXdi8con]wYiS^JwYn9�Pn [SRU^Jg�`�e�V�gYX¤^JgY`YX

¢J¢
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n cUcUX-it`Dn9gYQ�conls-^JVYcrRUQSQkX�`�Xqc½efRUg�Qk[jikVY\_XdgP[�I<±5XqQkRU�JgDn c�TWVYX�gY^JVYQ�n9cUcr^JgYQtV�[SRUcURrQSX-i�n_}-[S}�}-u n9crVY}�X �aw/}-iSRK�
\_XdgP[jn9cUX-\lX-gW[�wDn9i�gY^9Q|sd^JcrcUbd�9VYXdQ�`�V«±�° W { RKH1¢fT½I5±5X�`�RUQSw<^JQkRr[jRKp�X��aw<}diSRr\lX-gP[�n9c8V�[jRrcURUQk}�s-^J\_wYiSX-gY`
V�g_u9}diSRK[�n9¡�cUX�[jik^J\�¡<^JgYX¤X~[ªV�gYX�¡<^JVYs�M�X�n9ih[jR � sdRrXdcUcrX9I W g_QkOAQk[Sbd\_X �|`YX-V �_\_RUsdik^JwYMY^9gYXdQ�ijn wYwYiS^As�MY}-Q
\_XdQkVYijn gW[ conZwYiSX-QSQSRr^Jg X-g�`Y}d¡YVa[¤`YX�s-^JVYcrRUQSQkX�w<Xdik\lX~[�n9w�iSbdQ sd^JVYw�`YX�QS}-wDn9ikXdi�crXdQ ^9gY`YXdQ n9cUcrXdi�X-[ cUXdQ
^9gY`YXdQ iSX-[S^JVYi�\_^1OJX-gYgDn9gP[tVYgYX�n9wYwYik^ �aRr\�n [SRU^Jg_cURrgY}�n RUiSXtcr^asdn9cUX Ia±�nqcr^JgY�JV�XdVYiª`YX�con�sd^JVYcrRUQkQSX�X-Qk[¤`�X
2.06m

�FTAVYn [jikRUbd\_X]w/^JQkRr[SRU^Jg��·X~[�QS^9g ijn�OJ^9g�`YX
7mm

UAconZgY^9[SX\`k^JV�}dX�X-Qk[�V�g QS^Jc<\_}d`YRrVY\ �
192Hz

�~I
±�n�\_}-[SMY^A`YX ��`�XdV ��\lRrsdiS^9wYMY^JgYX-Q¬}~[�n9gP[¬[SiSb-Q·QSX-gYQSRr¡YcUX�X~[�n9V�ikXd�Pn iS`�`YX-Q·`YRKuJXdikQSX-Q�n9wYwYik^ �aRr\�n [SRU^Jg�Q�U
QkXdVYcrQ�cUX-Q�wYikXd\_RUX-iSQ�MYn9iS\_^JgYRrTAV�XdQ�`�X�c½ef^JgY`YXqn9cUcrXdi]^JgP[�}~[j}�X-Qk[jRr\l}-QdI�±�efXdQh[jRr\�n [SRU^Jg'g�efXdQh[|wDn9Q|n QSQSX7X
� n9¡YcUXZw<^JVYi]XdgPuARUQjn �JXdi�V�gYXqs-^J\lwYn9ijn9RrQS^Jg'TWVDn9gP[jRK[�n [SRru9X�X-gW[SiSX�crXdQ]X��aw<}diSRrXdgYs-XdQ|X~[�cUX-Q�QkRU\�V�con [SRU^JgYQ-I
�]^JVYQNn�u9^JgYQ·[j^9V�[N`YX�\"gd\_Xªu9}dikR � }�TWV�efXdg ikXdsd^9\lw<^JQjn gW[·con�w�iSXdQkQSRr^Jg¶[j^9[jn9cUX ��wDn9ih[jRUi�`YX-QN^JgY`YX-QNn9cUcrXdi
X~[|iSX~[j^JV�i�XdQh[jRr\l}-XdQ�QkVYi�TWVDn [SiSX�MDn iS\_^JgYRUTWVYX-Q�U/c½e�n9cUcrVYiSXm`YV QkRU�JgYn9c�[SXd\_w/^9iSXdc�XdQh[|[jikbdQ�wYik^as�M�X�`�efVYg
QkRU�JgYn9c·`YX [jik^J\�¡<^JgYX \lX-QSVYik} � � �JV�iSX_§YIrH�¦ �~I �]^JVYQ�n9cUcr^JgYQ�`�^JgYs_V�[jRrcURUQkXdi�s-X-[k[jX_^JgY`YX_n9crcUXdi|s-^J\_\lX
QkRU�JgYn9c�`�efXdgP[jik}dXZ`YV'sd^A`YXmgAV�\l}-iSRUTWVYX I
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�]^JVYQ�`Y}-QSRUik^JgYQ�wYik^JwDn9�9Xdi s-X»QSRU�9gDn9c1N�[²OAw/X O `Dn gYQ�con¸s-^JVYcrRUQSQkX Xdg¾n9w�wYcURrTAVYn9gP[ Xdg Qk^Jik[SRUX VYg�X

s-^JgY`YRK[jRr^Jg�gY^Jg'iS}-³Y}ds�MYRrQSQjn gW[SX9I � Xdcon iSX~uARUXdgP[ �_QkVYwYw<^JQSX-i�TWVYXZsdX~[S[SXq^JgY`�XZQkX�w�iS^JwDn �JX�s-^J\_\lX|VYg�X
^9gY`YX'QSRU\_wYcrX�X-[lTAV�e�X-cUcUX�g�efXdQh[�wYn9QlRrg�³DVYX-gYsd}-X�wDn i_crXdQ ^JgY`�XdQ�ikX-[S^JVYi Xdg>sd^JVYikQl`�X�wYik^JwDn9�Jn [jRr^Jg�I
� X-w/X-gY`Dn9gP[�U���pF^Jik[SX_n9\lw�cURr[SVY`YX@U�`YX-Q�RrgW[SXdiSn9s-[SRU^JgYQ|g�^Jga�²crRUgY}dn9RUikXdQ�X-gP[jiSXl^JgY`YX-Q�w<XdVauJXdgP[qQSVYihuJXdg�RUidI
�]^JVYQ�n�uJ^9gYQ·uAV_`Yn9gYQ·cUn�`YRUQksdVYQkQSRr^Jg ��con � g¶`�V¶s�MDn9wYRK[jiSX¤w�iS}ds-}d`YX-gP[ ��uJ^JRri·��I�� �8TWVYX¤s-XdQNRrgW[SXdiSn9s-[SRU^JgYQ
Qk^JgP[]QSVYwYw<^JQk}dXdQ�gYXmwDn9QtQSXms-VY\�VYcrXdi¤QSV�i]cUn¶`YRUQh[�n9gYs-X|X-[]w<XdV�u9XdgP[ g~[jiSXZn9cr^JiSQ gY}d�JcrRU�J}-XdQ-I
L�^JVYi¤crX�uJ}-iSR � Xdi7UYgY^JVYQ wYiS^Jw<^JQk^JgYQ¤c½efX��aw<}dikRUXdg�sdX�gWVY\_}dikRUTWVYX|`Y}-sdiSRK[jX�wYn9i�con � �JVYikX�QSVYRKu n9gP[jX � � �JVYikX
§�I y9­ �~v
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PAS  DE RÉFLEXION (ONDES SIMPLES)

ENTRÉE SORTIE

COULISSE

Onde aller entrante Onde aller sortante

Onde aller sortante
Onde retour réfléchie

Onde aller entrante

RÉFLEXIONS (INTERACTIONS NON-LINEAIRES)
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� n9g�Q�VYg wYikXd\_RUX-iZ[SXd\_wYQ �Fs�n9Q�`�e�V�gYX ^JgY`�X�QSRr\lw�cUX	� U5gY^JVYQqs�n9crsdVYcr^JgYQZcon�QS^JcrV�[jRr^Jg �'con�Qk^Jik[SRUX
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� n gYQ�con [jM�}d^JikRUXNcURrgY}�n RUiSX@UdRrc9XdQh[¬w<^JQkQSRU¡�cUX·`Dn gYQ�VYgZ[SV�OPn V�`Yik^JRr[�`�X�s-^JgYs-XdgP[jikXdi�cUXdQ5w<Xdih[jX-Q�X-g�V�g�w<^JRUgP[
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crXdQ�w/X-ik[SXdQ�uaRrQSs-^9[jMYX-iS\_RUTWVYX-Q�`�XªcUnt`�RUQk[S^JiSQkRU^JgmgY^9ga�²crRUgY}dn9RUikX9I ��^JVYQ8n9crcU^JgYQ/uJ}dikR � X-i8s-XdcUntX-gqs-^J\lwYn9ijn9gP[
cUn�Qk^JcUVa[jRU^9g g�^Jga�²crRUgY}dn9RUikX n�uJXdslw/X-ik[SXdQZ`YRUQh[jiSRr¡YVY}-XdQ�U�cUn'Qk^JcUV�[SRU^Jg«gY^9ga�²crRUgY}dn9RUikX�Qjn9g�Qqw<Xdik[SX�n�u9Xds�V�g
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QSn9gYQ�w<Xdih[jX � cr[SiS}-X�X-g�QS^9ik[jRrX � � cr[Sijn9�9X�n�u n9c �~I@±5X � cr[jiSn9�JXmQde�n9wYw�VYRUXZQSVYi�con¶[jMY}-^JiSRrXm`YX�¯|RUiks�MYMY^9¨ n V
wYikXd\_RUX-i�^JiS`�iSXZn9wYwYcrRUTWVY}-Xmn9V'[SV�OPn V�s~OacrRUgY`�iSRUTWVYX|TWVYX|pF^Jik\lX|cUn�sd^JV�cURUQkQSX I
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w<^JVYikijn¶gY^JVYQ1g~[jiSXmV�[SRUcrX�`Dn9gYQtc�e�}-con9¡<^Jijn�[jRU^9g�`�efVYg'\l^A`YbdcrX|QSRr\lwYcrR � }�n9V�s�MDn9wYRK[jikXZQkVYRru n9gP[dI

¦Py



��� ��� � � �#$ �����!	�� � � �!�0	���� � �!� � 


� *A6 B .�!8���7*A6
� n gYQ¶sdX s�MYn9wYRr[SiSX@U8gY^9VYQ¶n�uJ^Jg�Q¶wYiS}-QSXdgP[S}�VYg \l^A`Yb-cUX_`YX iS}-QS^JcrV�[jRr^Jg¸gWVY\_}dikRUTWVYX `�V QkOAQk[Sbd\_X

`�e�}-TAVYn [jRr^JgYQ��aIz�J��Xdg uaV�X�`�e�n9wYwYcrRUsdn [jRr^JgYQ|w<^JVYiZcon�wYiS^JwYn9�Pn [SRU^Jg«gY^JgA�²cURrgY}�n RUiSX¶`Yn9gYQZcUXdQZsd^9gY`YVYRK[jQdI
°�V ikXd�Pn iS`«`YX gY^JQm^J¡d`kX-s-[SRrpFQ�U5g�^JVYQZn�uJ^JgYQZs�MY^JRrQSR·V�g Qks�MY}d\ln'`�X_ik}dQk^JcUV�[SRU^Jg«QkRU\_wYcUX�X~[msdcUn9QSQkRUTWVYX9I
±5X-Q [jX-Qk[jQ gAV�\l}-iSRUTWVYX-Q�^JgP[�\_^JgP[jik}�TWVYX�s-X�\_^a`Yb-cUXtw<XdiS\_X-[ `YX�ikX-[jik^JV�u9Xdi�`YX-Q�QS^9cUV�[SRU^JgYQ�sdcUn9QSQkRUTWVYX-Q
`�X�c½e�n9sd^9VYQk[SRUTWVYX9I W gYX�u n9crRU`Dn�[jRU^9gZw�cUVYQ·w<^JVYQkQS}-Xtn1u9Xdst`YX-Q·[jXdQh[jQNQhOaQh[j}-\�n [SRUTWVYX-QNw/^JV�iSijn Rr[Dg-[jikX�gY}-sdXdQ��
QSn9RUikX�Xdg¶uAVYXt`�e�n9wYwYcrRUsdn [jRr^JgYQ�X-[�`YX¤`Y}~uJX-cU^JwYw<Xd\_XdgP[SQ�RrgY`YVYQh[jikRUXdcrQ·\ln9RUQ8sdXdcUn�gYX�p;n9RrQjn9RK[¬wDn QNwDn9ik[SRUX�`�X
g�^JQ�^J¡ `kXds-[SRrpFQ�wYiSRr^JiSRK[�n9RriSXdQ-I ��^9VYQ�g�e�n�uJ^Jg�Q|wDn9Q�g�^Jg�wYcrVYQ�s�M�XdiSs�M�Xdi �l\_RUg�RU\_RUQSX-i¤cUXZsd^ �a[�`YX�s�n9crsdVYc
TWVYR¬Qde�n1u9bdikX"g~[jikX¶RU\_w/^Jih[�n9gP[�Xdg«ijn9RrQS^Jg�`YX¶c½ef^JiS`�iSXqp;n9Rr¡YcUXZ`YV«QSs�M�}d\ln�X~[|`YX-QZs-^JgPuJ^JcrV�[jRr^JgYQ�gWVY\_}~�
ikRUTWVYX-Q¬RUgP[SXdiku9XdgDn gW[¬`Dn9gYQ8con]wYiSRrQSX�Xdg�s-^J\lwa[jX�`YXdQ8w/X-ik[jX-Q¬uARUQksd^ �½[jXdik\lRrTWVYXdQ-I L�^JVYi8iSXd\_}d`�RUXdi �]sdXdcUnbU3RUc
QkXdiSn9Rr[ w/X-V�[k� g-[jikX�RrgW[S}dikXdQSQSn9gP[t`�e�n9`Dn9w�[SXdi¤n V wYiS^9¡YcUb-\lX]gY^Jga��cURrgY}�n9RriSX]n�uJX-s|w/X-ik[jX-Q uARUQksd^ �½[jMYX-iS\_RUTWVYXdQ
crXdQ·[SXds�MYgYRrTWVYXdQ�`�ef^Jw�[SRU\_RUQjn�[jRU^9gq`YX¤Qks�MY}d\lnZgWVY\_}dikRUTWVYX¤wYik^Jw<^JQS}-XdQ�wDn9iN®8n9\ Rf�@T�IP±5X�[jiSn9Rr[SXd\_XdgP[N`YX-Q
s-^JgY`YRK[jRr^JgYQ crRU\_Rr[SXdQ�XdQh[tcUVYR�n9VYQSQkR�VYg�s�MDn \lw�`�ef}-[SVY`YX-Q ��wYn9ik[¤X-gP[jRUb-iSX�`�X|conq\_}dsdn9gYRUTWVYX�`YXdQ�³DV�RU`YX-Q
gWVY\_}dikRUTWVYX-Q]X~[]gY^JVYQtg�e�n�uJ^JgYQ]wYV'TWVYX�c�ezn ¡/^Jik`YXdi \l^A`YXdQh[jX-\lX-gW[dI
�]^JVYQmn�uJ^9gYQ|XdgYQkVYRr[SX¶n9wYw�cURUTWVY}�gY^9[SiSX¶^JV�[SRUc�`YX�QkRU\�VYcUn [jRr^Jg�n9V»s�n9Q|`�X�con�w�iS^JwDn �Pn [jRr^Jg n sd^JVYQh[jRrTAV�X
��pF^Jih[jX_n9\_wYcURK[jVY`YXq`Dn9gYQmcUX¶[SiS^J\�¡<^JgYX I ��^9VYQqn�u9^JgYQ�n9cU^JikQ|iSX~[jiS^9V�uJ}_wDn9imcon�QkRU\�VYcUn [jRr^Jg crXdQmX-¨/X-[SQ
`�X�`YRUQh[j^JikQSRr^Jg gY^JgA�²cURrgY}�n RUiSX¤[²OAwYRrTAV�XdQ¤`YV [SiS^J\�¡<^JgYX �qpF^Jik[ gYRru9X�n9V�`�X `kXdV�X~[¤\lRrQªX-g�}-uARU`YX-gYsdX|c�e�Rrga�
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�_N�sdV�RruAiS} O �ª[²OAwYRUTWVYXm`YV�[jik^J\�¡<^JgYX ��pF^Jih[tgYRru9X�n9V'`YX `kXdV R��fT½I
±�n�wYikRUQSX|X-g�s-^J\_w�[jX�`�e�VYg�[jX-c�wYMY}-gY^J\_bdgYXmgY^9ga�²crRUgY}dn9RUikXaRf�@T5X-Qk[t`Y^Jg�sZ`�X|wYiSX-\lRrXdi�RrgW[S}diQg-[t`Dn9g�Q]crXdQ
\_^a`�bdcUX-Q�wYMPOAQSRrTAV�XdQ�w<^JVYi¤cUn¶QkOAgP[jMYb-QSX & TWVYR5Qk^JgP[�X-g�wYcrXdRrg�XdQSQk^Jik[ARf¢@T�I
©Ng ik}dQSV�\l}@U8c�e�^J¡ `kXds-[SRrp¤X-Qk[¶`�X�gY^9[SiSX_[jijn�u n9RrcN`Y^JgYs `�X�wYikXdgY`YikX Xdg¸sd^J\_w�[jXlcUX-Q�gY^9ga�²crRUgY}dn9iSRK[j}dQm`YX
wYik^JwDn9�Jn [jRr^Jg `Dn9g�Q|VYg«\l^A`YbdcrXqwYMPOAQSRrTWVYX QSRU\_wYcrX�n9V�[S^ �²^9QSsdRrcUcUn9gP[�`YV»[SiS^J\�¡<^JgYXqXdg»uAVYX¶`�efVYgYX_n9wa�
wYcrRUsdn [jRr^Jg ��con'QkOAgP[jMYb-QSX�Qk^JgY^JikX�[j^JVa[qX-g XdQkQjn�OPn9gP[ `YX�sd^JgYQkXdihuJXdiqVYgYX `YX-QSs-iSRUwa[jRU^9g¸QSV�'lQSn9\_\lX-gW[
ik}�n9crRUQk[SX|n � g'`�efXdgYikRUs�MYRri¤gY^9[SiSXmsd^Jg�gDn9RUQkQjn9g�sdXm`YV�pF^JgYs-[SRU^Jg�gYXd\_XdgP[t`YXmc½efRUg�Qk[jikVY\_XdgP[�I
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��^9VYQ�`YRUQh[jRUg��JVYXdik^JgYQ�`YX-V �¾\l^A`Yb-cUXdQ�wYMPOaQkRUTWVYX-Q�RUg�sdcUVYn9gP[�con gY^Jga��cURrgY}�n9ikRr[S}�`YX«wYik^JwDn9�Pn�[jRU^9g�I
� n gYQ�crX«wYiSX-\lRrXdi�`YRr[eN²X��A[jikRUgYQkbdTWVYX0O s-X-[k[jX¸`�XdiSg�RUbdikX g�e�RrgW[SXdihuaRrXdgP[�wDn9Q'`Dn9gYQ'con�¡/^9VYsdcrX `�ezn9Va[j^ �
^JQksdRrcUcon�[jRU^9g Rf�@T5sd^9gW[Sijn9RriSX-\lX-gW[]n V�QkXdsd^9gY`�\_^a`�bdcUX�`YRr[ N²RUgP[jikRUgYQkbdTWVYX0OjI
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±5XªwYn1uARrcUcU^9gZQkX s-^J\lw<^Jih[�n9gP[�sd^9\l\_X�VYg � cK[jikXªwDn QSQSX �²MDn V�[VU3c½efXdQkQSX-gW[SRUX-ca`YX-Q¬MDn iS\_^JgYRUTWVYX-Q��J}dgY}-iS}-Q
wDn i¤`YRUQh[j^JikQSRU^9g'X-Qk[]ijn�O9^JgYgY}muJX-iSQ]c½efX��A[j}-iSRUX-VYi¤`YV�[jik^J\�¡<^JgYX�Rf�fT�I
� X_wYcrVYQ�U�cUX-Q�X~¨�X~[jQZ`YX�w�iS^JwDn �Pn [jRr^Jg«gY^Jga��cURrgY}�n9RriSX�Qk^JgP[qQkVYwYw<^JQS}-Q¶n9VYQkQSR�`YX_\l^9RUgY`YikX RU\_w/^Jih[�n9g�sdX
w<^JVYi�crXdQ�^9gY`YXdQ¶ik}-³D}-s�MYRUX-Q `YV�wDn�uaRrcUcr^Jg u9XdiSQ crXdQ�crb-uAiSX-Q¶TAV�X�w/^JV�i�cUX-Q¶^JgY`YX-Q¶QSX�wYik^JwDn9�JXdn9gP[¶`YX-Q
crb-uAiSX-Q�uJX-iSQ crX�wDn�uARUcrcU^Jg s�n9ilcUX-Q wYiSX-\lRrbdikXdQ�QkVY¡YRrQSQSX-gP[�`YXdQ w<Xdih[jX-Q Xdg n9\_wYcrRr[jV�`YX�X-[ QkVYik[S^JV�[�V�g
s�MDn gY�JXd\_XdgP[]`YXmQSRr�JgYXmw<^JVYi¤con�w�iSXdQkQSRr^Jg�I
±�n¸wYik^JwDn9�Jn [jRr^Jg"gY^9ga�²crRUgY}dn9RUikX�gYX�`Y^JRr[�`Y^JgYs�wDn9ik[SRUs-RUw<Xdi�TWVYX�p;n9RU¡YcrXd\_XdgP[ � c½efXdgP[jikX-[jRrXdg¼`YV¼Qk^Jg�I
�]^JVYQ�wYik^Jw<^JQS^Jg�Q�`Y^JgYsq`Dn9gYQ�V�g»wYiSX-\lRrXdi�[SXd\_wYQ�`YXqsd^JgYQkXdihuJXdim`Dn gYQ�cUX�\l^A`Yb-cUXqw�MWOAQkRUTWVYX � � �JVYiSX
xaIKH ��cUX�\_^a`�VYcUX�sdcUn9QSQkRUTWVYX'`�e�n9V�[j^��²^JQksdRUcrcon [SRU^Jg � �«iS}dQk^JgDn [SXdVYilcURrgY}�n9RriSX ��X-[l`�e�n `k^JV�[SXdi�V�g"\_^a`YV�cUX
X �a[SiSRrgYQSb-TAV�X'`�e�}-sd^JV�[SX R��@T�^�(�con `YRrQk[j^9iSQSRr^Jg gY^9ga�²crRUgY}dn9RUikX�XdQh[_n9wYwYcrRUTWVY}-X � VYg�QSRU�9gDn9c�wYik}dcrX-uJ}�n V
gYRKuJXdn9V�`�XZc�e�X-\�¡<^JVYs�MWVYiSXm`YXmc�e�RrgYQk[SiSVY\_XdgP[ � � �JVYikXqxAI y � I

5�6��1H�AVD _dH�FIaVC�@BU�H�UVD�F]<?@OAKh FE;�<>U*Z�@BUV;�U*Z a%H�A�C ��AVH�<�=>@kD�Z�@k_ � U�< ��AV@BD JK@jD �*U*Z � LBD�@�D�H�UVH�CQ@ DB9 ;�a�a�A �*;�U*Z D�A�C = ;IJ�<?D �
Z�H�CQD�<>H�U U�H�U�� =><?U�XB;�<>CQ@l^ U�H�UIa � �KD�< �*A�@"i J 9 H�UVJK@kD D�<?UPAVD�H�� J�;�=?@BD�^�����;"N�@�D � ;�a�a�<?U�W	��i!JKH�U�UV@OU*Z JK@BD CQXBD�A�=>ZQ;�ZQD <?U�ZQXOCQ@BDQD�;�U*ZQD
a%H�A�C = ;:aVC�HKJKAV_dZ�<?H�U JK@ D�H�UVD _OA�<>NPCQXBD�o�
kr 6

¦J¢



� �`��� 
 ���	�"$�
:��� � �k���!��
���� 	���� � �!� � 


MODULE D’ECOUTE

SOURCE
EXCITATEUR

NON-LINEAIRE
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�²c�XdQh[¶`YRg'_s-RUcUX `�ef}-[jn9¡YcrRUimX��aw<}diSRr\lX-gP[�n9crXd\_XdgP[qc�e�Rr\lw<^Jih[�n9gYs-X¶`YX�cUn'`�RUQk[S^JiSQkRU^Jg w/^9VYi�crXdQ�^JgY`YX-Q
ik}-³D}-s�MYRUX-QdI � RUX-gqTWVYX�wYcUV�Q�p;n9Rr¡YcUXNTWVYXªw/^9VYi�cUXdQ�^JgY`�XdQ�RUgYs-RU`YX-gW[SXdQ7U�`�XdQ¬QkRU\�V�con [SRU^JgYQ�RUgY`YRrTWVYXdgP[8TAV�e�X-cUcUX
w<XdVa[\g-[SiSX¤gY^JgA�²gY}-�JcURr�JX�n9¡�cUX9I � X¤wYcUVYQ7U9VYg�X�\l^A`YR � s�n [SRU^JgZ`YX¤cUn��J}-^J\l}~[jikRUX `�V¶wDn�uaRrcUcr^Jg �;n `k^JV�[N`�e�VYg�X
Qk^JVYik`YRUgYX@U \_^a`�R � sdn [jRr^Jg"`YX�con¸w<XdiksdX IdI-I ��w<XdV�[ \l^A`YR � Xdi�cUn gDn�[jVYikX»`YXdQ�^Jg�`YXdQ�ik}-³D}-s�MYRUX-Q uJXdikQ
c�e�X-\�¡<^JVYs�MWVYiSX¶X~[m`Y^JgYs¶c�e�Rrg�³DVYX-gYsdXq`YX¶con wYik^JwDn9�Jn [jRr^Jg�gY^9ga�²crRUgY}dn9RUikX�QkVYi|c½e�n9V�[S^ �²^JQksdRrcUcon�[jRU^9g�I � n9g�Q
s-X�sdn9Q�UNRrc�w<XdV�[,g-[SiSX�RUgP[j}-iSX-QSQjn gW[l`�efRUgYs-cUVYikX�`Dn9gYQ_cUX�\_^A`YbdcrX�VYgYX'gY^Jga��cURUg�}�n9ikRr[j}l`YX�wYiS^9wDn9�Pn [SRU^Jg
RrgP[jiSRrgYQSb-TWVYX^U�s9efXdQh[ ��`YRriSX�`YX�wYikXdgY`YikX X-g¶sd^J\_w�[jX�sdX~[S[SX�`YXdikgYRUb-iSXª`Dn9gYQ·cUn]¡<^JVYs-cUXª`�ezn V�[j^ ��^JQSs-RUcrcon [SRU^Jg�I
±5XmiS}-QS^JgYn [jX-VYitcURUg�}�n9RriSX�`�X�cUn � �JVYikXqxAIrHmQSX-ijn `Y^JgYsmikXd\_wYcon9s-}|wDn9i¤VYg'iS}-QS^JgYn [jX-VYitgY^Jga��cURUg�}�n9RriSX9I
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�]^JVYQ|n�uJ^9gYQ�uAV»`Dn9gYQ�cUXdQ�s�MDn9wYRK[jiSX-Q�wYik}ds-}d`YX-gW[SQmTAV�X¶`Dn9gYQ�cUXdQ�sd^JgY`�VYRr[SXdQ�U/cUX-Q�X-¨/X-[SQ�`YX�w<Xdih[jX-Q
uARrQSsd^���[jM�XdiS\_RUTWVYX-Q�n9V ��wDn9iS^9RUQNcURr}dX-Q �|c½efX��aRUQh[jXdg�sdXt`YX¤sd^9VYs�MYXdQ�cURr\lRK[jX-Q8QkX]s-^J\�¡YRrgYXdgP[ �|con�`�RUQk[S^JiSQkRU^Jg
g�^Jga�²crRUgY}dn9RUikX¶I � VYn9gY` cUn [SVYiS¡YV�cUXdg�sdXqX-Qk[�gY}d�JcrRU�JXdn9¡YcrX^UDsdX-Q�w<Xdih[jXdQ�w/X-V�uJX-gP[Hg-[jikXq`Y}-sdikRr[jX-Q�wDn i�VYg�X
[SMY}d^9iSRUX|`�V�wYikXd\_RUX-i¤^JiS`YikX �;X-g�crRUgY}dn9iSRrQjn9gP[¤crXdQ¤}dTWVDn�[jRU^9gYQt`YXmsd^JVYs�M�X�crRU\_Rr[jX �~I
° wYn9ik[SRUi `YX«s-XdQ�MPOaw<^9[SMYbdQkXdQ�UtgY^9VYQ'n1u9^JgYQ�RUgP[S}d�Jik}»`Dn9gYQ�cUX-Q�}dTWVDn [SRU^Jg�Q�`YX«sd^JgYQkXdihu9n�[jRU^9g¾w<^JVYi
^9¡�[jX-gYRUiZ`YXdQq}dTWVDn [SRU^JgYQZ`YXlwYiS^JwYn9�Pn [SRU^Jg«[²OAw/X }-TWVDn [jRr^JgYQ�`�ez©NVYcrXdi�n�uJXds�w/X-ik[jX-QquARUQksd^ �½[jMYX-iS\_RUTWVYXdQ
TWVYXZc½ef^Jg�w<XdV�[]ik}dQS^9VY`YiSXZgWVY\_}diSRrTWVYXd\_XdgP[ �Fu9^JRUi¤crX|s�MDn9wYRK[jikXZw�iS}ds-}d`YX-gP[�X-[tcUn¶iS}-pF}-iSX-gYsdX,Rzx T � I
� Xª[jX-cUcrXdQ�QSRU\qVYcon [SRU^Jg�Q5QS^JgP[8sdXdw<Xdg�`Dn9gP[·[jik^Jwqs-^ ��[SXdVYQkXdQ·w<^JVYi�VYgYX n9wYwYcrRUs�n�[jRU^9g��]contQkOAgP[jMYb-QSX¤Qk^JgY^JikX
X~[]gY^JVYQtwYik}-pF}dik^JgYQt`Y^Jg�smp;n RUiSX|`�XdQtQSRr\lwYcrR � sdn [jRr^JgYQªTAV�R5\lb-gYXdgP[ �¶VYgYXm[jMY}-^JiSRrX|wYcUVYQ¤QkRU\_wYcUX�R�¦@T�I
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� �5�N2D.3��ºA�dEA�_��:��¸�¬C;: 
·7JB�.�0 :;7JEA�

J¾±�n¼wYikXd\_RUbdikX sd^Jg�QSRUQh[jX �¼gY}d�JcrRU�JX-i `Dn9g�Q c�e�X-\�¡/^9VYs�MWVYiSX�cUX-Q«X-¨/X-[jQ«`YX wYik^JwDn9�Pn�[jRU^9g%gY^Jga�
crRUgY}dn9RUikXdQ �;TWVYR�QSXmsdV�\�VYcUX-gP[�QkVYitcon�`YRrQk[jn9gYsdX �¤n9V�iSXd�Jn9iS`'`YXmQSX-Q]`�RU\_XdgYQkRU^JgYQ � I

J � n9gYQ_con«wDn9ik[SRUX�pF^Jih[jXd\_XdgP[l}-u n9Qk}dX�`�V
wDn�uARUcUcr^Jg�^�( con«`YRU\_RUgWV�[SRU^Jg `YX�c½e�n9\_wYcURK[jVY`YX�`YVYX �
c�e�}-con9ik�JRUQkQSX-\lX-gW[·`YX�cUn|QSXds~[jRr^JglX-Qk[ªc½efX-¨/X-[�s-VY\�VYcUn [jRKp/`�^J\lRrgDn9gP[VU9^Jglg�}d�JcrRU�JX-ijnmn9VYQkQSR@con|`YRrQk[j^9ih�
QkRU^Jg�gY^9ga�²crRUgY}dn9RUikX9IY©Ng�}-[jX-gY`Dn9gP[�c½e�n9wYwYik^���Rr\�n�[jRU^9g �_c�e�X-gYQSX-\�¡YcUXm`YV'wDn�uARUcrcU^Jg
U�^Jg�s-^JgYs-XdgP[jikX
cUn�gY^9ga�²crRUgY}dn9iSRK[j}¶`YX w�iS^JwDn �Pn [jRr^Jg¸QkVYiqcUn�sd^9VYcURrQSQSXl`YV¸[SiS^J\�¡<^JgYX@U8s e�X-Qk[ ��`YRUikX�con'wDn9ih[jRUXlcon
w�cUVYQ¤cr^JgY�JVYX|X~[]s-OAcURrgY`YiSRrTWVYX|`YXmc½efRUgYQh[jikVY\lX-gP[�I

J¾©Ng�QSV�Rru n9gP[ � MYXdQh[jXdiAR HJH7TiUDcUX�s�MYn9\lw�n9s-^JVYQk[SRUTWVYX|`Dn gYQtcon�sd^9VYcURrQSQSX|QkXdiSn_`Y}-sdikRr[tsd^9\l\_X|sd^J\¶�
¡�RUgDn9RrQS^Jg�cURUg�}�n9RriSX�`�XdQt^JgY`YX-QtRUgYs-RU`YX-gW[SXdQ¤X~[�ik}-³D}-s�MYRUX-Q �;sdXmTWVYR�g�e�X-Qk[]wDn9QtQSR�}-uARU`YX-gP[�TWVYXms-Xdcon
`Yn9gYQ�VYgYX¤[jM�}d^JikRUX¤gY^JgA�²cURrgY}�n RUiSX � Rf¦@T�I � XdQ�sd^9gYQSRr`Y}diSn [jRr^JgYQ·[jM�}d^JikRUTWVYXdQ R H3yfT@X~[�`YXdQ�QSRr\�VYcon�[jRU^9gYQ
gWVY\_}dikRUTWVYX-Q �FuJ^9RUiNcUX wDn9ijn �Jijn9w�MYX¤§YI���IrHt`YV s�MDn wYRr[SiSX¤wYik}dsd}-`YXdgP[ ��QkXd\�¡YcrXdgP[ªn9cUcrXdi8`Dn9gYQNcrX¤QSXdg�Q
`�XZs-X-[k[jXmMPOaw<^9[SMYbdQkX^U<cUXdQ¤RrgP[jXdiSn9s-[SRU^Jg�Q¤gY^Jga��cURUg�}�n9RriSXdQªgYXmQSXZsdVY\qVYcon9gP[twDn Q]QkVYitcon�`YRrQk[jn9gYsdX I

J¾±NefMPOaw<^9[SMYbdQkX�QSV�Rru n9gP[jX sd^9gYQSRrQk[jX ��`Y}ds-^JVYwYcrXdiZcon�`YRUQh[j^JikQSRr^Jg«gY^Jga��cURUg�}�n9RriSX�`YX-Qqw<Xdih[jXdQmuARUQksd^ �
[SMYXdik\lRrTWVYXdQ X~[�`Y^Jg�s �¸[jiSn9Rr[SXdi�cUn gY^9ga�²crRUgY}dn9iSRK[j}�Xdg¼³DVYRr`YX wDn ikp;n9RK[�I � X-[k[jX»MPOAw/^9[SMYbdQkX«XdQk[
s-Xdih[�n9RrgYXd\_XdgP[�n9VY`Dn9s-RUX-VYQSX�s�n9i_cUX-Q�w<Xdik[SXdQlQS^JgP[ `�RUQk[SiSRr¡YVY}dX-QlcrX�cr^JgY� `YV"[SV�OPn9V"X-[ X-gP[jiSX-gP[
cr^asdn9cUX-\lX-gP[ Xdg"s-^J\_w/}~[jRr[SRU^Jg�n�u9Xds cUn gY^9ga�²crRUgY}dn9iSRK[j}9I � Xdw<XdgY`Yn9gP[VU�gY^JVYQ�n1u9^JgYQ_uaV"`Dn9gYQ_cUX
s�MYn9wYRr[SiSX_wYiS}-sd}-`YXdgP[ �FwDn9iSn9�Jijn wYMYX_§YIz�aI y ��TWVYXl`YXdQ�QSRU\qVYcon [SRU^Jg�Q�gWVY\l}-iSRrTAV�XdQqRrgY`YRrTAV�XdgP[ZTAV�X
cr^JiSQkTWVYX¤c½ef^Jg¶V�[SRUcURrQSX�w/^9VYiNcUX-QNw/X-ik[jX-QNVYg � cr[Sijn9�9X�cURrgY}�n9RriSXªw/^Jg�s-[jV�XdcY`YX-Q�^JgY`YX-Q�w�iS}�n con9¡YcrXd\_XdgP[
� crXdVYi�wYiS^9wDn9�Pn [SRU^Jg¸gY^Jga��cURUg�}�n9RriSX^U5c�e�X-iSikXdVYi�s-^J\_\lRrQSX�ikXdQh[jX p;n9Rr¡YcUX_Xdg�¡Dn9QkQSX pFik}dTWVYXdg�sdX R�¦fT½I
±Ne�n9wYwYik^���Rr\�n�[jRU^9gZg�^JVYQ·w<Xdik\lX~[S[�n gW[¬`Y^JgYsª`YX [Sijn9RK[jXdi�cUn�`YRrQk[j^9iSQSRr^Jgq`Yn9gYQ·crXªsdn9Q·Qjn gYQ¬w<Xdih[jX�gYX
`�X-uAijn9RK[�`Y^JgYs�wDn9Q�[jiS^9w�RUga³DVYXdg�sdXdi�c½e�n9V�[S^ �²^9QSsdRrcUcUn [jRr^JgqX~[ c�e�X~¨�X~[ `�efXdg�iSRUs�M�RUQSQkXd\_XdgP[�`�V�QSw<Xds~[jikX
QkXdiSn_s-^JgYQSX-iku9}9I

�Z032<��BY=@B�.3:F2<,
�dBD,�� �NEA01.1EA� � �¸?P.3��254�E»4�EA�_7JBY03BD79.1?W0�:��~.3:���6�EA�
��^9VYQ|`Y}dQkRUik^JgYQ|n9w�wYcURrTAV�Xdi�cUn�\_}-[jM�^a`YXq`YXdQ|sdn9ijn9s~[j}-iSRUQh[jRrTAV�XdQ�w<^JVYi�`�}dsdikRUikX�con�`�RUQk[S^JiSQkRU^Jg�gY^Jga�

crRUgY}dn9RUikX `Dn9g�Q�cUn�sd^JV�cURUQkQSX¤`YV¶[SiS^J\�¡<^JgYX¤X-glX-QSQSn1OJn9gP[ `�X]ikX-[SiS^JV�u9Xdi�VYgYX¤pF^Jik\�VYcUn [jRr^Jg�`YX�[²OAw<X'N²cURr�JgYX
�¶iSX~[�n9ik`[O�I

• � ��?W2@0 :FE
��^9VYQmsd^JgYQkRU`Yb-iS^Jg�QZ`�^JiS}-gDn�u9n gW[�con w�iS^JwDn �Pn [jRr^Jg»Qjn gYQmw/X-ik[jX `�ef^JgY`�XdQZwYcon9g�XdQdI � n9gYQmcUX¶QkXdsd^9gY`

s�MDn wYRr[SiSX��;wDn ijn9�JiSn9wYMYX�yaI���Izy �0UDg�^JVYQ�n1u9^JgYQ]ijn9w�w/X-cU}mcon�[jM�}d^JikRUXm`YXdQ]^JgY`�XdQ]QSRU\_wYcrXdQdID�a^JRr[]w<^JVYitVYgYX
^Jg�`YX QkX wYik^JwDn9�JXdn9gP[¬`Yn9gYQ¬V�gYX QkXdVYcrX `YRriSXds~[jRr^Jg � ��w/^JQkRr[SRrpawDn9i�X��aXd\_wYcUX �0U�`Dn9gYQ8VYgq\_RUcrRUX-VZV�gYRrpF^Jik\lX@U
RrQSXdgP[SiS^JwYRrTWVYX�X~[�RrgYRr[SRon9crXd\_XdgP[¤n V�iSX-w/^9Q�U@cUX-Q�RrgWu n9ikRon9gP[SQ]`�X �tRUX-\�n9g�g'TWVYR�iSX-cURrXdgP[]con�uARr[jX-QSQkXqcU^As�n cUX
`YV�³DVYRr`YX

u
X~[]conquARr[SXdQSQkX�`�V�Qk^Jg

a
\_bdgYX-gW[ �¶con�ikXdcon�[jRU^9g�QSVYRKu9n gW[SX·v

u = constante
QSVYits�MDn9TWVYXZ`Yik^JRr[SX

C+ `�X�w<XdgP[jX¬v dx
dt

= c = a0 +
γ + 1

2
u

�½xaIKH �
pK6�� ;�C1_OH�U*Z�CQ@ �KA�U3;�AKZ�CQ@�Z �Pa%@ J�@jU�H�U�� =?<>U�Xk;�CQ<mZQXj_d@dZ�Z�@�� H�<?D1_O< =?HP_B;�=?<?D�XO@ �e@BD�Z1@OUPNP<?DQ;�W�@B;�Y�=>@�6���U @���@dZ �%;�A CQ@OW�;�CQJ

JK@1= 9 ;�F]a�=><>Z�A%JK@ JK@kD#J�XOa�= ;�_O@OF]@OU*ZQD#;�_OH�AVD�Z�< �*A�@BD�JV;�UVD =>@1W�CQ;�<>U ��A�USJKXk_dH�=>=?@OF]@OU*Z#J�@ _dH�AV_ � @1=?<?FI<>Z�@ @BD�Z anH�DQD�<?Y�=?@ o>5��"r 6
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n�u9Xds
a0
con�uARr[SXdQkQSXm`YV'QS^Jg'w/^9VYi¤cUX�³DV�RU`YXmVYgYRKpF^JiS\_X|n9V�ikXdw<^JQdI

±5X-Q�sdn9ijn s-[j}-iSRrQk[jRrTWVYXdQ
C+ QS^JgP[�`Y^JgYs¤`�XdQ�`YiS^JRK[jX-Q·`Dn9gYQ�crX�wYcon g (x,t)

� � �JV�iSX�xaI�� �8cUX¤cr^JgY�|`YX-QSTWVYX-cUcUX-Q
c�e�Rrg�pF^Jik\�n [SRU^Jg«n sd^JVYQh[jRrTAV�X XdQh[�[jiSn9gYQSw<^Jih[j}dX I·L�^JVYi�VYg�X�QS^9VYiSs-X�wYcon9s-}dXlXdg

x = 0
�F[S^JV�[jX-Q�cUX-Q

C+Qk^JgP[¤`Y^Jg�s|RUQSQkVYXdQ¤`�X�c½e�n��aX�`YX-Q [jX-\lwYQ �ªconZuaRK[jX-QSQSX|`�X�wYiS^9wDn9�Pn [SRU^Jg n9sd^JV�Qk[jRrTWVYX
c = u+ a

XdQk[]n cU^JikQ
pF^9gYs-[SRU^Jg�`YXZconquARr[SXdQkQSXqcr^asdn9cUX�`YV'³YVYRU`YX

u(0,t)
I � n9gYQ]cUX|sdn9Q]`�e�V�gYX�`�RUQk[jn9gYs-XZ`�XZw�iS^JwDn �Pn [jRr^Jg � �aX

L
UDs-XdsdR�s-^JiSikXdQSw<^JgY` �¶VYg'`Y}dcUn9R�`YXmwYik^JwDn9�Pn�[jRU^9g u9n iSRon ¡YcUX·v

d+(t) =
L

c(t)
=

L

a0 + (γ+1)
2
u(0,t)

= g(u(0,t))
�½xaIzy �

�
u(x = L,t)u(x = 0,t)

�

d+(t1)

d+(t2)

�

t2

t1

dx
dt = u + a

�

������� xaI�� J�� ?X�)"_���(�-#%��?H��#��
	�?@" ���I"��G���(� ���5��" ���7�)?X��"$�)
!
��)
 �7� "_
 	%��"_?X�
´�i�`Yn9gYQ�VYg�XqpF^JiS\qVYcon [SRU^Jg'`YXZ[²Oaw<XAN�crRU�Jg�X��liSX-[jn9iS`dO U<^Jg `Y} � gYRr[�`Dn9gYQ�cUXq`�^J\�n RUgYXZsd^JgP[SRUgWV cUX

ikX-[jn9iS`�u n9iSRUn9¡YcUX�`YXmwYiS^9wDn9�Pn [SRU^Jg
d−
[jX-c5TWVYX·v

s(t) = e(t− d−(t))
��xaIz� �

°�uJX-s�XmcrX|QSRU�9gDn9c�`�efXdgP[SiS}dXZX-[]QtsdX-cUVYR�`YXmQS^Jih[jRUX I
°�QSwYRrijn9gP[ � ikX-[SiS^JV�u9Xdi¶X-g g�^Jga�²crRUgY}dn9RUikX VYgYX pF^Jik\�VYcon�[jRU^9g `YX�s-X [²OAw/X@U·gY^JVYQqiSXd\ln9ikTAV�^JgYQ¶TWVYX�con
`�} � gYRK[jRr^Jg�`YX

d+ �F}dTWVDn [SRU^Jg�xaIzy � RU\_wYcrRUTWVYX·v

e(t) = s(t + d+(t))
��xaI�§ �

©Ng'sd^J\q¡YRUgDn gW[tcrXdQ�pF^Jik\�VYcrXdQ]xaI��¶X-[�xaIf§cUY^Jg'^J¡�[SRUXdgP[t`YX-Qt}dTWVDn [SRU^JgYQtRr\lwYcrRUs-Rr[jX-QªikXdcrRon9gP[
d+ X-[ d− v

d+(t) = d−(t + d+(t))
��xaI x �

d−(t) = d+(t− d−(t))
��xaIz� �

±5XZiSX~[�n9ik`
d−
X-Qk[�`Y^JgYsZ^J¡�[SXdgWV �_wDn9ik[SRUi¤`YX-Q

d+ wDn9i]VYg � cK[jikX��_iSX~[�n9ik`'u n9ikRon9¡YcrX^UYcrXmiSX-[jn9iS`�}-[jn9gP[s-^JgP[jiQPJcU}|wDn i]cUn�wYiS^9wYiSXmQS^9ik[jRrX|`YV � cr[SiSX � � �JVYiSXZxAI�§��hR H1�fT�I
W gYX�pF^JRrQ crX�ikX-[�n iS`

d−(t)
`Y}~[jXdik\lRrgY}^UA^Jg w<XdVa[¤Xdg�`Y}-`YVYRriSX�cUnZu n9cUX-VYi�`YX�conZuaRK[jX-QSQSX

u
��con�Qk^Jik[SRUX�Xdg

RrgPuJXdikQjn9gP[�conqpF^Jg�s-[jRr^Jg
g
��pF^JiS\qVYcUXZxaIzy �/v

u(L,t) = g−1(d−(t))
��xaI µ �

±�n¶cURr�JgYX�s-^J\_wYcUb~[jX|`YXmwYik^JwDn9�Pn�[jRU^9g�XdQk[]Qks�MY}d\ln [jRrQS}-XZQkVYi]con � �JV�iSX�xaIzxaI
H1­aH
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d+(t) d−(t)
e−sd−

������� xaI�§8J ��� �+?(��
��)
 �7� "_
 	%��"_?X�
e(t)

e−sd−

d+(t)
g−1g

s(t)d−(t)

������� xAI x�J
	N" h�
�� 	�?X������?H�
�)��?@"+��FG� �
��^ [j^JgYQ�TWVYX�con¤\l}~[jMY^A`YX�`YX-Q8sdn9ijn9s~[j}-iSRUQh[jRrTAV�XdQ�\lb-gYX �]VYg�XªQk^JcUV�[SRU^Jgm\�V�cr[jRKu n9cUVY}-X·gY^JgA�²wYMPOAQSRrTAV�X

cr^JiSQ]`YXqc�e�RrgP[jXdikQSX-s-[jRr^Jg�`�XdQ�`Yik^JRr[SXdQ-I�±�n_[SMY}d^9iSRUX�`YXdQ�s�MY^as-Q�p;n9Rr¡YcUX-Q]w<Xdik\lX~[�`YX�sd^Jg�Qk[jikVYRUikX �;QkVYRru n9gP[
cUn'cr^JRN`YXdQ�n9RUikXdQZ}d�Pn9crXdQ �mc�e�^Jg�`YXl`�X�s�MY^AslTWVYRªXdQh[�QSV�wYw/^9QS}dX�`�e�}-wDn9RrQSQSX-VYiqQkR � gYX�TWVYXlc½ef^Jg¸w<XdV�[qcon
ikXdwYik}dQSX-gP[jXdi¬wDn9i�VYgYX `�RUQSs-^JgP[jRrgAV�Rr[j} R H�§@T�I9©Ng�iS}�n cURr[S}^U1c�e�}-wDn9RUQkQSX-VYi8`�V�s�MY^As XdQh[·`Y^9gYgY}dXªwDn9i�`YRr¨/}dikXdgP[jQ
\_}dsdn9gYRUQk\lX-Q�`YX�w<Xdih[jX-Q R HJH�T �;w<Xdih[jX-Q n9V��_wDn9iS^9RUQ�UPw�MY}dgY^9\lb-gYXdQª`YX�ikXdcUn���n [jRr^Jg�IdIdI ��TWVYX�gY^JVYQªn�uJ^Jg�Q
gY}-�JcURr�J}dQ-I

• � 03BD:�.1E��¸EA,/. ,�6 �¸?W0�:���6�E
� ^JgYQkRU`Y}-iS^Jg�Q�\ln9RUgP[jX-gDn9gP[_Xdg>XdgP[jik}dX �FXdg

x = 0
�¶V�g
QSRr�JgDn9c¤`YRrQSs-iSX-[ � }-s�MDn9gP[jRrcUcr^JgYQ VYgYRKpF^Jih�

\_}d\_XdgP[ZXdQkwDn9sd}-QqX-g [jX-\lw�QdI�±5Xl`Y}-con9R·u n9ikRon9¡�cUX
d+ RU\_wYcURrTAV�X¶VYg QkRU�JgYn9cN`YX_QS^Jih[jRUX �FXdg x = L

� �
}-s�MDn9gP[jRrcUcU^9gYQ�gY^JgA�²VYgYRKpF^JiS\_Xd\_XdgP[¤X-QSwDn sd}dQ � � �9VYiSX�xaI�� �~IY±�n¶ikXdsd^9gYQk[SiSVYs~[jRU^9g�X �Yn s-[jXZ`�efVYg'QSRU�9gDn9c�`YX
Qk^Jik[SRUX �»wDn9Q¶`�X�[SXd\_wYQ¶VYgYRKpF^JiS\_X�g�e�X-Qk[_wDn9Q_n9RrQS}dX R H3x T½I�©Ng�QSX�sd^9gW[SXdgP[�n gW[_`�efVYgYX�RrgW[SXdikw/^JcUn [jRr^Jg
s-con9QkQSRUTWVYX@UD^Jg�w/X-V�[]gY}�n gY\l^9RUgYQtn9w�wYiS^As�MYXditcrX|QSRU�9gDn9c½I
±NefRU`Y}-X�`YX�cUnZpF^Jik\�VYcUn [jRr^Jg Xdg�cURr�JgYX �qiSX~[�n9ik` XdQh[¤`Y^Jg�s�`YX�sdn9cUs-VYcUX-i�n9Vl[jXd\_wYQ

t = n∆t
crX�QkRU�JgYn9c/`�X

Qk^Jik[SRUX
s(t)
s-^JiSikXdQkw/^Jg�`Dn9gP[�X-g'pF^9gYs-[SRU^Jg�`YXmc�e�X-gW[SiS}-X

e
wDn9QkQS}-X9I

W gYX�w�iSXd\_RUb-iSXZn9wYw�iS^As�MYXqs-^JgYQSRrQk[SX �_`Y}-[SXdiS\_RUg�Xdi �lc�e�X-gW[SiS}-X�`�ef^�(�QS^JgP[�RUQSQkVYXdQ�cUX-Q�`Yik^JRr[SXdQts�n ijn9s~[j}~�
ikRUQk[SRUTWVYX-Q¤wDn9QSQSn9gP[]wDn9i�crXdQ¤w<^JRUgP[jQ¤ik}d�JV�cURUb-iSX-\lX-gW[ XdQkwDn9sd}-Q�X-g�Qk^Jik[SRUX@U�QS^9Rr[ N²iSXd\_^JgP[jX-itn9V�wYRrXd`�`YXmcon
sdn9ijn9s~[j}-iSRUQh[jRrTAV�X0O � � �JVYikX�xaIz� �~I
©Ng RrgW[SXdikw/^JcUn9gP[qcrRUgY}dn9RUikXd\_XdgP[ZcUXlQSRU�9gDn9c�`�efXdgP[jik}dX �;RrsdR�cUX-Q

d+ �Zn9V wYRrXd` `YX�con�s�n9iSn9s-[S}diSRrQk[SRUTWVYX^U8conQk^JcUV�[SRU^Jg�`�V�wYik^J¡Ycrbd\_X�RU\_wYcURrsdRK[jX]`YRUQksdiSX~[]XdQk[�n9RrQS}-X �F}dTWVDn [SRU^Jg�`YV'wYikXd\_RUXdi `YXd�Jik}mXdg
d−
�~I

H1­Jy
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d−(n∆t)

� � �

�

∆t

tn = n∆t

wYRrXd`
������� xaIz�8J B/�)?@�I"$� 	�uM�)�����������'u�� ? 	$h���� "$��?

W gYXqRrgW[SXdikw/^JcUn [jRr^Jg�`�ef^JiS`YikX�QkVYw<}diSRrXdVYi
k
g�}dsdX-QSQkRr[jX-ijn cUn_ik}dQS^9cUV�[SRU^Jg'`�efVYgYXq}-TWVDn [jRr^Jg�`�e�^Jik`YiSX

kX-g
d−
X-[]VYg'gY^J\q¡YiSX|`YXmw<^JRUgP[SQ]`�e�X-gW[SiS}-Xqn9`�}dTWVDn [SX9I

�<I�®8n9QSQSn9ik["R H1�@T¬wYiS^Jw<^JQkX�wYcUVa[]P9[�`YX¶`YRUQksdik}-[jRrQSX-i�cUX�w�iS^J¡Ycrbd\_Xqs-^JgP[jRUgWV»`Y}-sdikRr[|wDn i�con � �JVYiSX¶xaI�§�X-g
p;n RUQjn gW[]n wYwDn9iSn	�U[SiSX�VYg � cK[jiSX �¶`Y}-con9R/pFijn9s~[jRU^9gYgDn9RriSX9I
� n9gYQ�crXms�n9`YikXq`YXZgY^9[SiSXqn9wYwYcrRUs�n�[jRU^9g�QS^JgY^9iSX^U@gY^9VYQ�QkVYwYw<^JQSX-iS^JgYQ�TAV�Xqcon¶Qh[jiSV�s-[jV�iSX�`YV�s�MY^Asqg�efXdQh[
wYn9Q�w�iSRU\_^Jik`YRon9crX�w<^JVYitcUX|[SRU\�¡YikXmw/X-i �dV�wDn9i]c½e�n9VY`YRK[jX-VYi¤X-[�TWVYX�QkXdVYcrX�cUn_`�RUQk[S^JiSQkRU^Jg��Jcr^J¡Dn9crX|`YV�QkRK�
�9gDn9c<sd^J\_w�[jX I	�]^JVYQ�gY^9VYQ¤sd^JgP[SXdgP[jX-iS^JgYQ¤`�^JgYs�`�ef}-uARK[jXdi con�pF^Jik\�n�[jRU^9gl`�ef^JgY`�X�`YX|s�MY^As�Xdg�ikXdw<}diSn9gP[
c�e�RrgP[jXdikQSX-s-[jRr^Jg�`YX¤sdn9ijn s-[j}-iSRrQk[jRrTWVYXdQNX~[NXdg ijn cUXdgP[SRUQSQSn9gP[NcUX-Q·}ds�MYn9gP[jRUcrcU^Jg�Q¬TWVYRYQkX¤wYiS^JwYn9�JXdgP[N[SiS^Jw�uARr[SX9I
�]^JQt[jijn�u n9V ��QSVYi]sdXZQSVf`kX~[�g�ef^JgP[]wDn9QtuAijn9Rr\lX-gW[�n9¡<^JV�[SR�p;n9V�[SXZ`�XZ[SXd\_wYQ�X~[]con¶\l}~[jMY^A`YXZwYiS^9�Jijn9\¶�
\_}dXZRUg�`YVYRr[�`YX-Q�`Y}~pF^JiS\ln [jRr^JgYQt`YV QkRU�JgYn9c�w/X-V�Qjn�[jRUQhp;n9RUQSn9gP[jX-QdI/±�e�n9wYw�cURUsdn [jRr^Jg�`YRUikXds~[jX � �lV�g QSRr�JgDn9c
[SXd\_w/^9iSXdc�`YRrQSs-iSX-[ ��`YX�conl\_}-[SMY^A`YX�`�X�sd^Jg�Qk[jikVYs-[SRU^Jg�`YXdQ�^9gY`YXdQ�`YX�s�MY^AsdQ�QSVYRKu9n gW[�con cU^JR�`YX-Q|n9RriSXdQ
}-�Pn9crXdQ¤g�efXdQh[twDn9QtQSR�}~uARU`YX-gW[SX"RKH1�fT½I W gYX|QS^9cUV�[SRU^Jg�}-cU}d�Jn9gP[jX�s-^JgYQSRrQk[SXdijn Rr[tw<XdV�[h�5g-[SiSX ��QkVYwYw<^JQSX-i]cr^JiSQ
`�XZc�e�RrgP[jXdikQSX-s-[jRr^Jg�`YXms�n ijn9s~[j}dikRUQh[jRUTWVYX-QtTAV�X�crX�QSRr�JgDn9c�g�XZQkXm`Y}-pF^Jik\lX|w�cUVYQtX-[tQkXmwYiS^JwYn9�JXm`Y^JgYs �¶con
uARK[jXdQkQSXZ`YV'QS^Jg

a0
I

� n9gYQ¬crXª\"gd\_X�^JiS`YikX `�efRU`�}dX^U�contwYik^JwDn9�Pn�[jRU^9g�gY^9ga�²crRUgY}dn9RUikXNw/X-V�[·wYik^1uJ^ATAV�Xdi·c�ezn9w�wDn9iSRK[jRr^Jgm`YX MDn V�[jX-Q
pFik}dTWVYX-gYsdX-Q�TWVYR�w<XdVauJXdgP[]QSXmikXdwYcrRUXdiªcU^JikQSTWVYX|c�e�^Jgl[jijn�u n9RrcUcUX �qpFiS}-TWVYXdgYs-Xm`�e�}-s�MDn9gP[jRrcUcr^JgDn9�JX � �aX��;sdikRK�
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�qV�g }ds-^JVYcUX-\lX-gP[�`�e�n9RUi�RUg�sd^J\_wYiSX-QSQkRU¡YcrX9I � X�`YX-iSgYRrXdi X-Qk[¤QkVYwYw<^JQS}�TAVYn9QSR �²Qk[jn [jRrTWVYX^UAs9efXdQh[��q`YRriSX]TAV�X
c�e�^Jg QSV�wYw/^9QSX�TWV�efRUc�n'cUX [jXd\_wYQZ`YX�Q-e�}~[�n9¡�cURUimw<^JVYims�MDn9TWVYX�gY^JV�u9XdcUcrXlw<^JQkRr[jRr^Jg«`YXdQ�cUb~uaikXdQ-I W g8`kX-[
`YXZ`Y}-¡YRr[

U
XdQh[�pF^Jik\l} �lcUn¶QS^Jih[jRUXZ`YX-Q�cUb~uAiSXdQ � � �JVYiSX�xaI�¢ �~ID° wDn9ih[jRUit`YXZcon `YRK¨�}-iSXdg�sdXq`�X�wYikXdQkQSRU^9g

∆P
XdgP[SiSX�cUnZ¡<^JVYs�M�X�X-[ c½efXd\�¡<^JVYs�MWVYikX^UW^Jglw/X-V�[ `�}d`YVYRriSX�cUXt`Y}d¡�Rr[ª`�ezn RUi�Xdg�n9wYwYcrRUTWVDn9gP[�conmiSX-con [SRU^Jg

`YX � XdikgY^JVYRrcUcrR �;}ds-^JVYcrXd\_XdgP[ Qh[�n [SRU^JgYgYn9RUikX'g�^Jga��uARrQSTWVYXdV���� RzyfT�I � XdQ w<Xdih[jX-Q `YX�s�MYn9iS�JX�`YVYXdQ �¸con
uARUQksd^JQkRr[S}q`YV�³YVYRU`YX �;}-sd^JVYcrXd\_XdgP[�`�Xqw<^JRUQkXdVYRrcUcUXmX-gW[SiSX�crXdQ�cUb-uAikXdQ �tX-[ ��c½efRUgYX-ik[SRUXm`YV�³DV�RU`YX�QS^JgP[|X-g
�J}-gY}diSn9c�n `k^JVa[j}dX-Q�R��Py T½I@©Ng'gY}d�JcrRU�JXdn9gP[¤cUX-Q¤X-¨/X-[SQ�`YXms-X-[S[SXm`YXdikgYRUb-iSX^UDg�^JVYQt}ds-iSRru9^JgYQ�n9cU^9iSQ�v

∆P =
1

2
ρ0

(
U

L1h1

)2

+ ∆Pv
�½xaI�¦ �

n�uJX-s�cUn�w/X-ik[SXZ`�XZs�MYn9iS�JXmwDn ituARrQSsd^9QSRr[S}
∆Pv = 12µ

L1

(
L1d0

L0(h1+2h2)3
+ d1−d0

h3
1

)

U
I

W g�X-¨/X-[�`�efXdgP[jik}dX �;w<Xdik[SXdQ]`YXZs�MDn9iS�9XdQ�wYn9i]u9XdgDn_sd^JgP[Sijn9s~[�n � c½e�n9gY�9cUX|`Yik^JRr[ � c½efXdgP[jik}dXZ`YXdQ�cUb-uAikXdQ �
X-Qk[]QS^JVauJXdgP[�wYiS^9w/^JQk}m\�n9RrQ�Qjn¶uAijn9RrQSX-\�¡Ycon gYsdXmn¶}-[S}�ik}-pFV�[S}dX"Rf�PyfT�I
�]^JVYQ�QSVYwYw<^JQk^JgYQ�TAV�X�crX]`�}d¡YRK[ n }diS^A`�OAgDn9\_RUTWVYXtX-Qk[�sd^JgPu9Xdik[SR/X-g�`Y}-¡YRr[ªn9s-^JVYQh[jRUTWVYX]`Dn9g�QªcUnms-V�uJX~[S[SX
`YXlc½efXd\�¡<^JVYs�MWVYikX�`�e�n9RriSX

Ac
I8±5Xls�MDn \lw n sd^JVYQh[jRrTAV�X�}-[jn9gP[q`�}dsd^9\lw<^JQjn ¡YcUX_cU^As�n9crXd\_XdgP[ZXdg ^JgY`YX-Q

n9crcUX-i�X-[tikX-[j^9VYi�UD^Jg'n�v

U = Ac(v
+
c + v−c ) =

Ac

ρ0c0
(p+

c − p−c )
�½xaIKH1­ �

©Ng«sd^J\q¡YRUgDn gW[mcrXdQ|}-TAVYn [jRr^JgYQZxaI�¦�X-[�xaIKH1­bU�s-^JgYgDn RUQSQSn9gP[ ��VYg RrgYQk[jn9gP[m`Y^JgYg�}_c�e�^9gY`YX�`YX wYikXdQkQSRU^9g
ikX-[j^9VYi

p−c
`Dn9gYQ�cUn�s-V�uJX~[S[jX@UD^Jg w<XdV�[ Xdg�`Y}-`YVYRriSX�crX�`Y}-¡YRr[�RUgYQh[�n9gP[�n gY}

U
X-[ con�u n9crXdVYi�`YX�c�e�^Jg�`YX�`YX

wYikXdQkQSRU^9g�n9crcUX-i
p+

c

}d\_RUQkX|`Dn9gYQtc½efXd\q¡/^JV�s�MAV�iSX9I
��^ [j^JgYQ_TWVYX crXdQ_gYRru9X�n9V � `�X�wYikXdQSQkRU^Jg"`Dn9gYQ_c½efXd\�¡<^JVYs�MWVYikX�`�efVYg
s-VYRruAikX�Qk^JgP[ QSV�'lQSn9\_\lX-gW[

}-cUX-u9}dQ�w<^JVYiªTWV�e�V�gYX|RUgPuJX-iSQkRU^Jg `�V��Jijn9`�RUXdgP[ª`YX�wYikXdQkQSRU^9g `YX�wDn ik[�X~[¤n9Va[jiSX�`YXdQ�crb-uAiSX-Q�QS^9Rr[ªw/^JQkQSRr¡YcUX
H1­9�
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R H�T�I �]^JVYQ�XdgPuARUQjn �JXd^Jg�Q|n9cU^9iSQ]QS^JRK[�`�e�n9gYgWVYcrXdi�n9ik[SR � s-RUXdcrcUX-\lX-gW[tcrXq`Y}-¡YRr[�U@QS^JRK[�`YXqcUXZcon9RrQSQSX-i�s�MYn9gY�JX-i
`�X¤QSRU�9gYX9I9±�X¤w�iSXd\_RUX-i¬sdn9QNw/X-V�[��J}-gY}dikXdiN`YX-Q�n9sds-RU`YX-gW[SQN`Dn9gYQNcrX�QSRr�JgDn9cA`YX¤`Y}-¡YRr[·cU^JikQ·`YXdQNRrgPuJXdikQSRr^JgYQdI
�]^JVYQªcon9RrQSQS^9gYQ�`Y^JgYs�cUX]`Y}d¡YRK[ s�MYn9gY�JX-i `YX]QSRr�JgYX]sdX�TWVYR<gY^JV�Q ijn wYw/X-cUcrX]TWV�efVYgYX�wDn9ik[SRUXt`YX�sdX�`�XdiSg�RUXdi
X-Qk[�[Sijn9g�QS\_RUQZ`Dn9gYQ�cUn�¡<^JVYs�MYX@U·sdX�TAV�R�n�}~[j} }~uJ^ATAV�}�`YXdwYV�RUQqcr^JgY�9[SXd\_wYQeR H7T�I·L�^JVYi�w�iSXdg�`YiSX s-XdcUn
X-g"s-^J\lwa[jX'QSRU\_wYcrXd\_XdgP[VUNgY^9VYQlg�}d�JcrRU�JX-iS^JgYQ crXdQ_iS}dQk^JgDn9g�sdXdQ�`YX�cUn sdn�uaRK[j}'¡YVYs-s�n9crX�`�e�n9RriSX

Ab
X-g

QkVYwYw<^JQjn gW['TWV�efVYgYX ^JgY`YX«`YX»w�iSXdQkQSRr^Jg ikX-[S^JVYi
p−b
QSX«QkVYw/X-iSw<^JQSX � con wYikXdQkQSRU^9g `�e�n9crRU\_XdgP[�n [SRU^Jg�I

±Nef}dTWVDn [SRU^Jg�xaI�¦¶QSX-ijn \l^A`YR � }dX|`YXmconqp;n��d^Jg'QSVYRKu n9gP[jX·v

Pb + p−b − Pc =
1

2
ρ0

(
U

L1h1

)2

+ ∆Pv
�½xaIKHJH �

n�u9XdsZconq³DVYs~[jVDn�[jRU^9g'`�XZw�iSXdQkQSRr^Jg
p−b = −ρ0c0

Ab
U
I

±5X-QtpF^9iSsdX-QtMWOA`Yik^a`aOagYn9\lRrTWVYXdQ]iS}-QSVYcK[�n9gP[jX-QtQS^JgP[]s�n9crsdVYcr}dX-Q]wYn9i¤RUgP[j}-�Jijn�[jRU^9g�cUX|cU^9gY�¶`YV's�n9gDn cJv

F = L0

∫ d0

0

P (x)dx+ L1

∫ d1

d0

P (x)dx
�½xAIrH3y �

n�u9Xds

P (x) = Pb + p−b − 1

2
ρ0

(
U(x)

A(x)

)2

− ∆Pv(x)
�½xAIrH1� �

�]^JVYQ�n�u9^JgYQ gY}-�JcURr�J}�cUX-Q�X-¨/X-[SQ `YX c�e�RrgYXdih[jRrX'`�X�c½e�n9Rri_X-gP[jiSX�cUXdQlcUb~uaikXdQ-I � XdQ�X-¨/X-[jQ�w/X-V�uJX-gW[8g~[jikX
Rr\lw<^Jih[�n9gP[jQ�w<^JVYi8`YX p;n9Rr¡YcUX-Q�^9V�uJX-ik[jV�iSXdQ ��c½ef^JV�uJX-ik[SVYiSXªX-[ �]con]pFX-iS\_X-[SVYiSX I � cUn9QSQkRUTWVYXd\_XdgP[�U9sdX~[·X~¨�X~[
X-Qk[�\l^A`Y}dcrRUQk}|wDn9itcon wYiSRrQSXZXdg�sd^J\_w�[jXZ`�efVYg�[SXdik\lXZRUgYQh[�n [SRU^Jg�gDn9RUikX�`Dn9g�Q�c½ef}dTWVDn�[jRU^9g'`�X � X-iSgY^JV�RUcUcrR
R�yJµfT�I�{�n9RrQ¶RUc�QkXd\�¡�cUX'n9cU^9iSQ¶gY}-sdXdQkQjn9RriSX'`YX'wYiSX-gY`YiSX'Xdg sd^9\lw�[SX�c½efRUgf`kX-s-[jRr^Jg `YX�uJ^9cUVY\_X�`YVYX'n9V �
\_^JV�u9Xd\_XdgP[jQ�`YX-QNwDn9ik^JRUQ·`Yn9gYQ�c½ef}dTWVDn [SRU^Jgq`YX¤con�s-^JgYQSX-iku n [SRU^Jg `YX¤cUn�\�n9QkQSXHRf�J�fT�I � X-sdRDsd^9\lwYcrRUTWVDn9gP[
QkRUgY�9VYcURrbdiSX-\lX-gP[�cUX¤\_^a`Yb-cUX@UPn9V_iSXd�Jn9iS`_`YXdQªn9V�[SiSX-Q n9w�wYiS^��aRU\ln [jRr^JgYQ¬p;n �U[jX-Q �;�J}-^J\l}~[jikRUX^U9}dsd^9VYcUX-\lX-gW[
I-IdI �¤Rrc�gY^JV�Q]QkXd\�¡�cUXmwYcUV�Q¤sd^JMY}-iSX-gW[�`YXmgY}-�JcURr�JXdi�c�e�RrgYXdih[jRrX9I

� 2<C;C�:;��:F2/, EP._=@0�BY,84�EA�l2<6 � EW01.36�0�EA�
� n gYQ�crX|s�n9Q]`YXZ�Jijn9g�`YXdQ]^JQSs-RUcrcon [SRU^JgYQ7UacrXdQt`YX-V ��cUb-uAikXdQ]iSXdgP[SiSXdgP[�Xdg�sd^JgP[�n s-[�wDn9itcUX-Q]s-^JRUg�Q]cr^JiSQ

`�Xqcon¶pFXdik\lX~[jVYikX�X~[�^J¡a[jVYikXdgP[�wYik^J�JikXdQSQkRru9Xd\_XdgP[�crX�sdn9gDn9c�I@±�^9iSQSTWVYXqcon¶pFXdiS\_X-[SVYiSXZXdQh[�s-^J\lw�cUb-[SX^U@con
w�iSXdQkQSRr^Jg�`Dn gYQ cUnZ¡<^JVYs�MYX�RUgY`�VYRr[�VYg�X�pF^JiksdX]TAV�R<[SXdgY` �m^JV�uAikRUi�cUXdQ�cUb~uAiSXdQ7UWsdXds-R/}~[�n9gP[ w/^JQkQSRr¡YcUXt`Dn9g�Q
g�^9[jikXZ\_^A`YbdcrX��Ji]L sdX �¶c½efX��aRUQh[jXdg�sdXm`YV'wDn9cURrXdi�`�XZMYn9V�[jX-VYi

h0
� � �JVYikXqxAIz¢ � I

� V w/^9RUgP[�`YX�uAVYX�Qk[jikVYs-[SVYiSX-c UAconmsd^JcrcURrQSRU^9g¶XdQk[ wYiSRrQSX�Xdg�s-^J\_w�[jX�QSRU\_wYcrXd\_XdgP[�wDn9i�VYgYX�\l^A`YR � s�n [SRU^Jg
`�XdQ·wDn ijn9\_b-[SiSXdQ�\_}ds�n gYRUTWVYX-Q·`YX c�e�^9QSsdRrcUcUn [jX-VYidI1©Ng�`�XdQSQk^JVYQN`�efVYg�s-Xdih[�n9RrgqQSX-VYRUcA`�ef^JV�u9Xdik[SVYiSXhU3^Jg�p;n9Rr[
u n9ikRUX-i·w/^9crOAgY^J\_Ron9crXd\_XdgP[�con�iSn9RU`YX-VYi·X~[�c½e�n9\l^9ik[jRrQSQkXd\_XdgP[·`YX-Q�cUb-uAikXdQN`YXtcon]u9n cUXdV�i<N�crb-uAiSX-QN^JV�uJX-ik[SXdQ O
�¶cUn¶u n9crXdVYi N²cUb~uaikXdQ¤s-cU^JQkXdQ O�R��Py T ��n9\_^Jih[jRUQkQSX-\lX-gW[t`�^JVY¡Ycr}|X-[]ijn9Rr`YXdV�i�\�VYcK[jRUw�cURU}-X�wDn i]x �~I
� X�\,g-\lX@U ^9g�cURr\lRK[jXNc½ef^JV�u9Xdih[jVYikX�Xdg n9V��J\lX-gP[�n9gP[·w�iS^J�JikXdQkQSRru9Xd\_XdgP[�con]ijn9Rr`YXdV�i ��p;n9s-[SXdVYi·\ln��aRU\qVY\
1.5

� X-[tc½e�n9\_^Jik[SRUQkQSXd\_XdgP[ ��p;n9s-[SXdVYi
4
� `YXdQ]cUb~uAiSXdQ]n9V�`YX-c ��`�efVYg'QSX-VYRUc5`�ef^JV�u9Xdih[jVYikX �F`YX|c½ef^JiS`�iSX|`YXm§

^9V�x¶\_\ � I
H1­Jµ
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� 2<,879.1:;2<,"4 � BD:F0�E
±�n�cr^JgY�JVYX-VYiZ`YXdQ�crb-uAiSX-QqX-Qk[¶X-g �J}dg�}dijn cªQkVYwYw<^JQS}-X sd^Jg�Qk[�n gW[SX9I¬±�e�n9RriSX_`YX�s-XdQ�`YX-iSgYRrbdikXdQ�u n9ikRUX

`Y^9gYs�cURrgY}�n RUiSX-\lX-gP[�n�uJX-s¶c½ef^JV�u9Xdik[SVYiSX I � X-w/X-gY`Dn9gP[VU5crXdQ]uaRrQSVDn cURUQSn [jRr^JgYQ]\l^9gW[SiSX-gW[�TAV�X�con�cr^JgY�JV�XdVYi
X~¨�X-s-[jRKuJX�^JQSs-RUcUcUn9gP[jX�`YRr\lRrgWVYX�wYiS^J�9iSXdQkQSRKuJXd\_XdgP[ n1u9Xds cUn MYn9V�[jX-VYi_`�e�^9V�uJX-ik[jV�iSX9I � n9gYQlcUX's�n9Q_`YX-Q
wYcr^JQSRKuJX-Q�U�cUX'ijn9w�w/^Jih[�X-gP[jiSX�c½ef^JV�u9Xdik[SVYiSX�X-[�con«cU^JgY�9VYXdVYi_iSX-Qk[SX sd^Jg�Qk[�n gW[ Rzy�§@T�I ±�n s-^JgYQh[�n9gP[jX�XdQk[
s�MY^9RUQSRrX|`YX|p;n��d^9g � iSX-QSw<Xds~[jXdi]c½efMPOAw/^9[SMYbdQkX�y � I<�a^JRK[5v

L1

h1
= constante >> 1

�½xaIKH�§��
©Ng�n9QkQSVY\ln9gP[tVYgYX�[SXdcrcUX�ikXdcUn [jRr^Jg�`Dn gYQ¤gY^9[SiSX�sdn9Q�UYg�^JVYQ¤wYikXdgY^Jg�Q¤Xdg�sd^9\lw�[SX�VYg�X-¨/X-[¤� � `Dn9gYQ¤V�g
\_^a`�bdcUX|y � QkRU\_wYcUX-\lX-gP[ � � �9VYiSX�xaI�¦ �~I
�]^9[j^Jg�Q¶TAV�X�cUXdQ¶w<Xdih[jX-Q_`�X�s�MDn9iS�9XdQ con9\_RUgYn9RUikXdQZ`YVYXdQ � c�e�X~¨�X~[¶`YX�con�uARrQSsd^9QSRr[S}�TWVYR¤wYiSX-gYgYX-gW[_`YX
c�e�Rr\lw<^Jik[jn9gYs-Xqw<^JVYi|`YX¶[jikbdQ|p;n9Rr¡YcUX-Q�^JV�u9Xdik[SVYiSX-Qq`YX~uARUXdg�gYXdgP[ZgY}d�9cURU�9X�n9¡YcrXdQ�`�X-u n9gP[Zc½efX-¨/X-[Z`YX sdX~[S[jX
pF^Jg�s-[jRr^Jg�`�e�n9RUikX|TWVDn9`YiSn [jRrTAV�X9I
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±5X�\_^a`Yb-cUX�`YX�QkOAgP[jM�bdQSX��qgY^9ga�²crRUgY}dn9iSRK[j}tX��A[jikRUgYQkbdTWVYXmsd^9\lwYcrX-[ XdQk[�`Y}ds-iSRr[�wDn9i�crX�QSs�M�}d\ln�`YX|con
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z−n

z−n ` `
z−n

������� xAIrH1­ Jf �G� ��� � ���:�I?@"_
M� � �G���

^�(�N_` O�`Y}dQkRU�Jg�X|cUXdQF`k^Jg�s-[jRr^JgYQ�X-gP[jiSXZcUX-Q¤`YRr¨/}dikXdgP[jQ¤[SiS^JgYs-Qt`YXms-OAcURrgY`YiSX;UYL8I � crX � cr[SiSX|wDn QSQSX �²¡Dn Q
n9w�wYiS^As�MDn9gP[NcrXdQ¬w<Xdih[jX-Q·uaRrQSs-^ ��[SMYXdik\lRrTAV�XdQ¬`Yn9gYQNcon]sd^JV�cURUQkQSXªX-[�L�Iz�"crX � cK[jikX�wDn9QkQSX~��MDn9V�[Nn9wYwYik^as�MDn gW[
VYg�XmpF^9gYs-[SRU^Jg�`YX|[jiSn9gYQhpFXdik[t`�e�VYg�wDn�uARUcUcr^Jg w<^JVYi¤c�e�}-sd^JV�[SX9I
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±Ne�}-TWVDn [jRr^Jg�`YRr¨/}dikXdgP[jRrXdcrcUX�xaIz¢¶X-Qk[tiS}-QS^JcrVYX|wDn9i¤V�g'Qks�MY}d\ln¶sdcUn9QSQkRUTWVYX|`YX|`YRrQSs-iS}-[SRUQSn [jRr^Jg [jX-\lw<^ �

ikXdcUcrX�`YX|[²OAw/X�©NVYcUX-i¤X��awYcrRUsdRK[jX I
� n gYQ�VYg wYiSX-\lRrXdi_[jXd\_wYQ7U�gY^JVYQ�g�^JVYQ�sd^9gW[SXdgP[jX-iS^Jg�Q'`�X»QSRU\qVYcon [SRU^Jg�QlX-g¾crRUgY}dn9RUikX�n � g `YX»gY^JVYQ
s-^JgYsdX-gP[jiSX-i�QSV�i�c½efRUga³DVYXdg�sdXq`�V \l^A`Yb-cUXm`YXqcrb-uAiSX-QdI/©Ng X-¨/X-[�U�sdX�`YXdikgYRUX-i�`�} � gYRK[�crX�QkRU�JgDn c�`�e�X-gW[SiS}-X
TWVYR5QkXdijn wYik^JwDn9�J}|g�^Jga�²crRUgY}dn9RUikXd\_XdgP[�I
° [SRr[SiSX RrgY`YRUsdn [jRKp U�gY^JVYQ¶wYik}dQkXdgP[j^Jg�Q_QkVYi¶con � �JVYiSX�xaIrH1y�cUX \_^a`�VYcUXl`YX�c½efRU\_w/}-`Dn9gYs-X�`�efXdgP[SiS}dX�`YX
gY^ [jiSX|\_^A`YbdcrX|gAV�\l}-iSRUTWVYX|`�Xm[SiS^J\q¡/^Jg�X9I
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w<^JVYikijn9RK[Fg~[jiSX cURU} ��Qk^Jg¶RUgYMYn9iS\_^JgYRrsdRr[S}9I1©Ng `k^JVYn9gP[NQSVYi¬cUXªu9^JcUV�\lX�`YX�c�e�X-\�¡/^9VYs�MWVYiSX@U9gY^JV�Q·w/^9V�uJ^Jg�Q
wDn cURUX-i�sdX~[]RUgYs-^JgPuJ}dg�RUXdgP[dI
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° cr^JgY�JV�XdVYi�`YX�crb-uAiSX-Q sd^9gYQk[jn9gP[jX^UacUX�QSRU�9gDn9c@`�efX��asdRK[�n [SRU^Jgls�n9crsdVYcr}�g�efXdQh[¤wDn9QªQjn [SRUQhp;n9RUQSn9gP[ TWVDn9g�`

RrcWO�n�pFX-iS\_X-[SVYiSX�sd^J\_wYcrb-[jX�`YX-Q·cUb~uaikXdQ-I � Xds-R�QkXªuJ}-iSR � X�QSV�i¬con � �JVYikX¤xaIKH1�]TAV�R�\_^JgP[jiSX�con]wYiS}-QSX-gYsdX¤`YX
`YRrQSs-^JgP[jRUgWVYRK[j}-Q�`Yn9gYQ�cont`Y}dikRruJ}-Xª`�Vq`Y}-¡YRr[�`YX-Q¬cUb~uAiSXdQ �;TWVYRWsdn9ijn9s~[j}-iSRUQkXªc�e�X �asdRr[jn [jRr^Jg�� I�� Xds-RaQ-e�X ��w�cURUTWVYX
sdn9i·cUX `Y}d¡YRK[NXdQh[�wYiS^9w/^Jih[jRr^JgYgYX-cYn9V¶wYik^a`�VYRr[¬`YX¤c½ef^JV�u9Xdik[SVYiSX¤wYn9iNcon�uARK[jXdQkQSX¤`YX¤c�e�}-sd^JV�cUXd\_XdgP[NX~[�sdX~[S[jX
`YX-iSgYRrbdikX XdQh[·pF^JgYs~[jRr^Jgq`YXªcon]wYiSX-QSQSRr^Jg¶n9s-^JVYQh[jRUTWVYX ��contQS^Jih[jRrX `YX-Q·cUb~uaikXdQ � ��wYikXdQkQSRU^9g�`�e�n9cURr\lX-gW[jn [jRr^Jg
s-^JgYQk[jn9gP[jX �~I ´�i�U1XdgZQSV�wYw/^9Qjn9gP[8w/^JV�i�crXN¡/X-QS^JRrg�`�V�iSn9RUQk^JgYgYX-\lX-gW[�TWVYX�sdX~[S[jX�wYikXdQkQSRU^9gqXdQh[�TAVYn9QSRr\lX-gW[
s-^JgYQk[jn9gP[jX�w<^JVYi�cUXdQqTAV�XdcUTWVYX-Q¶}ds�MDn gW[SRUcrcU^JgYQ�QSVYRKu n9gP[¶con'w/}-iSRU^A`YXl`�e�^9¡�[jVYiSn [jRr^Jg `YV s-^JgY`YV�Rr[VU8gY^JVYQ
u9^3O9^JgYQªTAV�X�cUXt`Y}-¡YRr[�u n9iSRrXtn9cU^9iSQ�TWVDn9QSR<cURrgY}�n RUiSX-\lX-gP[�n�uJXds�c½ef^JV�u9Xdik[SVYiSX �ZwYn9ik[SRUi�`�efVYgYXtu9n cUXdV�i�gWVYcrcUX
�FRUc�X-Qk[�gWVYcDw<XdgY`Dn gW[�c�e�^J¡a[jVYiSn [jRr^Jg��~IJ��n|`Y}dikRru9}dXtwDn9QkQSX]`Y^JgYs¤¡YikV�[�n cUXd\_XdgP[�`YX1X-}diS^��|VYgYX¤u n9cUX-VYi·gY^9g
gWVYcrcUX �FX-[�uARrsdX�u9XdiSQSn �qcon�pFX-iS\_X-[SVYiSX �~I �²c/Xdg�ik}dQSV�cr[jX�c½e�n9wYwDn9ikRr[SRU^Jg_`YX�wDn ik[jRrXdcrQª}-cUX-u9}dQt`Dn9g�Q�cUX�QSRU�9gDn9c
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��XdgP[jikX contcU^9gY�JVYX-VYi�X-[8c½ef^JV�uJX-ik[SVYiSX �;}-TAVYn [jRr^Jg¶xaIKH�§��:U1s e�X-Qk[
�m`YRriSX¤VYgYX¤pF^Jg�s-[jRr^Jg `�e�n9RUikX¤TAVYn9`Yijn�[jRUTWVYX@UPcon|`Y}-iSRru9}dX]`YV_`Y}d¡YRK[�QSVYRKuAijnmVYgYXt}-u9^JcUV�[SRU^Jg TWVDn9QkR@cURUg�}�n9RriSX
�lwDn9ik[SRUit`YX�con_u n9crXdVYi]gWVYcUcrX�s-^JiSikXdQkw/^Jg�`Dn9gP[ �lc�e�^9¡�[jVYiSn [jRr^Jg � � �JV�iSX¶xAIrH�§ �~I<±5XqQSRr�JgDn9c�`�efX��as-Rr[�n�[jRU^9g
s-^JiSikXdQkw/^Jg�`Dn9gP[�XdQk[�n cU^JikQ·\l^9RUgYQ8iSRUs�M�X¤Xdg_wDn9ik[SRUX-cUQ·n RU�JVYQ¬X-[�cUX iS}dQkVYcr[jn [�QS^9gY^JiSX �Fs�n9crsdVYcr}�Xdg crRUgY}dn9RUikX	�
w�cUVYQ¤ik}�n9crRUQk[SX �;¡YRrXdg�TWVYXZw/X-V$N²sdVYRKuaik}0O �~I
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±Nezn VY�J\_XdgP[�n [SRU^Jg�wYik^J�JikXdQSQkRru9Xq`YX�con¶ijn9Rr`YXdV�i�X~[�`YXZc½e�n9\_^Jik[SRUQkQSXd\_XdgP[]n9V�`YXdc �_`�e�VYg�QSXdV�RUc�QSVYw<}~�

ikRUXdV�i¤`�e�^9V�uJX-ik[jV�iSXqw<Xdik\lX~[t`YXZcURU\_Rr[SXdi�sdX~[S[jXZ`YX-iSgYRrbdiSXmX~[�`YXmikX-[jik^JV�u9Xdi]`YXdQ]QSRr�JgDn9V ��`�ezn RUiSX-Qt\l^JRrgYQ
QhOa\_}-[SiSRrTAV�XdQ �mpF^Jik[SX]n9\lw�cURr[SVY`YX¤TWV�e ��p;n9Rr¡YcUX IP±�n � �JV�iSX�xaIrH���sd^9\lwDn iSX]n9RUg�QSR@w/^9VYiªV�g

Fa#2
pF^9ik[jRrQh�

QkRU\_^ QSRr\�VYcU} �;wYikXdQkQSRU^9g `�ezn9crRU\_XdgP[�n�[jRU^9g�`YX
7000Pa

�]c�e�}~uJ^JcrV�[jRr^Jg�[SXd\_w/^JikXdcrcUXZ`YX¶c½e�n9RUikXq`YX-QmcUb-uAikXdQ
^J¡a[jXdgWVYXqn�uJXds�X-[�Qjn9gYQ�QSX-VYRUc�I � Xq`YX-iSgYRrXdi�n_crRU\_Rr[j}�c½e�n9RUikX|\�n��aRr\�VY\ X~[�cUn_wYMYn9QSX�`YX�pFX-iS\_X-[jV�iSXZXdQk[
n9cr^JiSQqwYcUVYQ cr^JgY�JVYX�TWVYX�cUn«w�MDn9QSX�`�ef^JV�u9Xdih[jVYikX^U�sdX�TWVYR¤QSX-\�¡YcUX'n9crcUX-i�`Dn9gYQ crX�QSXdg�Ql`YX-Q iS}dQkVYcr[jn [jQ
X ��w<}dikRU\_XdgP[�n V � `�X � ^JwYcUX~OIR�yJx T�IDL�^JVYi�`YX-QtgY^9[jX-Q¤�Jijn�u9XdQ¤w<^JVYi�crXdQSTWVYX-cUcrXdQ�cUnq�J}dg�}dijn�[jRU^9g�`�e�MYn9iS\_^ �
gYRrTWVYXdQ�wDn9i�wYik^JwDn9�Pn�[jRU^9g¶gY^Jga��cURUg�}�n9RriSX X-Qk[ªcURr\lRK[j}dX@U9RrcYXdg_iS}-QSVYcK[jXdiSnZV�gYX��9}dgY}-ijn [SRU^Jg `�efMDn9ik\l^Jg�RUTWVYXdQ
�¶con�Qk^JVYiksdXZTAV�R5XdgYikRUs�MYRrijn¶cUX-Q¤QS^JgYQ]`YXmQkOAgP[jM�bdQSX � R��9§@T½I
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L¬n ikpF^JRrQ con�wYiSX-QSQSRr^Jg�`Dn9g�Q�c½efXd\�¡<^JVYs�MWVYikX|`YX-uARrXdgP[¤QSV�w/}-iSRUX-VYiSX ��sdXdcrcUX�`�ezn cURU\_XdgP[jn [jRr^Jg�IW±5X�`Y}-¡YRr[

`YX~uARUXdgP[_n9cr^JiSQ�gY}d�Jn [jRKp�I¬±5X�pF^JiksdX-i � Xd}dik^»wYiS^1u9^aTWVYX'n9cr^JiSQ�VYgYX [jiSn9gYQkRr[jRr^Jg¸¡�iSV�[jn9cUX `�X con�`�}diSRKuJ}-X
`YV�`Y}d¡�Rr[��J}dgY}-ijn9gP[�`YXdQ�MDn9V�[SXdQ�pFik}dTWVYX-gYsdX-Q|RUiSik}�n9crRUQh[jXdQ-I@©Ng�gYX�wYiSX-gDn9gP[�wDn Q�Xdg�sd^J\_w�[SX�crXdQ]^JgY`YX-Q
}-\lRrQSXdQtuJX-iSQ�con s�n�uARr[j}Z¡YVYs-s�n9crX^U<gY^JVYQtuJ^1O9^JgYQ|n9w�wDn9ijn �U[jikXm`YXdQ�^JQSs-RUcUcUn [jRr^JgYQ¤n V�[j^JV�i�`YX
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pFik}dTWVYXdg�sdX�`�e�^JQksdRrcUcon�[jRU^9g�QSX-\�¡Ycon gW[�crRU}-Xtn9V_u9^JcUV�\lXt`YXtcon|s-V�uJX~[S[jX �0UAsdX-sdR@\lX-gDn9gP[ �mpF^9ik[jXtn \lwYcrRr[SVY`YX
�'`YXdQ�RrgYQk[jn9¡YRrcURr[S}dQ|gWVY\_}dikRUTWVYXdQ-I¬±�n'wYiSRrQSX�X-g sd^9\lw�[SXl`�XdQ�^Jg�`YXdQ�}d\_RUQSX-Qq`Dn gYQqcUn'¡<^JVYs�MYX�`Y^JgYgYX
`YX-QtiS}dQkVYcr[jn [jQ¤w�cUVYQtn9s-sdX-w�[�n9¡�cUXdQtw<^JVYi�`�XdQtRUgPuJX-iSQkRU^JgYQt`YX|�9ijn9`YRrXdgP[t\_^a`Y}-iS}-XdQ¤X-[tcrX|QS^Jg�s-^JiSikXdQSw<^Jga�
`Dn gW[�XdQk[mw�cUVYQ�ikRUs�MYX I � X-w/X-gY`Dn9gP[mcU^9iSQSTWVYX¶crXdQ�RrgPuJXdikQSRr^JgYQ�Qk^JgP[mwYcUVYQ�RU\_w/^Jih[�n9gP[SXdQ�U@crXdQ�^JQksdRrcUcon�[jRU^9gYQ
`YX~uARUXdg�gYXdgP[ wYcrVYQquARU^JcrXdgP[jX-QqX~[¶`YXdQ¶MYn9V�[jX-Q�pFiS}-TAV�XdgYs-XdQ wDn9iSn9QSRK[jXdQqRUiSik}�n9crRUQh[jXdQ�n9wYwYn9ijn9RrQSQkXdgP[�I ��^JVYQ
g�e�n�uJ^Jg�Q¤wDn9Q�`Y}~[jX-iS\_RUgY}�QSR�s-XdQ¤^JQksdRrcUcon�[jRU^9gYQNiSX-cUX-u n9RrXdgP[�`�V�\l^A`YbdcrX�w�MWOAQkRUTWVYX|^JV�`YV�\l^A`YbdcrX�gWVY\_}~�
ikRUTWVYX9I

��
�	 
�� � � � �)��� � ��
 � ��� �)"�� � �
��� 	�� � � $�	�
 � ! ��"�!���� �%$ ��"��

L8^9VYi�cUX-Qª\"gd\_XdQªwDn9iSn9\lb~[jikXdQ `�X�QSRr\�VYcon�[jRU^9g
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N²con9ik�JXdQ O ��QkXds~[jRU^9gl[jikbdQªcUXdgP[SXd\_XdgP[ªu n9ikRon9¡�cUX¤Xdg�XdQSwYn9sdX IY±�nZpF^Jik\�VYcUn [jRr^Jg¶RUgYs-cUVDn gW[�crXdQ�w/X-ik[jX-QªuARUQksd^ �
[SMYXdik\lRrTWVYXdQ8cURUg�}�n9RriSXdQ7U3¡YRUX-g�TWVYX�wYMPOAQSRrTAV�Xd\_XdgP[ �;TWVDn9QkRU\_XdgP[ ��}dTWVYRKu9n cUXdgP[SX ��sdX-cUcrXª`YX � MYXdQh[jXdi7UJgY^JV�Q
iSn9wYwYik^as�M�X_`�X_cUn�wYiS^J¡�cU}d\ln [SRUTWVYX¶n9}-iS^A`�OAgDn9\_RUTWVYX¶`YV«s-^JVYwYcUn9�JX¶`YX-Q�}-TAVYn [jRr^JgYQm`YX¶³DVYRr`YX¶wDn9ihp;n9Rr[
X~[�`�X�s-^JVYs�MYX-Q�cURr\lRK[jX-QdI	�]^JVYQ]n�uJ^Jg�Q�wYik^Jw/^9QS}ZVYgYXmpF^JiS\�V�con [SRU^Jg TWVYX�gY^JVYQtX-QSw<}diS^9gYQ�QkV!'_Qjn9\_\lX-gP[
�9}dgY}-ijn9crXZw<^JVYitX-gWuARrQjn9�JX-i�`�XdQ�X �A[jXdg�QSRU^9gYQ][SXdcrcUXdQtcUn w�iSRUQkX�X-g�s-^J\lwa[jXm`YXZgY^Jga��cURUg�}�n9ikRr[j}-Q�`YXZsd^JV�s�MYX
crRU\_Rr[SX^UAc½efRUgP[jX-ijn9s~[jRU^9g�`YV�s�MYn9\lw�n9s-^JVYQk[SRUTWVYX�n�uJXdsZVYg�}dsd^9VYcUX-\lX-gW[]\_^1OJXdg IdI-I �]^JVYQ�n�u9^JgYQ]`YRUQksdV�[S}
X-g � g�cUXdQ]cURr\lRK[jX-Q `YXmu n9cURr`YRr[S}�`YXZgY^9[jikXZpF^9iS\�VYcUn [jRr^Jg X~[�cUn w<^JQkQSRU¡�RUcURK[j}�`�X�c�ezn9w�wYcURrTAV�Xdi�� c½ef}-[jV�`YXm`YV
s�MYn9\lw�n9s-^JVYQk[SRUTWVYXm`Dn9g�Q]crX�[jik^J\�¡<^JgYX9I
� X~[S[SX_pF^Jik\�VYcUn [jRr^Jg�[jM�}d^JikRUTWVYX QdefRUgYQkwYRUikX `YX c½e�n9}dik^a`�OAgDn \lRrTAV�X^U�cUn�\_}-[SMY^A`YX `YX iS}dQk^JcUVa[jRU^9g gWVY\_}~�
ikRUTWVYXZwYiS}-QSX-gW[S}dX¶n V�s�MDn9w�Rr[jikXmQSVYRKu9n gW[�n9VYQkQSR�I/©Ng�X-¨/X-[VU@QkR8c�e�V�[SRUcrRUQjn�[jRU^9g�`YX-Q�\_}-[jM�^a`YX-Q�gWVY\_}dikRUTWVYX-Q
`�X¶iS}dQk^JcUVa[jRU^9g�`YRriSXds~[jX¶`YX-Q|}dTWVDn [SRU^Jg�Q�XdQh[Zn9Vf`k^JVYik`�efMAV�R¬s�MY^JQkX sd^JVYiSn9gP[jX¶X-g«n9}dik^a`�OAgDn \lRrTAV�X�X-[|X-g
`aOagYn9\lRrTWVYX¤`YXdQ��Pn@X^UJc�ezn9w�wYcURrs�n [SRU^Jg�`YX¤sdX-Q�\_}-[SMY^A`YXdQ ��c½e�n9}-iS^Pn9s-^JVYQh[jRUTWVYX¤X-Qk[�iSX-con [SRru9Xd\_XdgP[NiS}-sdX-gW[SX
X~[|XdQh[mTWVDn9QSRr\lX-gP[|RUgYX �aRUQk[jn9gP[jX�TWVDn gW[ �lc½e�n9sd^JV�Qk[jRrTWVYX�gY^JgA�²cURrgY}�n RUiSXm`Dn gYQ|cUX-Q�[jV�OJn9V �/I �]^JVYQ|n�uJ^9gYQ
`�^JgYsZs�MY^JRUQkR�`YXqik}dQS^9VY`YiSX�gY^9[SiSXmQkOAQk[Sbd\_X�`�ef}dTWVDn [SRU^Jg�Q � c½e�n9RU`�XZ`�e�VYg�X�`YRrQSs-iS}-[SRUQSn [jRr^Jg�X-g�X-QSwDn9s-XqX~[
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X-g�[jX-\lw�Q�U@gY^JVYQ�sd^JgP[SXdgP[�n9gP[ ��n9V'iSX-�Pn9iS`�`YXZgY^JQ�^9¡d`kXds~[jRrpFQ ��`�e�V�g QSs�MY}-\�n_sdcUn9QSQkRUTWVYXZ`YXqik}dQS^9cUV�[SRU^Jg
`�ef^Jik`YiSX'p;n9RU¡YcrX9I�±5XdQ_[jXdQh[jQ X~¨�X-s-[SVY}dQ�^JgP[�\l^JgP[SiS}�cUn sdn9wDn9s-Rr[j}�`YX�g�^9[jikX�^JV�[SRUc � [Sijn9RK[jXdi_`YX-Q s�n9Q
Qh[�n9gY`Yn9iS`YQ¶`�X'c�ezn sd^JVYQh[jRrTAV�X cURrgY}�n9RriSXlX-[ gY^JgA�²cURrgY}�n RUiSX I W gYX�u n9cURr`Dn [SRU^Jg wYcUVYQqQkOAQk[S}d\ln [jRrTAV�X'QkXdiSn9Rr[
gY}-sdX-QSQjn RUiSX@U@`YXm\,g-\lX�TWV�efVYgYXZ}-[SVY`YXZwYcUV�Q¤w/^JV�QSQS}-X�`�V'[Sijn9RK[jXd\_XdgP[t`YX-Qtsd^JgY`�Rr[jRr^JgYQ¤crRU\_Rr[jX-QdI
±Ne�n9wYwYcrRUs�n�[jRU^9g|`YXªs-X-[8^JV�[SRUc �tc½ef}-[SVY`YX�`YVZ[SiS^J\q¡/^Jg�X�s-^Jg � ik\lX�c½efRU\_w<^Jik[jn9gYsdX¬`YXdQ�X-¨/X-[SQ8gY^9ga�²crRUgY}dn9RUikXdQ
`YX�wYik^JwDn9�Jn [jRr^Jg X-[_`YX-Q w/X-ik[jX-Q¶uaRrQSs-^ ��[SMYXdik\lRrTAV�XdQ¶`Dn9g�Q_c�e�RrgYQk[SiSVY\_XdgP[ � pF^Jih[¶gYRru9X�n9V `YXa`kXdV�I�±�n
s-^Jg�pFiS^9gW[jn [jRr^Jg n�uJX-s�cUXdQqiS}dQkVYcr[jn [jQqX��aw/}-iSRr\lX-gW[jn9V � g�ezn s-Xdw<XdgY`Yn9gP[ wDn9Q¶}-[S}�w/^9QSQSRr¡YcUXl`YV p;n9Rr[�`YX-Q
`YR`'_sdVYcK[j}dQ¤`�XZ\_RUQkX|Xdg'^aX-V�uAiSXm`YX-Q�\_XdQkVYiSX-QdI
W gYX�`�XdQ�crRU\_Rr[jn [jRr^JgYQ�`YX�g�^9[jikX�s-^a`YXZ`YXZs�n9crsdVYc5TWVDn gW[�n9V ��n wYwYcURrs�n [SRU^Jg�Q¤RUgYQh[jiSV�\lX-gW[jn9cUX-QtwYiS^1uARUX-gW[
`YX]conmcU^9VYiS`YX-VYi�`YXdQªs�n9crsdVYcrQdI ��^9VYQªg�ezn�uJ^9gYQ s-Xdw<XdgY`Dn gW[�wDn9Q�^JiSRrXdgP[j}]gY^9[SiSX]iSXds�M�XdiSs�M�X�uJX-iSQ c�e�^9w�[jRr\lR �
QSn [jRr^Jg»`YV [jX-\lw�Q|`YX¶s�n9crsdVYc �;V�[SRUcURrQjn [SRU^Jg'`YX¶Qks�MY}d\ln9Q|^Jw�[SRU\_RUQk}dQ�U<[jiSn9Rr[SXd\_XdgP[�\_^JRUg�Q�sd^ �a[jXdV��»`YX-Q
w<Xdih[jXdQ8uaRrQSs-^ ��[SMYXdik\lRrTAV�XdQ�I-IdI ��\�n9RrQ8w�cUV�[MP9[·wYikRruARUcr}d�JRr}�con�\_RUQkX�n9V¶w<^JRrgW[8`�efVYg \l^A`Yb-cUX�`YX [jik^J\�¡<^JgYX
wYcrVYQqQkRU\_wYcUX_X-[�wYcUVYQ�wYijn�[jRUTWVYX�w/^JV�iqcon'QkOAgP[jMYb-QSX�QS^9gY^JiSX�wYiS}-QSXdgP[S}'`Yn9gYQ�crXls-RUgYTWVYRrbd\_X�s�MDn9w�Rr[jikX9I
° wDn9ih[jRri�`YXdQZiS}-QSVYcK[�n [SQ|[jMY}-^JiSRrTAV�XdQZX-[ZgWVY\l}-iSRrTAV�XdQZ`YXdQms�MDn9w�Rr[jikXdQZwYiS}-sd}-`YXdgP[jQ7U8g�^JVYQ�n1u9^JgYQZ`Y^JgYs
}-con9¡<^JiS}ªVYg¶\_^a`Yb-cUXªwYMPOaQkRUTWVYXtsd^9\lwYikXdgDn gW[·VYg \l^A`YbdcrX QkRU\_wYcUX�`YX¤cUb~uAiSXdQNX~[NcUXª[jijn Rr[jX-\lX-gP[·`YX-QNgY^Jga�
crRUgY}dn9iSRK[j}dQ�`YX|wYik^JwDn9�Jn [jRr^Jg�s-^JgYsdX-gP[jiS}-XdQ]`Dn9gYQ conqs-^JVYcURrQSQkX�`YX�c�e�RrgYQk[SiSVY\_XdgP[�I�� X�\_^a`Yb-cUX�w/X-iS\_X-[¤`YX
ikXdwYik^a`YV�RUiSXt`YX-Q�n9\_wYcrRr[jV�`YXdQN`YX:`kXdVlX-[ª`YXdQªQSRr�JgDn9V �_QkRU\_RUcUn9RUikXdQ �msdX-V �l\lX-QSVYik}dQª`Dn9gYQ�c½efRUgYQh[jikVY\lX-gP[�I
�]^JVYQ]n�uJ^JgYQtuJ}-iSR � }qn RUgYQkR�c½efRU\_w/^9ik[�n gYsdX�`�XZcUn¶wYiS^JwYn9�Pn [SRU^Jg�gY^9ga�²crRUgY}dn9RUikX�w<^JVYitc½ef}d\_RUQkQSRU^9g `YXZQS^JgYQ
N²sdVYRKuaik}dQ O�[²OAwYRUTWVYXZ`YV�[jik^J\�¡<^JgYX�w<^JVYitcUX-Q�pF^Jik[SXdQtgWVDn9gYs-XdQ-I
� RrXdg TWVYX�wYik}dQkXdgP[�n9gP[q`YX�gY^9\�¡YiSX-VYQSX-QqcUn9sdVYg�XdQ�U�gY^ [jiSX [jiSn�u9n RUcNwYik}dQSX-gP[jX�V�gYX�s-Xdik[jn9RUg�X_^9iSRU�9RUgDn9crRr[S}
`Dn gYQ�Qjn�u9^JcU^9gW[S}�`YX�ik}dVYg�RUi�`YX-Q|`Y^J\ln9RUg�XdQ�n9VYQSQkR¬u n9Qk[SXdQ|TWVYX¶c�ezn9s-^JVYQh[jRUTWVYX�gY^Jga��cURrgY}�n9RriSXZX-[|cUnl\_}~�
sdn9gYRUTWVYX|`�XdQ¤³DVYRr`YXdQ7UYcUX|sdn9cUs-VYc�QksdRUX-gP[jR � TAV�X^UDc½e�n9s-^JVYQk[SRUTWVYX|\�V�QSRUsdn9cUX�X-[tcon�QhOAgW[SMYbdQkX�Qk^JgY^JikX9I@LNVYRrQSQSX
crXZ\_^A`YXdQh[jXmpFiSVYRK[�`�X�gY^9Q�iSX-s�MYXdiks�MYXdQ�RUgYQkwYRUikXdi]`YX�g�^JV�uJXdn9V ��`Y}-u9Xdcr^JwYw<Xd\_XdgP[jQ�`Dn9gYQ]sdX-Q�`Y^J\ln9RrgYXdQ
wDn QSQSRr^JgYgDn gW[SQdI
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° [SRr[jikX `�efRUgP[jik^a`�VYs-[SRU^Jg��»con�gY^9[jRr^Jg `YX�sd^9VYs�MYX�cURr\lRK[jX_TAV�R u n«g�^JVYQ¶QSX-ikuARUi¶w<^JVYi¶RrgP[jiS^A`YVYRriSX
crXdQ¤X~¨�X~[jQt`YXmw/X-ik[SXdQ¤uARUQSs-^ ��[SMYXdik\lRrTWVYXdQ¤`Dn gYQ¤con�wYik^JwDn9�Jn [jRr^Jg�n9sd^9VYQk[SRUTWVYX^U�^Jg�QSXmwYcon sdX|`Dn9g�Q]crX�s�n Q
`�X�c½e�n9}dik^a`�OAgDn \lRrTAV�X sdcUn9QSQkRUTWVYX^U¬s9efXdQk[ �»`YRriSX `Yn9gYQ¶cUX�s�n9Q `�efVYg�}ds-^JVYcUX-\lX-gP[¶³DVYRU`�X Qk[jn [jRr^JgYgDn9RriSX
^9V¾crXdgP[jX-\lX-gP[�RUgYQh[�n [SRU^JgYgYn9RUikX�QkX `�}-uJX-cU^Jw�wDn9gP[�`Dn9gYQ�VYg�X»sd^JgY`�VYRr[SX9I¤±Nef}-uJ^9cUV�[SRU^Jg¼QkwDn [jRUn9cUX�`�efVYg
[SXdcm}ds-^JVYcrXd\_XdgP[�X-Qk[�XdQkQSXdgP[SRUXdcrcUX-\lX-gW['`Y}~[jX-iS\_RUgY}-X wDn i'crXdQ�[jX-iS\_XdQ�gY^Jga��cURrgY}�n9RriSX-Q�`YXdQ'}dTWVDn [SRU^Jg�Q
`�X ��n1uARrXdih���A[j^�99XdQ7U�cUXdQ¶[SXdiS\_XdQ_`YX'sd^JgPu9Xds-[SRU^Jg�I ´�g QSVYw�w/^JQkX�TWV�ef^Jg"w<XdVa[lcrX�`Y}ds-^J\lw<^JQkXdi_Xdg VYg
}-sd^JV�cUXd\_XdgP[]wYikRUgYs-RUwDn9c/`Y} � gYR5`Dn9gYQ]cUX��JiS^JQt`YXmcUn�QSXds~[jRr^Jg�`�V'[SV�OPn9V'X-[]VYg'}ds-^JVYcrXd\_XdgP[tQSX-sd^JgY`Yn9RUikX
`�} � gYR�wYiS}-Q·`YXdQNwYn9iS^JRrQ�U�con]sd^JVYs�M�X¤cURU\_Rr[SX9I�´�g¶n9`�RU\_XdgYQkRU^JgYg�X�n9cr^JiSQ8sdcon QSQSRrTWVYXd\_XdgP[·crXdQ·}-TWVDn [jRr^JgYQ/R H�T
n � g�`�X�p;n9RUikXmn9wYwDn9iSn	�U[SiSX�`�XdQtgY^J\�¡�iSXdQtQSn9gYQt`YRU\_Xdg�QSRU^9g�TAV�R5iSXdg�QSXdRr�JgYX-gW[�QSV�i]c�e�^9iS`YikX�`YXm�Jijn gY`YXdV�i
`�XdQ�`YRK¨�}-iSX-gW[SQ�[SXdiS\_XdQ�`YXdQq}dTWVDn [SRU^JgYQ�X-[q`YXdQ�QkRU\_wYcUR � s�n�[jRU^9gYQ�w<^JQSQkRU¡YcrXdQq`Yn9gYQqs�MYn9sdVYg�X�`YXdQ�`YXdV �
X-^JgYX-QdI�´�g w<XdV�[¶n9cU^JikQq\_^JgP[jikXdiqTWVYX�c½ef}dsd^9VYcUX-\lX-gW[qwYiSRrgYsdRrwDn9c�XdQh[¶`YV [²OAw<X ³DVYRU`�X�wDn9ihp;n9Rr[�X-[�TAV�X
s-XdcrVYR5`YXmsd^JV�s�MYX�crRU\_Rr[SX�`YV�[²OAw/X|³DV�RU`YX|uARUQkTAV�XdV �/I

� ��� � -/*a( -'&�9D�7#

� VDn9g�` V�gYX�`YXdQ cU^9gY�JVYX-VYiSQ�sdn9ijn s-[j}-iSRrQk[jRrTWVYXdQ `YV�wYik^J¡YcUb-\lXl[jiSRr`YRU\_Xdg�QSRU^9gYgYXdc�}-[SVY`YRr} XdQh[_[SiSb-Q
�9ijn9gY`�X¤`YX-u n9gP[�cUX-Q�`�XdV �_n V�[jikXdQ�UP^9g_w<XdVa[ªX-gl�9}dgY}-ijn9cYQkX�iSn9\_XdgYX-i �mc�e�}~[jVY`�X¤`�e�V�glwYik^J¡Ycrbd\_X �|`YXdV �
`�RU\_XdgYQkRU^JgYQ¤X~[tQSRr\lwYcrR � X-i�cUX-Q¤}dTWVDn [SRU^Jg�Q]`�XZs-^JgYQkXdiku n [SRU^Jg�I
´�g�u nln9RUgYQkR�sd^JgYQkRU`Y}-iSX-i�VYg�³YVYRU`YXZgYX0Y¤[j^JgYRrXdg X-g \_^JV�uJX-\lX-gP[�XdgP[SiSX�`YX-V ��wDn9ik^JRUQ � �aXdQ�`�RUQk[jn9gP[jX-Q
`�e�VYg�X�}-wDn9RUQkQSX-VYi

2h
X-[�`YX]cU^Jg��JVYXdV�iª±\UWsdX-Qª`�XdV �l`YRr\lX-gYQSRr^JgYQN}-[jn9gP[ª[SiSb-Qªw<X-[SRr[jX-Q�`YX-u n9gP[ªconmcon9ik�JXdVYi

`�XdQ]wYcon9TWVYX-QdI
H3y ¦
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� �"+ ����GI*H&<�$-1�K#1�
´�g�s-^JgYQkRU`Yb-iSXmVYg'}dsd^9VYcUX-\lX-gW[¤u9}dikR � n9gP[]cUX-QtMWOAw<^9[jM�bdQSX-Q�QkVYRru n9gP[jX-Q�v
J¾©Ns-^JVYcUX-\lX-gP[�¡YRr`YRU\_XdgYQkRU^Jg�gYXdcDQk^JRr[ª`YXdV���u n9ikRon9¡YcrXdQ�`�efXdQSwYn9sdX@U���cU^JgY�9Rr[jV�`YRUgDn cUX�X~[ O_[jijn gYQku9Xdih�
QSn9cUX I

J¾�tOAw/^9[SMYbdQkX�`�Xq�W[j^:9 XdQ]QS^JRK[
µv = λ+ 2

3
µ = 0

�;^9g'g�}d�JcrRU�JX�cUn�uaRrQSs-^JQSRK[j}|`YX|uJ^9cUVY\_X	� I
J ´�g�X��as-cUV�[]`YX-Q]u n9ikRon [SRU^JgYQ�[jX-\lw<^JiSX-cUcrXdQ�¡YikV�[�n cUXdQ-I
J¾L8n9Qt`YX|[jVYik¡YVYcrXdgYs-X9I
J¼£�Rr[SXdQSQkXmgAV�cUcUX �¶cUn�wDn9iS^9R½I
J ®�Xd\_w<}dijn�[jVYikX�`Y^JgYg�}dXZn9V ��wDn9ik^JRUQ�TWVYR�QS^JgP[tQSV�wYw/^9QS}dX-Qt¡/^Jg�gYXdQtsd^9gY`YVYs~[jiSRrsdX-Q¤`YX|conqs�MYn9cUX-VYidI

±5XdQ `YX-V ��`YX-iSgYRrbdikXdQ MPOaw<^9[SMYbdQkXdQ�g�^JVYQ¶w<XdiS\_X-[k[jX-gW[_`�efXdgPuARUQSn9�JX-i_c�e�X �aRUQk[SXdgYs-X�`YX�[jiS^9RUQ�X-^JgYXdQ `YRrQh�
[SRUgYs~[jXdQt`�ef}ds-^JVYcrXd\_XdgP[�I
� X-V � Xd^Jg�XdQqwYn9iSRr}-[�n cUXdQ ��pF^Jik[SQm�Jijn9`�RUXdgP[SQ�`YX [jX-\lw<}diSn [jV�iSX_X-[�`YX_uARK[jXdQkQSXlQSVYRKu9n gW[mO^U�ikXdQkw/X-s-[jRKuJX �
\_XdgP[ N�s-^JVYs�MYXlcURU\_Rr[SX�[SMYXdik\lRrTAV�X0O `�ef}dwYn9RUQkQSXdV�i

δT
X-[hN�s-^JVYs�MYX_cURr\lRK[jXquARUQkTWVYXdVYQkX0Ol`�ef}dwDn RUQSQkXdVYi

δv
I

� X-Q�`YXdV��»iS}-�JRU^9gYQ�w<Xdik\lX~[S[�n gW[�cUX�ijn9s-sd^Jik` XdgP[jikX¶con u9n cUXdV�i�`YX-Q�u n9iSRUn9¡YcUX-Q�w�iS}ds-}d`YX-gP[jXdQ ��cUn�wDn9ik^JR
X~[�crXdVYi�u n9crXdVYi `Dn9gYQ]conq[SiS^JRrQSRUb-\lX Xd^JgYXm`YRK[jX N²}dsd^9VYcUX-\lX-gW[tw�iSRUg�sdRUwYn9c O �Fu9^JRUi � �JVYiSXm°�IrH � I
´�g'n `k^JV�[SXdiSn_crXdQ�[jik^JRUQ¤MPOAw<^9[jMYb-QSX-Q�iSX-Qk[SiSRUs~[jRKuJXdQtQkVYRru n9gP[jX-Q�v

J¾±�n|`YX-\lRD}-wDn9RUQkQSX-VYiª`�X]s-^JgY`YV�Rr[jXtX-Qk[ªwYcUVYQ�w<X-[SRr[jXtTWVYXtcon|cr^JgY�JVYX-VYi�s�n9iSn9s-[S}dikRUQk[SRUTWVYXt`YXtc½ef}ds-^JVa�
crXd\_XdgP[tQS^9Rr[

h < L
I

J¾±5X-Q]s-^JVYs�MYX-Q�crRU\_Rr[SXdQªuARrQSTWVYXdV�QSXdQ�X-[t[jM�XdiS\_RUTWVYX-Qt^JgP[tcon¶\,g-\lX�^JiSRr�JRUgYX�QSwDn [SRon9crX9I
J¾±5X-VYit}dwDn9RrQSQkXdVYitXdQh[]`YV�\"gd\_X|^Jik`YiSX|`YXm�JiSn9gY`YX-VYidI
J �WOa\_}-[SiSRrX|QSVYRKu9n gW[tc�ezn���X|cr^JgY�JRK[jVY`�RUgDn9c<`YXmcon¶s-^JgY`YVYRK[jX I

� ��� �  "!8>H&K�0*A6	� +8# �	>��K#
�a^JRK[¬crXdQ8}dTWVDn [SRU^JgYQ8`YX ��n�uaRrXdi��h�A[S^:99X-Q·w/^9VYi¬VYg�³DVYRU`�X ¡YRr`YRU\_XdgYQkRU^Jg�gYXdcPs-^J\lw�iSXdQkQSRr¡YcUX �]uARUQksd^JQkRr[j}

X~[�s-^JgY`YV�s-[jRKuARr[j}�[SMYXdik\lRrTWVYX|sd^Jg�Qk[�n gW[SXdQ�v
H1�9­
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





∂tρ + ∂x(ρu) + ∂y(ρv) = 0

∂t(ρu) + ∂x(ρu
2) + ∂y(ρuv) = −∂xp+ µ(4

3
∂2u
∂x2 + ∂2u

∂y2 + 1
3

∂2v
∂x∂y

)

∂t(ρv) + ∂x(ρuv) + ∂y(ρv
2) = −∂yp+ µ(4

3
∂2v
∂y2 + ∂2v

∂x2 + 1
3

∂2u
∂x∂y

)

∂t(ρE) + ∂x[(ρEu+ pu] + ∂y[(ρEv + pv] = ϕ+K ∂2T
∂y2

�;°�IrH �

n�u9XdsZcon�`YX-gYQSRK[j}m`�ef}dgYX-iS�JRrXm[S^9[�n cUX^U�QS^J\_\lX�`YXmc½ef}dgYX-iS�JRrX|sdRUg�}-[jRrTWVYX|X-[]`YXmc½ef}dg�XdiS�9RUX|RUgP[SXdiSg�X·v
ρE = 1

2
ρ(u2 + v2) + ρeX~[]VYgYX|pF^JgYs~[jRU^9g'`�XZ`�RUQSQkRUwDn�[jRU^9g|v

ϕ = µ
[
∂x(

4
3
u∂xu− 2

3
u∂yv + v∂yu+ v∂xv) + ∂y(u∂yu+ u∂xv − 2

3
v∂xu+ 4

3
v∂yv)

]

� ��� � +$�7( #168�K�0*A6	6$#1( #16;& +$#1� -1 ,!8>h&K�7*A68� +$# �	>��K#
�]^JVYQ¤�Pn9ik`Y^JgYQ con�pF^Jik\lX�sd^JgYQkXdihu9n�[jRru9X|`YXdQ¤}-TWVDn [jRr^JgYQ�X~[]n9cUcr^JgYQ�cUX-Q¤n9`YRr\lX-gYQSRr^JgYgYX-i�n � g�`�ef}-u n��

crVYXdi|c�e�Rr\lw<^Jih[�n9gYs-X�`YX-Q�`YRK¨�}-iSX-gW[SQ|[jXdik\lX-Qm`Dn9gYQZs�MDn9s-VYgYX_`YXdQZ`YXdV�� Xd^JgYX-Q�U�}ds-^JVYcrXd\_XdgP[ZwYiSRrgYsdRrwDn9c
X~[]}dsd^9VYcUX-\lX-gW[tQkXds-^JgY`Dn9RriSX��;TWVYR�s-^J\lw�iSXdg�`'crXdQt`YX-V ��sd^9VYs�MYXdQ�cURr\lRK[jXdQ �~I
´�g«`Y^JRK[�[j^9V�[m`�e�n9¡/^9iS`«}-u n9crVYXdi|c�e�^Jik`YiSX¶`�X¶�Jijn9g�`YXdVYim`YX-Qm`YRr¨/}dikXdgP[jX-Qmu n9ikRon9¡�cUXdQ�n � g«`YX¶p;n9RUikX¶n9wa�
wYn9ijn	�r[jikX�`YXdQ¤u n9ikRon9¡YcrXdQ¤n `YRU\_XdgYQkRU^Jg�gY}dX-Q¤`�e�^9iS`YikXZ`�XZ�9ijn9gY`�XdVYi

1
X~[�`�XdQtgY^J\�¡�iSXdQtQSn9gYQt`YRU\_Xdg�QSRU^9g

TWVYR�gY^JV�Q�iSX-gYQSX-RU�Jg�XdiS^9gW[�QSV�i�cUX-Q�w�iS^JwYikRU}~[j}dQ]`YX�c½ef}dsd^9VYcUX-\lX-gW[]X~[�crXdQ]}-uJX-gP[jVYX-cUcUX-Q�QSRr\lw�cUR � s�n [SRU^JgYQ �
X~¨�X-s-[SVYXdi-I¬´�g«u n�w<^JVYi|s-XdcUn�QkVYwYw<^JQSX-i�TWVYX_c½ef}ds-^JVYcrXd\_XdgP[|XdQh[qw<XdV `YRK¨�}-iSXdgP[m`�efVYg }dsd^9VYcUX-\lX-gW[m`�X
³YVYRU`YXmwDn ikp;n9RK[ �;Qh[�n [SRU^Jg�gDn9RUikX�^JV'cUX-gW[SXd\_XdgP[]RUgYQh[�n [SRU^Jg�gDn9RUikX	� I

� 
�� 

� !"� " � ��� � ��� $ �'��� " � 
)� � ����� � " � ��&)� ��� � � $'���
´�g'gY^9[jX-ijn¶cUX-Q¤u9n iSRon ¡YcUX-Q¤n9`YRr\lX-gYQSRr^JgYgY}-XdQ¤Xdg'QSV�iScURr�JgY} I

• ¿|ijn9g�`YXdVYikQt`YXmiS}-pF}-iSX-gYsdXZX-[�n9`YRr\lX-gYQSRr^JgYgYX-\lX-gP[t`YXdQ¤u n9iSRUn9¡YcrXdQ�X~[��9ijn9`YRrXdgP[jQ�vJ ± cU^9gY�JVYX-VYi¤`YXmiS}~pF}diSX-gYsdX I
J
δv
^JV

δT
}dwYn9RUQkQSXdV�iSQt`YXZsd^JVYs�M�XZcrRU\_Rr[SX9I

J
ua
uaRK[jX-QSQSXmcr^JgY�JRK[jVY`YRrgDn9crX�`Dn gYQtc½e�n��aXZ`�XZcUn�sd^Jg�`YVYRr[SXm¡YRU`YRr\lX-gYQSRr^JgYgYX-cUcrX9I

J
ta = L

ua

[SXd\_wYQ|`YX iS}~pF}dikXdgYs-Xl`YX c�e�}-sd^JVYcrXd\_XdgP[VU/[jXd\_wYQm\_RUQ�wDn i|VYgYX wDn9ih[jRUs-VYcUX�³DVYRU`�X_w<^JVYi
wDn9iSs-^JVYikRUi¤con�`�RUQk[jn9gYs-X�± �¶con�uARr[jX-QSQkX

ua
I

J
ρa
`YXdg�QSRr[S}m`Dn9gYQ]c½e�n��aX9I

J
∆p ≈ ρau

2
a

u9n iSRon�[jRU^9g `YXmwYiSX-QSQkRU^Jg�I
J

∆T ≈ u2
a

2cp

u n9iSRUn [jRr^Jg `YX|[jX-\lw<}diSn [jV�iSX9I
H1�aH
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J
vcl
VYg�XmuARK[jXdQkQSXm[jiSn9gYQku9XdikQjn9crXZ`�XZik}-pF}-iSXdg�sdX9I

Qk^JRr[tc�ezn9`�RU\_XdgYQkRU^JgYg�Xd\_XdgP[�`YX-Q�`�}diSRKuJ}-XdQt[jXd\_w<^JiSX-cUcUX-Q�X-[tQkwDn [SRon9crXdQ�v

∂

∂x
= L

∂

∂x
∂

∂y
= δv

∂

∂y

w/^JV�itn9wYwYcrRUs�n�[jRU^9g�n9V's�MDn9\_w'`�XmuARK[jXdQkQSXZX-[�n9V ��`YRr¨/}dikXdgP[jQ¤³DV �/I

∂

∂y
= δT

∂

∂y

w/^9VYitn9wYwYcrRUsdn [jRr^Jg�n9V's�MDn9\_w�`YX|[jXd\_w<}dijn�[jVYikX9I

∂

∂t
= ta

∂

∂t

±Nef^JiS`YikX `YX �Jijn9g�`YXdVYi8`YXdQ¬�Jijn9`�RUXdgP[SQ8[jiSn9gYQhuJXdikQSX-Q�`�X wYikXdQSQkRU^Jg¶X~[·`YX `YXdgYQkRr[S}�`�ef}dgYX-iS�JRrX RUgP[SXdiSg�X g�efXdQh[
wDn Q]}~uARU`YX-gW[]sdn9itsdXdQt�JiSn9gY`YX-VYiSQ]gYX|uJ}-iSR � XdgP[]wDn9Qt`YXmsd^9gY`YRr[SRU^Jg�crRU\_Rr[SX � con�wDn iS^JR�I
�]^JVYQ·`YX~uJ^Jg�Q�`�ezn9¡<^Jik`¶`Y}-[SXdiS\_RUg�Xdi·c�e�^Jik`YiSXª`YX¤�JiSn9gY`YX-VYi·`YX¤cUn�uARr[jX-QSQkX�[jijn gYQku9XdiSQSn9cUX¤`Yn9gYQNcon�sd^JVYs�M�X
crRU\_Rr[jX �

vcl
�0UagY^JVYQ�n9cUcr^JgYQ�w/^JV�i�sdX-conq}-sdiSRriSX�c�e�^9iS`YikX�`YX|�JiSn9gY`YX-VYiSQ `YXdQ¤`YRK¨�}-iSX-gW[SQ�[jX-iS\_XdQ�`YX�c½ef}dTWVDn��

[SRU^Jg«`YX_sd^Jg�QSXdihu n [jRr^Jg«`YXlcUn�\�n9QkQSX I8±5X-QZ³DV��»[jiSn9gYQku9XdikQjn9V �¸}-[jn9gP[Z`YV¸\"gd\_X¶^JiS`�iSX `YX_�Jijn9g�`YXdVYi
TWVYXmcUX-Q¤³DV ��cr^JgY�JRK[jVY`YRrgDn9V � UagY^JVYQtw<^JV�uJ^9gYQt}dsdikRUikX·v
∂x(ρu)
︸ ︷︷ ︸

ρaua
L

≈ ∂y(ρv)
︸ ︷︷ ︸

ρavcl
δv

QS^JRK[
vcl ≈ ua

δv

L
= uaδv

n�uJX-s
δv
c�e�}-wDn9RUQkQSX-VYit`YXmsd^JVYs�M�X�crRU\_Rr[jX�n9`YRr\lX-gYQSRr^JgYgY}-X9I

±Nef^JiS`YikX�`YX��9ijn9gY`�XdVYi·`�X�con�uARK[jXdQkQSX�[Sijn9gYQhuJX-iSQjn cUX¤XdQh[N`Y^Jg�s�`Y^JgYg�}¤wDn9i¬cUn�uARr[SXdQSQkX¤`YX�wDn iSsd^9VYiSQ·`�e�VYg�X
Rrg�pF^JiS\ln [SRU^Jg `�Xqcon¶wDn iS^JR �lcUn�pFiS^JgP[jRrbdikX�`YXZcon sd^9VYs�MYXqcrRU\_Rr[SX�w/X-gY`Dn9gP[�cUX|[jX-\lwYQ �

ta
��`YXqwYn9iSs-^JVYiSQ

`YXmc�e�Rrg�pF^JiS\ln [SRU^Jg_cU^Jg��JRr[SVY`YRUgYn9cUX I
±�n�wYikXdQkQSRU^9g gYX QSV�¡YRr[qwDn9Q�`YX�sd^JgY`�Rr[jRr^Jg ��con�wYn9iS^JR�I¬L�^JVYi�`�}-[jX-iS\_RUgYX-iqc�e�^Jik`YiSX_`YX �9ijn9gY`�XdVYi�`�V
�JiSn9`YRrXdgP[�`YX|w�iSXdQkQSRr^Jg�[jijn gYQku9XdiSQkX^UDgY^9VYQ¤sd^Jg�QSRU`�}diS^9gYQ¤c½ef}dTWVDn [SRU^Jg�`YX|c½efRU\_wYVYcrQSRU^9g_[Sijn9gYQhuJX-iSQSXmX~[¤`Y}~�
`YV�RUQS^9gYQ�TWVYX|sdX-cUVYR �²s-R/X-Qk[t`YV�\"gd\_X�^Jik`YiSX�`�X��Jijn gY`YXdV�i¤TAV�X|cUX�³YV ��`�efRU\_wYVYcrQSRr^Jgl[Sijn9gYQhuJX-iSQSX@UDQS^JRK[5v
∂y(ρv

2) ≈ ∂yp
Qk^JRr[

(∂yp)ref ≈ ρau2
a

L
δv ≈ ρav2

cl

δv

©Ng iSX-\�n iSTWVDn9gP[�TWVYX�w/^9VYi VYgl�Pn^X�wDn9ikp;n Rr[
ρe = p

γ−1

UW^Jg�Xdg `Y}-`YVYRK[ `YRriSX-s-[jX-\lX-gP[�cUX-Qª�9ijn9`YRrXdgP[jQ
`YXm`YX-gYQSRK[j}m`�ef}dgYX-iS�JRrXmRUgP[jX-iSgYX|`YXmik}-pF}dikXdgYs-X9I

H1�Jy
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±5X-Qtu n9ikRon9¡�cUXdQ X-[]�Jijn `YRUX-gW[SQ]n9`YRU\_Xdg�QSRU^9gYgY}dX-Q¤wYiSRrgYsdRrwDn9V � �;`�ef^Jik`YiSX H �ªu9}diSR � XdgP[]`Y^Jg�s·v

ρ = ρaρ

u = uau

v = ua δvv

∂p

∂x
=

ρau
2
a

L

∂p

∂x
∂p

∂y
=

ρau
2
aδv

L

∂p

∂y

∂T

∂y
=

u2
a

cpδT

∂T

∂y

• ©NTAVYn [jRr^JgYQtn9`YRr\lX-gYQSRr^JgYgY}-XdQt`Dn9g�Q]cUn�sd^JV�s�MYX�crRU\_Rr[SX·v±5X-Q]}-TWVDn [jRr^JgYQt`YX ��n�uARUX-ih���A[j^:9 XdQtQdef}ds-iSRKuJXdgP[�n9cU^JikQ�v






∂ρ
∂t

+ ∂ρu
∂x

+ ∂ρv
∂y

= 0

∂ρu
∂t

+ ∂ρu2

∂x
+ ∂ρuv

∂y
= − ∂p

∂x
+ 1

Re
(4

3
∂2u
∂x2 + 1

δ
2
v

∂2u
∂y2 + 1

3
∂2v

∂x∂y
)

δv(
∂ρv
∂t

+ ∂ρuv
∂x

+ ∂ρv2

∂y
) = −δv

∂p
∂y

+ 1
Re

(4
3

1
δv

∂2v
∂y2 + δv

∂2v
∂x2 + 1

3
1
δv

∂2u
∂x∂y

)

1
γ−1

(∂ρe
∂t

+ ∂ρue
∂x

+ ∂ρve
∂y

) + χ+ ∂pu
∂x

+ ∂pv
∂y

= ϕ+ 1
PrRe

(
∂2T
∂x2 + 1

δ
2
T

∂2T
∂y2

)

�;°�I y �

n�u9XdsZw/^JV�i¤c½ef}dgYX-iS�JRrX|sdRUg�}-[jRrTWVYX·v
χ = ∂

∂t
[1
2
ρ(u2 + δ

2

vv
2)] + ∂

∂x
[1
2
(u2 + δ

2

vv
2)ρu] + ∂

∂y
[1
2
(u2 + δ

2

vv
2)ρv]

X~[]conqpF^JgYs~[jRr^Jg�`YXm`YRUQkQSRUwYn [jRr^Jg|v
ϕ = 1

Re

(
∂
∂x

[4
3
u∂u

∂x
− 2

3
u∂v

∂y
+ v ∂u

∂y
+ δ

2

vv
∂v
∂x

] + ∂
∂y

[ 1

δ
2
v

u∂u
∂y

− 2
3
v ∂u

∂x
+ u∂v

∂x
+ 4

3
v ∂v

∂y
]
)

�]^JVYQ�n�u9^JgYQ p;n9RK[ n9w�wDn9ijn �U[jikX�crXdQ�}-wDn9RrQSQSX-VYiSQ�`�X sd^JV�s�MYX»cURr\lRK[jX'n9`YRr\lX-gYQSRr^JgYgY}-XdQ �
δv/T

=
δv/T

L

�
X~[]cUXdQ¤g�^J\�¡YikXdQtQjn9g�Q�`YRr\lX-gYQSRr^Jg�QSV�Rru n9gP[jQ�v

Re = ρauaL
µ

= uaL
ν

cUX ,�2��»��03E 4�E�� E ��,�2/C;4��
Pr = ν

a

cUX ,�2��»��03E 4�E ��03BD,�45.3C �;°�Iz� �
n�u9XdsZconquARUQksd^JQkRr[j}ms-RUgY}-\�n [SRUTWVYX �

ν = µ
ρa

� X-[]con�`�Rr¨/VYQSRKuaRK[j}�[SMYXdik\lRrTAV�X �
a = K

ρacp

� I
±5XZgY^J\�¡�iSXZ`YX �tX-OAgY^9cU`YQ

Re
\lX-QSVYikX�c�e�Rr\lw<^Jik[jn9gYs-X|`YXdQ]X-¨/X-[SQ�sd^9gWu9Xds~[jRrpFQ�wDn9i]ijn9w�w/^Jih[�n9V ��X-¨/X-[SQ

uARrQSTWVYXdV���I
±5X_gY^J\�¡�iSX_`YX�LNiSn9gY`�[Sc U

Pr
TWVYR�\lX-QSVYikXlcUn�uARUQksd^JQkRr[S}ls-RUgY}-\�n [SRUTWVYX wDn9imiSn9wYw<^Jik[ �'cUn'`�Rr¨/VYQSRKuaRK[j}

[SMYXdik\lRrTWVYX^UDX-Qk[�VYg�RrgY`YRUsdn [jX-VYi¤`YXZc½efRU\_w/^9ik[�n gYsdX�`�XZcUn¶`YRr¨/VYQSRr^Jg'`YXmc½efRU\_wYVYcUQkRU^Jg�QS^JVYQ]c½efX-¨/X-[]`YXZcon
uARrQSsd^9QSRr[S}m`YX-u n9gP[]con�`YRK¨�V�QSRU^9g�`YX�cUn�s�MDn9crXdVYi-I
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´�g�w/X-V�[�n9VYQkQSR�n9`YRr\lX-gYQSRr^JgYgYX-i�cUX-Q¤}dTWVDn [SRU^JgYQt`�ef}-[jn []TWVYR5Qdef}ds-iSRru9XdgP[�n9cU^JikQ�v

p = ρ T
�;°�I�§ �

e = T
�;°�I x �

� 
%� 
 	 !"� "�� �
� � ����$ !)����� � � !�� �
´�g�ikXdwYikXdgY`'con¶\"gd\_X�wYik^as-}d`YVYikX�w<^JVYi¤c�e�}-sd^JV�cUXd\_XdgP[twYikRUgYs-RUwDn c½I

±5XdQ]�JiSn9gY`YX-VYiSQ]`YXmiS}~pF}diSX-gYsdX-Q�QSX-iS^JgP[�cUX-Q]\"gd\_XdQtTWVYXZw/^9VYitcon¶sd^JV�s�MYXqcrRU\_Rr[jX �Fu n9crXdVYikQ]`Yn9gYQ]c½e�n��aX^U
cr^JgY�JVYX-VYit± � Qjn9Vap·w<^JVYi¤cUX-Qt`YRU\_XdgYQkRU^Jg�Q�X-[]�JiSn9`YRUX-gP[jQ¤s�n ijn9s~[j}dikRUQh[jRUTWVYX-Q¤[jijn gYQku9XdiSQkXdQ-I
´�g�s�MY^JRrQSRr[]n RUgYQkR�sd^J\_\_X|MDn9V�[SXdVYit`YXmiS}~pF}dikXdgYs-X�cUn�`YXd\_R�}dwYn9RUQkQSXdV�i�M�I
±5XdQt�JiSn9`YRrXdgP[jQ�[Sijn9gYQhuJX-iSQSX-Q�Qdef}ds-iSRriS^JgP[5v

∂

∂y
= h

∂

∂y
LNVYRrQSTWVYX

va = 0
wDn9i�n��aRUQhOa\_}-[SiSRrX^U�cUn_uARr[SXdQkQSX�[jiSn9gYQhuJXdikQSX `YX¶ik}-pF}dikXdgYs-X¶XdQh[mconl\"gd\_XqTWVYX¶`Yn9gYQ|con

s-^JVYs�MYXZcURr\lRK[jX9I
L8n9i�sd^9gW[SiSX@U¬con'wYiSX-QSQkRU^Jg
U8con�[jXd\_w<}dijn�[jVYikX X-[qcon�`�XdgYQkRr[j}�gYX QSV�¡YRUQkQjn9gP[ wDn9Qq`YX sd^9gY`YRr[SRU^Jg cURr\lRK[jX^U
c�ezn9`�RU\_XdgYQkRU^JgYg�Xd\_XdgP[�`YXmcrXdVYi¤�JiSn9`YRrXdgP[¤[jiSn9gYQku9XdikQSXqikXdQkw/X-s-[jRKp·g�efXdQh[]wDn9Qt}-uARU`�XdgP[�I
©NgqQkXªiSn9wYw<XdcUn9gP[8TWVYXªc½ef}ds-^JVYcUX-\lX-gP[�wYiSRrgYsdRrwDn9cPXdQh[¬w<XdV�`YRr¨/}dikXdgP[8`�e�V�gq}ds-^JVYcrXd\_XdgP[�`YX�³YVYRU`YX�wDn9ihp;n9Rr[�U
}-sdiSRKuJ^Jg�Q]c�e�}-TWVDn [jRr^Jg�`YXmc½efRU\_wYVYcrQSRU^9g�QSV�Rru n9gP[¤O�X-[]crXdQ¤^Jik`YiSX-Q]`�XZ�9ijn9gY`�XdVYitsd^9iSiSX-QSw<^JgY`Dn gW[SQ�v
∂x(ρuv)
︸ ︷︷ ︸

ρau2
aδv

L

+ ∂y(ρv
2)

︸ ︷︷ ︸

ρau2
aδ

2
v

h

= −∂yp

´�g�u9^JRr[�TWVYX¶QSR δ
h

XdQk[�w/X~[jRr[�`YX~u9n gW[�H �;Qk^JRr[�QSR�c½ef}dwDn RUQSQkXdVYi�`YX�s-^JVYs�MYX�crRU\_Rr[SX|XdQk[�w/X~[jRr[SXq`YX~u n9gP[|con
`YX-\lR �²}-wDn9RUQkQSX-VYit`YXqcUn_s-^JgY`YVYRK[jX �0U@cUXm[jX-iS\_X�`YXZ³DV ��cU^9gY�JRr[SVY`YRrgDn9c�`�^J\lRrgYXmX-[�c½efRU\_wYVYcUQkRU^Jg�gYXqw<XdV�[
g~[jiSXm}-TAV�RUcURr¡YiS}-X�TWVYXZQSR5cUX|�9ijn9`YRrXdgP[t`YXmwYikXdQSQkRU^Jg'XdQh[]`YV�\"gd\_X|^Jik`YiSX@UDQS^JRK[5v
∂yp ≈ ρau2

a

L
δv = ∆p

δv
δ
2

v = δ
2
v

Sh

∆p
h^�(�c½ef^Jg n_RUgP[jik^a`�VYRr[]cUX N ����EAB�0�,�6 �»�NEW0 O �FgY^J\�¡�iSXZ`YXqs-RUQjn RUcUcrXd\_XdgP[ � UYijn wYw/^9ik[�`YXqc�e�}-wDn9RUQkQSX-VYi�`YX

s-^JVYs�MYXZcURr\lRK[jX]QSVYitcon¶`YX-\lR�}dwDn9RrQSQkXdVYit`YXmcon¶s-^JgY`YVYRK[jX·v
Sh =

δv
h

�;°qI�� �
´�g iSX-\�n9ikTWVYX¤cUX��9ijn9`YRrXdgP[N`YX¤w�iSXdQkQSRr^Jg XdQk[�`Y^9gYs¤`YV \,g-\lX ^JiS`YikX¤`YX¤�JiSn9gY`YX-VYiNTWVYXt`Dn9gYQNcUn�sd^JVYs�M�X
crRU\_Rr[jX I
L�^JVYiZ`Y}-[SXdiS\_RUg�Xdimc½ef^JiS`�iSX_`YXl�9ijn9gY`�XdVYiZ`YV¸�9ijn9`YRrXdgP[Z`YXl[SXd\_w/}-ijn [SVYiSX@U5gY^JVYQqn9wYwYcrRUTWVY^Jg�QZV�g¸ijn RK�
Qk^JgYgYX-\lX-gW[�QkRU\_RUcUn9RUikX'w<^JVYi�c�e�}-TWVDn [jRr^Jg
`YX«c�e�}-gYXdik�JRUX X-g¼³DVYRU`�X wDn9ihp;n9Rr[�}-sdikRr[jX�QS^JVYQ�pF^Jik\lX�gY^Jga�
s-^JgYQSX-iku n [SRruJX¬v
u (∂xT − 1

ρcp
∂xp)

︸ ︷︷ ︸

≈ 0

= v(−∂yT + 1
ρcp
∂yp)

`�ef^�(
H1� §
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∂yT ≈ 1
ρcp

∂yp

ρ
≈ u2

a

cpL
δv = ∆T

δv
δ
2

v
� X�\,g-\lX@Ua^9g w/X-V�[�u9}diSR � Xdi TAV�X

∂yu ≈ uaδv

L

X~[
∂yρ ≈ ρaδv

L

U�Qk^JRr[ªcUX-Q�^Jik`YiSX-Q�`YX��JiSn9gY`YX-VYi QkVYRru n9gP[SQ
`�XdQ]�Jijn9`�RUXdgP[SQ¤`YXmwYiSX-QSQSRr^Jg
UD`YX|uARr[SXdQkQSXZcU^JgY�9Rr[jV�`YRUgDn cUX^UW`YX|[SXd\_w/}-ijn [SVYiSX|X~[�`�XZ`�XdgYQkRr[j}¬v

∂p

∂y
=

ρau
2
a

L
δv =

δ
2

v

Sh

∆p

h

∂u

∂y
=

ua

L
δv =

δ
2

v

Sh

ua

h

∂T

∂y
=

u2
a

cpL
δv =

δ
2

v

Sh

∆T

h

∂ρ

∂y
=

ρa

L
δv =

δ
2

v

Sh

ρa

h

• ©NTAVYn [jRr^JgYQtn9`YRr\lX-gYQSRr^JgYgY}-XdQt`Dn9g�Q]crX�³DV ��w�iSRUg�sdRUwYn9cJv±5X-Q]}-TWVDn [jRr^JgYQt`YX ��n�uARUX-ih���A[j^:9 XdQtQdef}ds-iSRKuJXdgP[�n9cU^JikQ�v






∂ρ
∂t

+ ∂ρu
∂x

+ Sh
∂ρv
∂y

= 0

∂ρu
∂t

+ ∂ρu2

∂x
+ Sh

∂ρuv
∂y

= − ∂p
∂x

+ 1
Re

(
4
3

∂2u
∂x2 + Sh

∂2u
∂y2 + 1

3
Sh

∂2v
∂x∂y

)

δv(
∂ρv
∂t

+ ∂ρuv
∂x

+ Sh
∂ρv2

∂y
) = −δv

∂p
∂y

+ 1
Re

(
4
3

S2
h

δv

∂2v
∂y2 + δv(

∂2v
∂x2 + 1

3
∂2u
∂x∂y

)
)

1
(γ−1)

(∂ρe
∂t

+ ∂ρue
∂x

+ Sh
∂ρve
∂y

) + ∂pu
∂x

+ Sh
∂pv
∂y

+ χ = ϕ+ 1
PrRe

(
∂2T
∂x2 + Sh

∂2T
∂y2

)

�;°�I µ �

n�u9Xds
χ = ∂

∂t
[1
2
ρ(u2 + δ

2

vv
2)] + ∂

∂x
[1
2
(u2 + δ

2

vv
2)ρu] + Sh

∂
∂y

[1
2
(u2 + δ

2

vv
2)ρv]

ϕ
cUn¶pF^9gYs-[SRU^Jg�`YXm`YRrQSQkRUwDn [SRU^Jg|v

ϕ = 1
Re

(
∂
∂x

[4
3
u∂u

∂x
− 2

3
Shu

∂v
∂y

+ δ
2

v(v
∂u
∂y

+ v ∂v
∂x

)] + Sh
∂
∂y

[u∂u
∂y

− 2
3
v ∂u

∂x
+ u∂v

∂x
+ 4

3
Shv

∂v
∂y

]
)

X~[]cUXdQ¤}-TWVDn [jRr^JgYQt`�ef}-[jn [5v
p = ρ T

e = T
´�g iSX~[jiS^9V�uJX'cUX-Q¶\,g-\lX-Q¶gY^J\�¡YikXdQ Qjn gYQl`�RU\_XdgYQkRU^Jg �

Re
U
Pr
�qTWVYX'`Dn9gYQ cUn«s-^JVYs�MYX'cURr\lRK[jX_X-[_cUX

N²QSMYXdn9itgWVY\�¡<Xdi O�`Y} � gYR�wYiS}-sd}d`�Xd\_\lX-gW[dI

� ��� �"��( G8.0��� B >h&K�0*a6 +$#1� -1 "!8>H&K�0*a68�
�]^JVYQmn9crcU^JgYQ]s�MYX-iSs�MYX-i|\�n9RrgP[jXdgYn9gP[ � QSRr\lw�cUR � XditcUX-Q�}dTWVDn [SRU^Jg�Q�`Dn9g�Q|cUXdQ�`YXdV��IXd^9gYXdQ|s-^JgYQSRr`Y}~�

ik}dX-QdI
H1�Jx
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L�^JVYi]sdXdcUnbUD`Y^Jg�gY^JgYQ�VYg�^Jik`YiSXZ`YXZ�Jijn gY`YXdV�i�`YX-Q�gY^9\�¡YiSX-Q�QSn9gYQ�`YRU\_XdgYQkRU^Jg�TWVYX�c½ef^Jg�n p;n9Rr[]n wYwDn��
iSn	�U[SiSX9I

� 
 ��
 � � ��! "%$'&)(��*���
J¾±5X¶gY^9\�¡YiSX¶`�X �tX-OAgY^9cU`YQ|X-Qk[Z�Jijn gY` �

Re >> 1
�~I�´�g«w<XdV�[Zn9cr^JiSQ|\_^JgP[jikXdi�TWVYX c�e�}-wDn9RUQkQSX-VYi

`�XZs-^JVYs�MYXZcURr\lRK[jXtuARUQSTWVYX-VYQSX
δv
XdQk[]`YXmc�e�^Jik`YiSX|`�X L√

Re

RKH7T UDQk^JRr[5v

δv ≈ 1√
Re

n�uJX-s
δv << 1

�;°�Iz¢ �
J¾±5XZgY^J\�¡�iSXZ`YXqLNiSn9gY`�[Sc8X-Qk[�`�e�^Jik`YiSX_H �Fw/^9VYitc½e�n9RUi7U

Pr ≈ 0.72
�~I � XZwYcUVYQ7U@^Jg�w<XdV�[�\l^9gW[SiSX-i

R H�T8TWVYX�`Dn9g�Q�cUX�s�n9Q�^n(»cUXdQ�sd^JV�s�MYXdQ|crRU\_Rr[jX-Q¤[jMYX-iS\_RUTWVYXdQ�X-[�uARrQSTWVYXdV�QSXdQm^JgP[|\"gd\_XZ^JiSRr�JRUgYX@U
crXmLNijn9gY`a[jc�uJ}-iSR � X·v

Pr ≈
δ2
v

δ2
T

�;°qI�¦ �
Qk^JRr[

δT ≈ δv << 1J ´�g�w<XdV�[]`YRrQk[jRrgY�JVYX-i¤`YXdV���s�n9QtX �a[SiMg-\lX-Q�w<^JVYi¤crX N�QSM�X�n9itgWVY\�¡<Xdi O�I
±5X_s�n9Q

Sh ≥ 1
U�c�e�}-wDn9RUQkQSX-VYi�`�X�sd^9VYs�MYX�crRU\_Rr[SX�XdQh[�`YX_c½ef^JiS`�iSX_`YXlcUn'`�Xd\_R�}-wDn9RrQSQSX-VYiq`�X�con

s-^JgY`YV�Rr[jX �;conlsd^JVYs�M�X_crRU\_Rr[SX�Q-e�}~[�n9¡YcrRr[�QSVYi|cUn�QSX-s-[jRr^Jg«sd^J\_wYcrb-[jX�`YV»[jV�OJn9V���^JV«wYcrVYQ��JiSn9gY`YX
X~[
Sh << 1

U�s e�X-Qk[mcrX�s�n9Q �;TWVYX¶gY^JV�Q�[jijn Rr[jX-iS^Jg�Q �]^n(»c½ef}dwDn9RrQSQkXdVYi�`YX¶sd^JV�s�MYX¶cURr\lRK[jXmXdQh[|[jiSb-Q
w<X-[SRr[SX|`YX-u n9gP[]con�`YX-\lR �²}-wDn9RUQkQSX-VYi¤`YXmcon�s-^JgY`YVYRK[jX I

� 
 ��
 	 � ! !)� " � � � �%$'��" � � 
 ���)� ��� � "�� ��& � ��� � � $'�
��^9VYQ'n9cUcr^JgYQ \ln9RUgP[SXdgDn9gP[�g�}d�JcrRU�JX-i cUX-Q [jXdik\lX-Q�`�e�^9iS`YikX¸y X~[�w�cUVYQ�X-g

δv
�F^JV

δT
� `Dn9g�Q'crXdQ

}-TAVYn [jRr^JgYQdI
´�g�^J¡�[SRUXdgP[�n9cr^JiSQ�crXdQ¤}-TAVYn [jRr^JgYQtQSVYRKu n9gP[jXdQ�v







∂ρ
∂t

+ ∂ρu
∂x

+ ∂ρv
∂y

= 0

∂ρu
∂t

+ ∂ρu2

∂x
+ ∂ρuv

∂y
= − ∂p

∂x
+ ∂2u

∂y2 +
´ � 1

Re

�

∂ρv
∂t

+ ∂ρuv
∂x

+ ∂ρv2

∂y
= − ∂p

∂y
+ 4

3
∂2v
∂y2 + 1

3
∂2u
∂x∂y

+
´ � 1

Re

�

1
(γ−1)

(∂ρe
∂t

+ ∂ρue
∂x

+ ∂ρve
∂y

) + ∂pu
∂x

+ ∂pv
∂y

+ χ = ϕ+ ∂2T
∂y2 +

´ � 1
Re

�

�F°qIKH1­ �

n�uJX-s
χ = ∂

∂t
[1
2
ρu2] + ∂

∂x
[1
2
u2ρu] + ∂

∂y
[1
2
u2ρv]

X~[�cUnqpF^JgYs~[jRU^9g�`YX�`�RUQSQkRUwDn�[jRU^9g TWVYR5QSXZiS}-`YVYRr[ ��v
ϕ = ∂

∂y
[4
3
u∂u

∂y
]

´�g ikXd\ln9iSTWVYX TWVYX c�e�}-TAVYn [jRr^Jg `�X c�e�Rr\lwYV�cUQSRr^Jg
[jiSn9gYQhuJXdikQSX g�X p;n9RK[�RrgP[jXdihuJX-gYRUi'TWVYX¸`YX-Q�[SXdiS\_XdQ
H1�9�
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`�e�^Jik`YiSX H�^JV>wYcUV�QlX-g 1√
Re

I�±�X��Jijn `YRUX-gW[_`YX�wYiSX-QSQkRU^Jg
X-Qk[lw/X~[jRK[�\ln9RUQ wDn QlgY}-sdX-QSQjn RUiSX-\lX-gP[�gY}~�
�9cURU�9X�n9¡YcrX�n9V�wYikXd\_RUX-itn9¡/^9iS`�I
©Ng'ijn9RrQS^Jg�gDn9gP[tQSVYitQk^Jg�^9iS`YikXZ`�XZ�9ijn9gY`�XdVYit`Y}~[jXdik\lRrgY}|wYik}dsd}-`YXd\_\_XdgP[VU
∂yp ≈ ρav2

cl

δv
= ρau2

aδv
2

δv
≈ (∆p)y

δv�]^JVYQª^J¡�[jX-gY^JgYQªn9RrgYQSR
(∆p)y

c½ef^JiS`YikXt`YX��9ijn9gY`�XdVYiª`YXdQ�u9n iSRon�[jRU^9gYQ·[jiSn9gYQku9XdikQSXdQ `YX�cUnZwYikXdQkQSRU^9g�`Dn9g�Q
cUn�sd^JV�s�MYXmcURU\_Rr[SX�X-g�pF^JgYs-[SRU^Jg�`�X

∆p = ρau
2
a

c�e�^Jik`YiSX�`YXm�Jijn9g�`YXdVYi¤`�XdQ¤u n9iSRUn [jRr^JgYQ�cU^JgY�9Rr[jV�`YRUgDn cUXdQ-v

(∆p)y =
1

Re

∆p

±5X-Q�u n9iSRUn [jRr^JgYQ|[jiSn9gYQhuJXdikQjn9crXdQ�`�X�con�wYikXdQSQkRU^Jg¸QS^JgP[�`�^JgYs�g�}d�JcrRU�JXdn9¡YcUX-QZn9V iSX-�Pn9ik`¸`YX-Qqu n9iSRUn [jRr^JgYQ
cr^JgY�JRK[jVY`�RUgDn9crXdQ·X~[ cUnZw�iSXdQkQSRr^Jg�w<XdV�[ª`Y^Jg�s g~[jiSX]sd^9gYQSRr`Y}dik}dX 6�,�: ��2@0��¸E QkVYRru n9gP[ªc½ef}dwDn RUQSQkXdVYi�X~[ }-�Pn9cUX
�¶cUn w�iSXdQkQSRr^Jg �¶cUnqpFiS^JgP[jRrbdikX|`YXmcon¶sd^JV�s�MYX�crRU\_Rr[SX9I
©Ng'iSX~uJXdgYn9gP[�n9V���u n9iSRUn9¡YcUX-Q�`YRr\lX-gYQSRr^JgYgY}-XdQ�UD^9g'^9¡�[jRrXdgP[]cUXdQ
?A��6�B�.3:F2<,8�_7J2<,8�-EA0 � B�.3: � EA�¶4�E»7J2<687���E»C�:�� :�.1E v







∂tρ + ∂x(ρu) + ∂y(ρv) = 0

∂t(ρu) + ∂x(ρu
2) + ∂y(ρuv) = − ∂p

∂x
+ µ∂2u

∂y2

∂t(ρv) + ∂x(ρuv) + ∂y(ρv
2) = −∂yp+ µ(4

3
∂2v
∂y2 + 1

3
∂2u
∂x∂y

)

∂t(ρE) + ∂x[(ρEu+ pu] + ∂y[(ρEv + pv] = 4
3
µ ∂

∂y
[u∂u

∂y
] +K ∂2T

∂y2

�;°qIKHJH �

n�u9XdsZc½ef}dgYX-iS�JRrX�[j^9[jn9cUX�QkRU\_wYcUR � }dX¬v
ρE = 1

2
ρu2 + ρe

±Nef}dTWVDn [SRU^Jg�`YXms-^JgYQSX-iku n [SRU^Jg'`YXmcon�\ln9QSQkXmg�ezn¶wDn Q]}~[j}m\_^a`YR � }dX I
� n9gYQ c�e�}-TWVDn [jRr^Jg_`YX�c�e�Rr\lwYV�cUQSRr^Jg�cr^JgY�JRK[jVY`YRrgDn9crX^U9^9g�gY}-�JcURr�JXtcUXdQ�[jX-iS\_XdQ�`YX�`�Rr¨/VYQSRr^Jglcr^JgY�JRK[jVY`�RUgDn9crX
w<^JVYi¤g�XZs-^JgYQkXdiku9Xdi�TAV�XZcUn¶`YRr¨/VYQSRr^Jg�QSV�Rru n9gP[]c½ef}dwDn9RrQSQkXdVYi �

µ∂2u
∂y2

�~I
� n9gYQ�crX�¡YRUcUn9g'`YX�c½ef}dg�XdiS�9RUX^U<^Jg»gY}-�JcURr�JXZc½ef}dgYX-iS�JRrXqsdRrgY}-[SRUTWVYXqn9QSQk^as-RU}dX � con_uARK[jXdQkQSX�[Sijn9gYQhuJX-iSQjn cUXqu
�F}dgYX-iS�JRrXZ[S^9[�n cUXZQSRU\_wYcrR � }-X	�0U�cUXdQ][jX-iS\_XdQ�cr^JgY�JRK[jVY`�RUgDn9V���w<^JVYi]conlw�iS^A`YVYs-[SRU^Jg'`YXZ[jXd\_w<}dijn�[jVYikXqwDn9i
pFikRUs~[jRU^9g �FpF^JgYs~[jRr^Jg¶`YXt`YRUQkQSRrwDn [jRr^Jg¶QSRr\lw�cUR � }dX	��X-[�con�s-^JgY`YVYs~[jRr^Jg_[SMYXdik\lRrTWVYX¤cU^Jg��JRr[SVY`YRUgYn9cUX �

K ∂2T
∂x2

�~I
±5X-Q]ikXdcUn [jRr^JgYQ [SMYXdik\l^A`�OAgDn9\_RUTWVYX-Q¤gYXmQS^JgP[�wDn9Qt\l^A`YR � }dX-QdI

� 
 ��
�� � !)!)� " � � � �%$'��"��)� 
)���)� � #�	�� "��)��� � ��� $ !)� ��� � � !)��� �
Sh << 1

�

´�g�X~¨�X-s-[jV�X¤cUXdQ�\"gd\_XdQ·n wYwYiS^��aRU\ln [SRU^JgYQ�`Dn gYQ¬c�e�}-sd^JVYcrXd\_XdgP[·w�iSRUg�sdRUwYn9c �F[SXdiS\_XdQ¬Xdg
δ
2

v

gY}d�JcrRU�J}-Q �
X~[]^Jg�gY}d�JcrRU�JX�cUXdQ¤[SXdiS\_XdQt`YV�QkXdsd^9gY`�^Jik`YiSXmX-g

Sh
I

H1�Jµ



�e� � 
 � 
 � � � � �������O�#
 �  ����� � � � � ���!��


±5XdQt}-TAVYn [jRr^JgYQ]n9`YRr\lX-gYQSRr^JgYgY}-XdQ¤Qdef}ds-iSRKuJXdgP[�n9cU^9iSQ�v






∂ρ
∂t

+ ∂ρu
∂x

+ Sh
∂ρv
∂y

= 0

∂ρu
∂t

+ ∂ρu2

∂x
+ Sh

∂ρuv
∂y

= − ∂p
∂x

+
´ � 1

Re

�

( ∂ρv
∂t

+ ∂ρuv
∂x

+ Sh
∂ρv2

∂y
= − ∂p

∂y
+
´ � 1

Re

U
S2

h

�
)

1
(γ−1)

(∂ρe
∂t

+ ∂ρue
∂x

+ Sh
∂ρve
∂y

) + ∂pu
∂x

+ Sh
∂pv
∂y

+ χ =
´ � 1

Re

U
S2

h

�

�F°qIKH3y �

n�uJX-s�w<^JVYi¤c�e�}-gYXdik�JRUX|s-RUgY}~[jRrTAV�X
χ = ∂

∂t
[1
2
ρu2] + ∂

∂x
[1
2
u2ρu] + Sh

∂
∂y

[1
2
u2ρv]

� ^J\_\_X�`Dn gYQ¤conZsd^JVYs�M�X|cURU\_Rr[SX^UPc�e�}-TAVYn [jRr^Jg�`YX�c½efRU\_wYVYcUQkRU^Jg¶[Sijn9gYQhuJX-iSQSXmgYX�p;n9Rr[ªRUgP[jX-iku9XdgYRri�TWVYX�`YX-Q
[SXdiS\_XdQ8w/X~[jRK[jQ¬\ln9RrQ�g�^Jg�gY}-�JcURr�JX�n9¡�cUXdQ ��s-X-[N^9iS`YikX `�e�n9wYwYik^���Rr\�n�[jRU^9g�I1°�RrgYQSRiU�crXª�9ijn9`YRrXdgP[�[jijn gYQku9XdiSQkX
`YXmwYikXdQkQSRU^9g�g�efXdQh[]wDn9QtgY}ds-XdQkQjn9RriSXd\_XdgP[�gWVYc½I
©Ng�ikX-u9XdgDn9gP[�n9V ��u n9ikRon9¡�cUXdQ¤`�RU\_XdgYQkRU^JgYg�}dXdQ7UY^Jg�^J¡�[SRUX-gW[�v






∂tρ+ ∂x(ρu) + ∂y(ρv) = 0

∂t(ρu) + ∂x(ρu
2) + ∂y(ρuv) = −∂xp

∂t(ρv) + ∂x(ρuv) + ∂y(ρv
2) = −∂yp

∂t(ρE) + ∂x[(ρEu+ pu] + ∂y[(ρEv + pv] = 0

�F°qIKH1� �

n�uJX-s�c�e�}-gYXdik�JRUX�[j^9[jn9cUX|QkRU\_wYcUR � }dX·v
ρE = 1

2
ρu2 + ρe

®�^JVYQ8cUXdQ�[jX-iS\_XdQ¬ikXdcUn [jRKpFQ��]con�`�Rr¨/VYQSRr^Jg�uARUQkTWVYXdVYQkX¤X-[ ��contsd^Jg�`YVYs-[SRU^Jg�[jMYX-iS\_RUTWVYX ^9gW[¬`YRUQkwDn9ikVYQdI9´�g
^J¡a[jRUX-gP[�n9RrgYQSR@w<^JVYi�c½ef}ds-^JVYcUX-\lX-gP[ wYikRUgYs-RUwDn c C;EA��?A��6�B�.3:F2<,8��4 � � 6�CFEA0q�¬:;48:��¸EA,���:;2<,�,�EAC;C;EA� U s9efXdQh[
��`YRUikX cUXdQm}-TAVYn [jRr^JgYQZ`YXls-^JgYQkXdiku n [SRU^Jg w<^JVYiZVYg ³DV�RU`YX wDn9ihp;n9Rr[�U ��VYgYX�`�Rr¨/}diSX-gYsdX_wYik}dQ�U�c�e�}-gYXdik�JRUX
s-RUgY}~[jRUTWVYXmn QSQS^AsdRr}dX �¶con¶sd^9\lw<^JQjn gW[SX�[jiSn9gYQku9XdikQSXqX-Qk[]gY}-�JcURr�JX�n9¡�cUX9I
�tXd\ln9iSTWVYX-Q�v

J ° s-X-[�^JiS`YikXm`�ezn wYwYiS^��aRU\ln [SRU^Jg
UaiSRrXdg'gYXmw/X-iS\_X-[]`�e�n%'_iS\_XditTWVYX�c�e�}-sd^JV�cUXd\_XdgP[]wYikRUgYs-RUwDn9c�XdQk[
\_^JgY^A`YRr\lX-gYQSRr^JgYgYX-c½I

J¾L8n9i�sd^JgP[SiSX^U�gY^JV�Q¬n�uJ^9gYQ8uAVqTWVYX�cUX-Q�u n9ikRon9¡�cUXdQ
W
s�n9iSn9s-[S}diSRrQk[SRUTWVYXdQ�`YX�c½ef}ds-^JVYcUX-\lX-gP[8w�iSRUg�sdRUwYn9c

�FwYiSX-QSQkRU^Jg
UYuARK[jXdQkQSXmcU^9gY�JRr[SVY`YRrgDn9cUX@UW`YXdgYQkRr[S}^UD[jX-\lw<}diSn [jVYikX	�ªu9}diSR � XdgP[5v
∂yW = δ

2
v

Sh

∆W
h

= 1
ReSh

∆W
h

= (∆W )y

h±Nef^JiS`�iSX�`�X �Jijn gY`YXdV�i
(∆W )y

`YXdQ�u9n iSRon�[jRU^9gYQZ[Sijn9g�QkuJX-iSQkXdQ `YXdQqTAVYn9gP[jRr[S}dQ
W
`Dn9g�Q�cUX_³DV �

w�iSRUg�sdRUwYn9c/u9}diSR � Xm`Y^JgYs v

(∆W )y =
1

ReSh
∆W

H1�9¢
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n1u9Xds
∆W
c½ef^Jik`YiSX|`YXm�JiSn9gY`YX-VYit`YXdQtu n9iSRUn [jRr^JgYQªcU^JgY�9Rr[jV�`YRUgDn cUXdQ-I

©�g QkVYwYw<^JQjn9gP['TWVYX 1
ReSh

<< 1
UªgY^JVYQ�w<^JV�uJ^9gYQ�gY}d�JcrRU�JX-i�crXdQ u n9iSRUn [jRr^JgYQ_[jijn gYQku9XdiSQkXdQ'`YX

W
`YX~u n9gP[¶QSX-Q u n9ikRon [SRU^Jg�Q�cr^JgY�JRK[jVY`YRrgDn9crXdQmX-[ c�e�}-sd^JVYcrXd\_XdgP[�w�iSRUg�sdRUwYn9cªw<XdVa[;g-[SiSX�sd^9gYQSRr`Y}dik}

TAVYn9QSR �²VYgYRKpF^JiS\_X�QkVYRru n9gP[]c½ef}dwYn9RUQkQSXdV�idI
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� n gYQ·sdX~[S[SX¤n9gYgYX �aX�QSXªiSXdw<^Jih[�n9gP[Nn V�wDn9iSn9�Jijn wYMYXª��I y �;s�MDn9w�Rr[jikX � �0U�gY^JVYQ8wYiS}-QSXdgP[S^JgYQNcUX-Q¬`Y}~[�n9RrcUQ
`�XdQ's�n9crsdVYcrQ'ikXdcUn [jRKpFQ � cUn�`�}-[jX-iS\_RUgDn�[jRU^9g¾`�XdQ'}dTWVDn [SRU^JgYQ'`YX wYiS^9wDn9�Pn [SRU^Jg wDn i'RrgP[j}d�9ijn [SRU^Jg `YX-Q
}-TWVDn [jRr^JgYQt`YXmsd^9gYQSX-iku n [jRr^Jg�QSRr\lwYcrR � }-XdQ�QkVYitcon¶QSX-s-[SRU^Jg�`YV�[jV�OJn9V�I

� �7� � 6;&1-E2�9F>H&K�0*A6 +8# .7> ( >A�K��#

´�g�u n RrgP[j}d�9iSXdi¤c�e�}-TWVDn [jRr^Jg�`YX|cUn�\�n9QkQSX|QkVYitcon�¡Dn9QkX|`YXdQtMPOAw/^ [jMYb-QSXdQ�wYiS}-sd}-`YXdgP[jX-Q�X-g�w�iSXdgYn9gP[
s-^J\_\lX QSV�ikp;n9s-Xl`�efRUgP[S}d�JiSn [jRr^Jg«con�w/^Jih[jRr^Jg«`YXls-^JgY`YV�Rr[�`Y}ds-iSRr[SX wDn9iZcon � �JVYikX ��Izy�`YV¸wDn ijn9�JiSn9wYMYX
�aI yaI

• +-,/.1?W=@03BDC;E�4�E���6�0 �½BD7JE � ∫
S
∂tρ dS �

⇒ dt

[∫ x+∆x

x

(Sh

∫ 1

0

ρdy +

∫ 1

Sh

ρedye)dx

]

= ∆x dt

[

(1 − Sh)ρe + Sh

∫ 1

0

ρdy

]

= ∆x dt

[

ρe − Sh

∫ 1

0

(ρe − ρ)dy

]

H�§�H
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• � EW0��¸EA�¶4�E � 6 � �k:�,/.�?A=@03BDCFEA�¶4�E»7J2<,/.�2/6�0 � ∫
∂S

~ρu.~n d(∂S) �

⇒ (1 +M)

([

Sh

∫ 1

0

ρudy +

∫ 1

Sh

ρeuedye

]x+∆x

x

+

∫ x+∆x

x

ρeuesinθdx

)

= (1 +M)

([

Sh

∫ 1

0

ρudy + (1 − Sh)ρeue

]x+∆x

x

+ sinθ∆xρeue

)

= ∆x(1 +M)

(

1

∆x

[

ρeue − Sh

∫ 1

0

(ρeue − ρu)dy

]x+∆x

x

+ ρeuesinθ

)

©Ng¼QSRr\lwYcrR � n gW[_wDn i
∆x

U�Xdg
p;n RUQjn gW[l[jX-gY`YiSX
∆x
uJX-iSQ�­¸X~[�gY}-�JcURr�JX�n9gP[lcUX'[jXdik\lX

ρeuesinθ^Jg ^J¡�[SRUX-gW[Zw<^JVYimcon�s-^JgYQSX-iku n [SRU^Jg `YX con�\ln9QSQkXlc�e�}-TAVYn [jRr^Jg«RUgP[j}-�JiS^ ��`YRr¨/}dikXdgP[jRrXdcrcUX�n `YRU\_XdgYQkRU^Jg�gY}dX
QkVYRru n9gP[jX¬v

∂t

[

ρe − Sh

∫ 1

0
(ρe − ρ)dy

]

+ (1 +M)∂x

[

ρeue − Sh

∫ 1

0
(ρeue − ρu)dy

]

= O
(

1
ReSh

,sinθ,Msinθ,ε
)

� � IKH �

^�('c½ef^Jg�n�p;n9Rr[]n wYwDn9iSn	�U[SiSX�crXdQ¤`Y}~p;n9V�[jQ]`YXm\ln9QSQkX|X-[]`YXm`Y}d¡�Rr[t\ln9QSQkXZikXdQkw/X-s-[jRKuJX-\lX-gW[�v
∫ 1

0
(ρe − ρ)dy

X-[ ∫ 1

0
(ρeue − ρu)dy

I

� �k+ � 6�&1-E2H9F>H&K�0*a6 +$# . 3 ��( G	!$.7�K�0*A6

´�g'u n¶sd^9gYQSRr`Y}dikXditc½ef}dTWVDn [SRU^Jg�`�X�s-^JgYQSX-iku n [SRU^Jg�`YXmc½efRU\_wYVYcrQSRr^Jg�QkVYRru n9gP[tc½e�n��aXm`YXdQ �/I

• +-,/.1?W=@0�BYC;EA� 4�E���6�0 �½BD7JE � ∫
S
∂tρu dS �

⇒ ∆x dt

[

(1 − Sh)ρeue + Sh

∫ 1

0

ρudy

]

= ∆x dt

[

ρeue − Sh

∫ 1

0

(ρeue − ρu)dy

]

H�§Py
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• � EW0��¸EA� 4�E � 6 � � ∫
∂S
ρu(u,n)d(∂S) �

⇒ M

([

Sh

∫ 1

0

hρu2dy +

∫ 1

Sh

ρeu
2
edy

]x+∆x

x

+

∫ x+∆x

x

ρeu
2
esinθdx

)

= M

([

Sh

∫ 1

0

hρu2dy + (1 − Sh)ρeu
2
e

]x+∆x

x

+ sinθ∆xρeu
2
e

)

= ∆xM

(

1

∆x

[

ρeu
2
e − Sh

∫ 1

0

(ρeu
2
e − ρu2)dy

]x+∆x

x

+ ρeu
2
esinθ

)

• +-,/.1?W=@03B�.3:F2/,>4�EA�_7J2<,/.103BD:;,/.1EA� � ∫
S

(

− ∂p
∂x

+ ∂2u
∂y2

)

dS �

⇒
∫ x+∆x

x

[

Sh

∫ 1

0

(

−∂p
∂x

+
∂2u

∂y2

)

dy −
∫ 1

Sh

∂pe

∂x
dye

]

dx

=

∫ x+∆x

x

[
−Sh(∂xp+ [∂yu]

1
0) − ∂xpe(1 − Sh)

]
dx

=

∫ x+∆x

x

[−∂xpe + Sh(∂xpe − ∂xp)] dx− ∆xSh ∂yu|y=0

= ∆x

(

− 1

∆x
[pe]

x+∆x
x − Sh ∂yu|y=0

)

©Ng¼p;n9RUQSn9gP[�[SXdgY`YikX
∆x
u9XdiSQ�­ X~[�Xdg gY}-�JcURr�JX�n gW[lcUX-Q�[jX-iS\_XdQ X-g

sinθ
U�^Jg
^9¡�[jRrXdgP[�w<^JVYi cUn

s-^JgYQkXdiku n [SRU^Jg�`YXmc�e�Rr\lwYV�cUQSRr^Jg�c�e�}-TWVDn [jRr^Jg�RUgP[j}-�JiS^��²`YRK¨�}-iSXdgP[SRUXdcrcUX]QSVYRKu n9gP[jX·v

(1 +M)∂t

[

ρeue − Sh

∫ 1

0
(ρeue − ρu)dy

]

+

M(1 +M)∂x

[

ρeu
2
e − Sh

∫ 1

0
(ρeu

2
e − ρu2)dy

]

=

−∂xpe − Sh ∂yu|y=0 +O
(

1
ReSh

,Msinθ,ε
)

� � I y �

^�( c�e�^9g n�p;n9Rr[qn9wYwYn9ijn	�r[jikX�cUX�`Y}-p;n9Va[¶`YX `Y}-¡YRr[�`YX TWVDn9gP[jRK[j} `�X�\l^JVauJXd\_XdgP[¶`Yn9gYQ�cUn�sd^JV�s�MYX
crRU\_Rr[SX ∫ 1

0
(ρeu

2
e − ρu2)dy

X~[tcon¶sd^JgP[Sijn9RrgW[SX�uARUQSTWVYX-VYQSX �¶con�wDn9ik^JR ∂u
∂y

∣
∣
∣
y=0

I
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• +-,/.1?W=@0�Ba.3:;2<,>4�E»C�� ?A,�EW03=<:;E�:�,<.1EW0 ,�E'EW.�4�Ea� � 6 �"7J2@030�EA�d�N2<,�4�BY,/.3�
�²gP[j}-�Jijn9crX|`YXmQSVYihp;n9sdX � ∫

S
∂t(ρe) dS

�

⇒ dt

[∫ x+∆x

x

(

Sh

∫ 1

0

ρedy +

∫ 1

Sh

ρeeedye

)

dx

]

= ∆x dt

[

ρeee − Sh

∫ 1

0

(ρeee − ρe)dy

]

®�XdiS\_XdQt`YX|³DV�� �;RUgP[S}d�JiSn9cUX-Q�`YXmsd^JgP[S^JVYi�v ∫
∂S
ρe~u.~nd(∂S)

�

⇒ (1 +M)

([

Sh

∫ 1

0

ρeudy +

∫ 1

Sh

ρeeeuedye

]x+∆x

x

+

∫ x+∆x

x

ρeeeuesinθdx

)

= ∆x(1 +M)

(

1

∆x

[

ρeeeue − Sh

∫ 1

0

(ρeeeue − ρeu)dy

]x+∆x

x

+ ρeeeuesinθ

)

n�uJX-s�crXdQ¤`Y}~p;n9V�[SQ]`�e�}-gYXdik�JRUXmRUgP[SXdiSg�XZX~[]`YX|³DV ��`�ef}dg�XdiS�9RUXmRUgP[jX-iSgYX¬v
∫ 1

0
(ρeee − ρe)dy

X~[ ∫ 1

0
(ρeeeue − ρeu)dy

I

• +-,/.1?W=@0�Ba.3:;2<,>4�E»C�� ?A,�EW03=<:;E�7P:�,�?P.3:;��6�E'EP.l4�EA� � 6 �
7J2@0303EA�d�N2<,84�BD,/.3�
�²gP[j}-�Jijn9crX|`YXmQSVYihp;n9sdX � ∫

S
∂t(

1
2
ρu2)dS

�

⇒ dt

[∫ x+∆x

x

(Sh

∫ 1

0

1

2
ρu2dy +

∫ 1

Sh

1

2
ρeu

2
edye)dx

]

= ∆x dt

[
1

2
ρeu

2
e − Sh

∫ 1

0

1

2
(ρeu

2
e − ρu2)dy

]

¥¬crV ��`�ef}dg�XdiS�9RUXmsdRrgY}-[SRUTWVYX � ∫
∂S

1
2
ρu2(u,n)d(∂S)

�

⇒ M

([

Sh

∫ 1

0

1

2
ρu3dy +

∫ 1

Sh

1

2
ρeu

3
edye

]x+∆x

x

+

∫ x+∆x

x

1

2
ρeu

3
esinθdx

)

= ∆xM

(

1

∆x

[(
1

2
ρeu

3
e − Sh

∫ 1

0

1

2
(ρeu

3
e − ρu3)dy

)]x+∆x

x

+
1

2
ρeu

3
esinθ

)

n�uJX-s�crXdQ¤`Y}~p;n9V�[SQ]`�e�}-gYXdik�JRUXmsdRrgY}-[SRUTWVYXmX-[t`�Xm³YV �'`�ef}dgYX-iS�JRrXZs-RUgY}~[jRrTAV�X·v
∫ 1

0
1
2
(ρeu

2
e − ρu2)dy

X-[ ∫ 1

0
1
2
(ρeu

3
e − ρu3)dy

H�§9§
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• +-,/.1?W=@03B�.3:F2/,>486".�0�B � BD:�Cª4�E C;B«��0�EA���d:;2<,
��6�0 CFE 7J2<,/.�2/6�0 � ∫
∂S
p~u.~nd(∂S) �

⇒ (1 +M)

([

Sh

∫ 1

0

pudy +

∫ 1

Sh

peuedye

]x+∆x

x

+

∫ x+∆x

x

peuesinθdx

)

= ∆x(1 +M)

(

1

∆x

[

peue − Sh

∫ 1

0

(peue − pu)dy

]x+∆x

x

+ peuesinθ

)

^�(�^Jg n p;n9Rr[]n wYwDn9iSn	�U[SiSXmcUXZ`Y}-p;n V�[�`�XZ[Sijn�u n9RUc5`YX�con sd^JgP[Sijn9RrgW[SX�`�X�wYikXdQkQSRU^9g ∫ 1

0
(peue − pu)dyTWVYXZc½ef^Jg�QkRU\_wYcUR � X �Fcon¶wYiSX-QSQkRU^Jg'}-[jn9gP[�V�gYRrpF^Jik\lX�QSVYRKu9n gW[tc�e�}-wDn9RrQSQSX-VYi �<v

∫ 1

0
(peue − pu)dy = pe

∫ 1

0
(ue − u)dy +O( 1

Re
)

• +-,/.1?W=@03B�.3:F2/,>4�E C;B ��2<,�79.3:;2<,
4�E 4�:;����:F�8B�.1:;2<, � ∫
S

∂
∂y

[
4
3
u∂u

∂y

]

dS �
� Xm[jX-iS\_X|gYXm`Y^JgYgYX�n9VYs-VYgYXmsd^9gW[SiSRr¡YV�[jRr^Jg�s�n9i

u = 0
�¶con¶wDn9ik^JR�X-[

∂yu ≈ 0
� cUn�pFiS^JgP[jRrbdikX|`YX

cUn�sd^JV�s�MYX�crRU\_Rr[SX9I

⇒ −4

3
Sh

[

u
∂u

∂y

]1

0

= 0

• +-,/.1?W=@03B�.3:F2/,>4�E C;B 7J2<,84�6�79.3:;2<,>.1��EW0�� :;��6�E�� ∫
S

∂2T
∂y2 dS �

^�('c½ef^Jg u9^JRr[]n9w�wDn9ijn �U[jikX|cUX�³DV���`YXms�MDn9crXdVYitwDn9ikRU}~[�n9cJv

⇒ −Sh
∂T

∂y

∣
∣
∣
∣
y=0´�g'^J¡�[jRrXdgP[ � gDn cUXd\_XdgP[tc�e�}-TAVYn [jRr^Jg�RUgP[j}-�JiS^ ��`YRr¨/}dikXdgP[jRrXdcrcUX]QSVYRKu9n gW[SXmw/^JV�i¤c½ef}dgYX-iS�JRrX·v

1
γ−1

∂t

[

ρeee − Sh

∫ 1

0
(ρeee − ρe)dy

]

+
1

γ−1
(1 +M)∂x

[

ρeeeue − Sh

∫ 1

0
(ρeeeue − ρeu)dy

]

+

(1 +M)∂x

[

peue − Shpe

∫ 1

0
(ue − u)dy

]

+

M(1 +M)∂t

[
1
2
ρeu

2
e − Sh

∫ 1

0
1
2
(ρeu

2
e − ρu2)dy

]

+

M2(1 +M)∂x

[
1
2
ρeu

3
e − Sh

∫ 1

0
1
2
(ρeu

3
e − ρu3)dy

]

= −Sh
∂T
∂y

∣
∣
∣
y=0

+O
(

1
ReSh

,sinθ,Msinθ...
)

� � Iz� �
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��� �(�����)
+*,�-�
.�/103254608794 :9/8;�<9=?>5@A46;):9/CBEDGFH/�;I;I/1/�F�:9/CFH/8JK<ML8=H2NFH79=?/PO9L80�/8;?;ID6FI/Q4R2,=IL�;I>S467TFHD6>SO(:VUWL8XY7A2ZFIDR>SO9;):T/

:TD6[\79;ID6>SOV]T:T7^F`_a<M/�b
∂2W

∂y2
− k−1∂W

∂t
= F (t)

23B5/80c4R/8;d0�>SO9:9DGFHD6>SO9;d4RD6JQDGFH/�;Vb
∣
∣
∣
∣

W |y=0 = 0

W |y=δ = Wee"25DR;P:925O9;CO9>5FI=I/�0825;8]�4R2gfM>S=IO9/�;?79<ML8=ID6/879=?/�:97h:9>SJQ25DROT/&/8;iF14jUWL8<A2ZDR;I;?/879=C:T/�08>S790lkT/^46DRJKD6FI/KXY79D
:TL8<M/8O9:m:T/n4R21;?>S4R7EFHDR>5O^:T/n0�/�FIFI/nL�XY7A2ZFHD6>SOV]A46/c<T=I>Sf946o8JK/�/8;?Fp:9>SOT0nJQ254�<M>S;ILZq\rsO^tu25D6F8]94jUWL8<A2ZDR;I;?/879=
:T/P08>S7T0lk9/C4RD6JQDGFH/)/8;iF�:9L8:T79D6FI/�:9/C4R2Q08>5O9OA25D6;I;H2ZO908/P:T7(<9=I>5@94-:9/�BaDGFH/8;?;I/C>S7g:9/�FH/�JQ<ML8=I2ZFH7T=I/5qVvwO
BZ2&:T>SO90�;?79<9<M>S;I/�=)XY79/P:9L�FH/8=?JQD6O9/8=x4R/n<9=I>Z@A4 :925O9;y4R2Q0�>S790lk9/C46DRJKD6FH/)=?/�BaDR/�OzF){&46/�:9L�FH/8=?JQD6O9/8=x;I7T=
4R2P:9/8JKDG|}L8<A2ZDR;I;?/879=d0�>SJK<94Ro�FH/)/�Fx<A2Z=d/ � FH/�O9;ID6>SO"=?L8;?>S79:9=?/n46/)<9=I>SfT4Ro8JK/);I/�JQD~|`D6OT@AO9DM;I79DGBZ25OzF�b

∂2W

∂y2
− k−1∂W

∂t
= F (t) ��� q6���23B5/80

∣
∣
∣
∣

W |y=0 = 0

W |y→∞ = W∞
��� q��S�

�+>S79=�=IL8;?>S79:9=?/w4R/p<9=I>5f94Ro�JQ/x;I/�JQD~|`DROE@AO9DA<9=?L808L�:9/8OzF8]9>SO,<M/87TF�7TFHD64RD6;I/8=�4R2�t�>S=?J&2Z4RDR;?JQ/d:T/)�)=I/8/�O������j]
;?>SD6F�4R2�t�>SO90�FHDR>5O^:T/��)=I/�/8O)b
G(y,t|y0,t0) = 0

;ID
t < t0>5�

y0

/�F
t0
:9L�;IDR�5O9/w=I/�;I<M/80�FHD6B5/8JK/8OzF�4�2c<\>5;ID6FIDR>SOK/8O�/�;I<A2Z08/)/�F�/8O,FI/8JK<9;�:VUW79O9/w;?>S79=?08/w<M>SO90�FH79/�4R4R/

D6JQ<T794R;?DR>SO9OT/84R46/5qEvwO"<M/87EFx254R>S=?;dJQ>5OYFI=I/�=����N�
XY79/�4R2�t�>SO90�FIDR>SO�:9/n�)=I/�/8O�BSL8=?D6@A/-b
∂2G

∂y2
0

+ k−1∂G

∂t0
= −δ(y − y0)δ(t− t0) ��� q��z�

�3�z�
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23BS/�0n46/8;d0�>SO9:9DGFHDR>5O9;d4RD6JQDGFH/8;
∣
∣
∣
∣
∣
∣

G|y0=0 = 0

G|y0→∞ = 0

G|t0→t+ = 0

��� q �Y�
25;?;I>a08D6L�{

∂2W

∂y2
0

− k−1∂W

∂t0
= F (t0) ��� q*)S�23BS/�0n46/8;d0�>SO9:9DGFHDR>5O9;d4RD6JQDGFH/8;�/�F�D6O9D6FID�2546/8;

∣
∣
∣
∣
∣
∣

W |y0=0 = 0

W |y0→∞ = W∞
W |t0=0 = 0

��� q,+z�
<M>S79=d4R2�B52Z=ID�2Zf94R/

W (y0,t0)
q

� /�;?F�:9L�FI/8=IJKDROTL8/p{c<A2Z=?FHD6=�:9/p4R2�t�>5O90�FIDR>SO1:9/y��=?/8/�O&:97,<T=I>Sf946o8JK/dDROT@9O9D
G∞

<A25= 4�2)JQL�FHk9>a:9/�:9/�;
;?>S79=I0�/8; |`DRJQ25�S/�;���� �jq
- DRO9;?D�{K<925=?FIDR=�:9/-b
G∞(y,t|y0,t0) = 1

2

√
k

π(t−t0)
e
− (y−y0)2

4k(t−t0)

>SO�:9L�:979DGF�b
G(y,t|y0,t0) = 1

2

√
k

π(t−t0)

(

e
− (y−y0)2

4k(t−t0) − e
− (y+y0)2

4k(t−t0)

)

rsO JP794GFHDR<T4RD�2ZOYFK4�U L�Xa792ZFHD6>SO � q�� <A2Z=
W

/�F�4jUWL8XY7A2ZFIDR>SO � q,) <A25=
G

]�/8O ;I>S7T;?FH=I23_z25OzF"4R/8;&:9/87 �
L�Xa792ZFHD6>SO9;d/�Fx/�O"D6OYFIL8�S=I25OzFx/8O�FH/8JK<9;d/�Fp/�O"/�;I<A2Z08/5] >SO^>SfTFIDR/�OYFVb

W (y,t) =

∫ t+

0

∫ ∞

0

(

G
∂2W

∂y2
0

−W
∂2W

∂y2
0

)

dy0dt0 − 1

k

∫ t+

0

∫ ∞

0

(

G
∂W

∂t0
+W

∂G

∂t0

)

dt0dy0

−
∫ t+

0

∫ ∞

0

FGdt0dy0

� 25=�D6OzFHL8�5=H2ZFIDR>SOK<A25=�<A25=iFHD6/8; /�F�/�O,25<T<94RD6Xa7925OzF�46/8; 08>SOT:9D6FIDR>SO9;�46DRJKD6FH/�;s/�F�DRO9DGFHDR254R/�;8]5>5OQBSL�=IDG@A/yXY79/�b
∫ t+

0

(

G
∂W

∂t0
+W

∂G

∂t0

)

dt0 = [GW ]t
+

0 = 0

/�F
∫ ∞

0

(

G
∂2W

∂y2
0

−W
∂2W

∂y2
0

)

dy0 = −
[

W
∂G

∂y0

]∞

0

= 0

23BS/�0
∂y0G|y0→∞ = 0;?>SD6F

W (y,t) = −
∫ t+

0

F

[∫ ∞

0

G dy0

]

dt0

�3�/.



23B5/80
∫ ∞

0

G dy0 =
1

2

√

k

π(t− t0)

∫ ∞

0

(

e
− (y−y0)2

4k(t−t0) − e
− (y+y0)2

4k(t−t0)

)

dy0

23B5/80c4R/)0lkA25OT�S/8JK/8OzFx:9/)BZ25=IDR25f94R/
σ = y +/− y0√

4k(t−t0)

]A>SO^>SfTFIDR/�OYFVb

∫ ∞

0

G dy0 =
k√
π





∫ ∞

−y√
4k(t−t0)

e−σ2

dσ −
∫ ∞

y√
4k(t−t0)

e−σ2

dσ



 = k
2√
π

∫ y√
4k(t−t0)

0

e−σ2

dσ

= k erf

(

y
√

4k(t− t0)

)

� >SD6F�@9OA254R/�JQ/�OzF�b
W (y,t) = −k

∫ t

0

F (t0) erf

(

y
√

4k(t− t0)

)

dt0 ��� q��S�
.
2�;I>S467TFHD6>SOK/8;?F�:9>SOT0p0�4�25;?;IDRXY79/�JQ/�OzF�>SfEFH/8OY79/p<A25= 08>SOzB5>S4R7TFIDR>SOK:9/x4�2);I>579=I0�/w23BS/�0y4�2)t�>SO90�FHD6>SO1/8=?t q
.
2C;I>54R7TFIDR>SO,B5L8=IDG@A/�f9DR/�O"4R2P08>SOT:9D6FIDR>SO�:9/��S=I25O9:9/�79=�OY794R46/�{14R2P<A25=?>SDjq
vwO^<\/�7TF�:9L�FH/8=?JQD6O9/8=d46/)�S=H2Z:9DR/�OYF�<925=ID6L�Fl2Z4Sb

∂yW |y=0 = −k
∫ t

0

F (t0) ∂y

[

erf

(

y
√

4k(t− t0)

)]

y=0

dt0

= −k
∫ t

0

F (t0)

[

2√
π

1
√

4k(t− t0)
e
− y2

4k(t−t0)

]

y=0

dt0

= −
∫ t

0

F (t0)

√

k

π(t− t0)
dt0

;?>SD6F
∂yW |y=0 = −

∫ t

0

F (t− τ)

√

k

πτ
dτ ��� q,.S�/�Fx4�2P4RD6JQDGFH/p{K4�U D6OT@AO9D\<\>579=d4R/�;x:TL8=IDGBSL�/8;x<9=I/�JQD6o8=I/�;d/�Fx;I/�08>SOT:9/8;Vb

∂yW |y→∞ = −
∫ t+

0

F

[∫ ∞

0

∂yG|y→∞ dy0

]

dt0 = 0

∂2
yyW

∣
∣
y→∞ = −

∫ t+

0

F

[∫ ∞

0

∂2
yyG
∣
∣
y→∞ dy0

]

dt0 = 0

- 4�U D6OT@AO9D�]E46/)0lkA25JK<9;�;I79DGB52ZOYF�_�:T/
W

/8;iFp:T>SO90�79O9DGt�>S=IJK/5q
vwOg25<9<946DRXY79/�J&2ZDROzFH/�OA25OzFy0�/8;p=IL8;?7946FH2ZFH;p257 � 0lk925JQ<T;y:9/�BaD6FH/�;I;?/�/�Fy:9/�FH/8JK<ML8=H2NFH79=?/n:97";?_a;?FIo8JK/
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0�>S79<946L��Tq����Tq
� >5D6F

∂2u

∂y2
0

− ν−1
0

∂u

∂t0
=

1

µ
∂xpe

23BS/�0n46/8;d0�>SO9:9DGFHDR>5O9;d4RD6JQDGFH/8;�/�F�D6O9D6FID�2546/8;
∣
∣
∣
∣
∣
∣

u|y0=0 = 0

u|y0→∞ = u∞
u|t0=0 = 0

vwO 2^L�4RDRJKDROTL � 0�>SJKJQ/1:A25OT;c46/8;�L8XY7A2NFHDR>5O9;n:T/K<T=I>S<A2Z�z2ZFHD6>SO �y46/C<9=I>SfT4Ro8JK/1:9/14�2�:9L�FH/8=?JQD6OA2ZFIDR>SO:9/�4�U L�<A25DR;?;I/�79=d:9/�08>S7T0lk9/n46DRJKD6FI/5qa.
210�>SO9:9DGFHD6>SO�{C4jUWDROT@AOTD ;I7T=x4R2�BaD6FH/�;I;?/n=?/8;I<M/80�FH/c4R/w=I25080�>S=I:"23BS/�0
46/��A7 � <T=IDROT08DR<9254

u∞
:9L8;?DR�SO925OzF�4R/P<9=?/8JKDR/�=w>S=I:T=I/C:9/C4R2&BEDGFH/�;I;I/1:A2ZO9;)4R/��A7 � <9=?DRO90�DR<A254 J&2ZDR;y>5O

B5L8=IDG@A/�XY79/�4R/c08>S79<T4�25�S/cDROzFI/8=?BaD6/8OzFw<A2Z=y4R/�FH/�=IJK/n;?>S79=?08/ � 4RDRLc{&4R2K<T=I/8;?;ID6>SO ��qVvwOg:9>SDGFy<925=y0�>SOzFH=I/;�U�25;?;I79=?/8=CXY79/�4R2g;I>S467TFHD6>SO 08254R0�794RL�/&BSL�=IDG@A/,f9D6/8O
δ << h

q�vwO :9DR;?<\>S;?/,<M>S79=P0�/84�2":9/�4jUW>S=?:9=I/Q:9/
�S=I25O9:9/�79=�:9/�4jUWL8<A2ZDR;I;?/879=d:T/c0�>S790lk9/c4RD6JQDGFH/x:A25O9;�46/):9>SJQ25DRO9/wt�=?L8XY79/�OYFIDR/�4jq
vwO�>SfTFIDR/8OzFp2546>S=I;�<M>S79=d46/)<9=I>Z@A4�:9/)BaD6FH/�;I;?/

u(y,t) = −
∫ t

0

1

ρ0
∂xpe(t0) erf

(

y
√

4ν0(t− t0)

)

dt0 ��� q �z�
/�Fp<M>S79=d4R2P08>SOzFI=H25D6OYFI/�<A25=ID6L�FH254R/�b

µ
∂u

∂y

∣
∣
∣
∣
y=0

= −
∫ t

0

∂xpe(t− τ)

√
ν0

πτ
dτ �j� qG���z�

/�F
∂2(T − T0)

∂y2
0
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Résumé

Pour de forts niveaux de jeu, le trombone produit un timbre typique brillant dit “cuivré”

du à un enrichissement des composantes aigues du spectre. Dans cette étude, nous mon-

trons que ce phénomène peut s’expliquer essentiellement par l’apparition d’importants effets

non-linéaires de propagation acoustique qui entrâınent la distorsion des ondes se propageant

à l’intérieur de l’instrument. Ces effets se cumulant sur la distance peuvent provoquer la

formation d’ondes de choc comme nous l’avons vérifié expérimentalement.

Afin d’étudier et de modéliser ce phénomène, nous rappelons les principes de la propa-

gation acoustique linéaire dans les tuyaux puis ceux de la propagation non-linéaire. En-

suite, nous appuyant sur une analyse dimensionnelle, nous intégrons des équations quasi-

monodimensionnelles prenant en compte les effets non-linéaires de propagation et les effets

viscothermiques de couche limite, nous rapprochant ainsi du problème aérodynamique du

couplage des équations de fluide parfait et de couche limite. Enfin, nous discutons la validité

générale des approximations faites puis leur application au trombone.

La formulation mathématique choisie se prête à la résolution numérique. Nous appuyant

sur un schéma de résolution classique, nous élaborons un outil de simulation à même de re-

produire des cas classiques de la propagation linéaire dans les conduits et de la propagation

non-linéaire. Appliqué à la propagation à forte amplitude dans la coulisse du trombone, nous

vérifions que la déformation des ondes est essentiellement imputable à la combinaison des

pertes visco-thermiques aux parois et de la distorsion non-linéaire.

A partir des résultats expérimentaux, numériques et d’hypothèses simplificatrices, nous pro-

posons et comparons deux modèles physiques simples pour la synthèse sonore incluant la

distorsion non-linéaire de propagation et un modèle basique de lèvres. Ces modèles auto-

oscillants permettent de reproduire des sons de trombone réalistes dont le timbre varie avec

l’amplitude, en particulier le timbre “cuivré” à forte amplitude.


